J. Math. Computer Sci., 37 (2025), 337-346
Online: ISSN 2008-949X

Journal of Mathematics and Computer Science

qatics ang
& (‘%
%
2

X,

mal o,

=&
ouarg ¥

jou

PSocanoss
Journal Homepage: www.isr-publications.com/jmcs

New comprehensive two subclasses related to Gregory num- R check for updates
bers of analytic bi-univalent functions

Tariq Al-Hawary®®*, Ala Amourah®f, Jamal Salah®*, Mohammad Al-khlyleh?, Basem Aref Frasin®

4Department of Applied Science, Ajloun College, Al Balga Applied University, Ajloun 26816, Jordan.

bpathematics Education Program, Faculty of Education and Arts, Sohar University, Sohar 3111, Oman.

¢College of Applied and Health Sciences, A’Sharqgiyah University, Post Box No. 42, Post Code No. 400 Ibra, Sultanate of Oman.
dFaculty of Science, Department of Mathematics, Al al-Bayt University, Mafraq, Jordan.

€Jadara Research Center, Jadara University, Irbid 21110, Jordan.

fApplied Science Research Center, Applied Science Private University, Amman, Jordan.

Abstract

In this paper, using subordinations with the functions whose coefficients are Gregory numbers, we present two novel
subclasses pr(9, v, B), and Fry($) within the bi-univalent function family. We study the estimates |a,| and |ag| of the Maclaurin
coefficients and the Fekete-Szeg0 inequality regarding functions in every one of these two subclasses. Following the originality of
the characterizations and the proofs may encourage additional research on these kinds of similarly defined analytic bi-univalent
function subclasses.
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1. Introduction and preliminaries

Let H be the class of all analytic functions h in the open unit disk Q = {t € C : 1| < 1} normalized by
h(0) = h/(0) —1 = 0 and has the form:

h(t) =1+ Zakrk, (te Q). (1.1)
k=2

Further, let D be the class of univalent functions in the class H (for details, see [9]). Now, I < | (the
subordination of analytic functions I and ]) if for all T € Q there exists a function A with A(0) = 0 and
A(T)] < 1, such thatI(t) = J(A(T)). Also, if I(0) = J(0) and I(Q) C J(Q) iff J is univalent in Q, then
I(t) < J(T) (see [11, 15]).
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The inverse function is well-known J(t) = I7!(1) for analytic and univalent function I(t) : ID; — ID;
defined by
J(I(1)) =7, (relDy),

is a univalent and analytic function. Furthermore (see [9]), there is an inverse map 1! for any function
I € D, such that
IHI(1) =1 (teq),

and

L) <A (W<l > ).

Actually, the inverse function is written as
ITHA) = A — aA? + (2a% — a3)A® — (5a3 —5azaz + ag At + - - .

A function I given by (1.1) will be in the class IT (TT the class of bi-univalent functions in Q) if I € H and
both I(t) and I"!(t) are univalent in Q. For details of the class TT, see [1, 7, 16, 19, 21, 24, 25].

Examining the class Tl, Brannan and Clunie [6] conjectured that ap < V2, Lewin [13] found that
az < 1.51, and Netanyahu [18] showed that max a; = %. Estimating the coefficient ay of k > 3,k € N, is
still an open problem.

The estimate for functions in the class IT was done by Tan [22] in 1984, and it is |ay| < 1.485.

It is widely known that the Fekete-Szegoproblem relates to the coefficients of functions in D. The first

to address this was [10],if I € TT,
laz — 0'(1%| <142 20/0-1)  5eR.

Lately, several scholars have begun to examining bi-univalent functions connected to orthogonal poly-
nomials, like [2-5, 12, 23]. Gregory coefficients Gy, are the numbers 11 1 193 = 863 They
appear in the expansion of the reciprocal logarithm Maclaurin series
T 1 1 1 19 3 863
_ v ittt T 5 6 ...
ogltrD) 27 12" T24" 720" T1e0" " e0480" ©

James Gregory in 1670 introduced these numbers and subsequently brought back to life by numerous
mathematicians and appear in the works of contemporary authors.
The generating function of the Gregory coefficients Oy (see [20]), are given by

1, 19, 3 5 8623

— 11
Y (1) LZZQkazl‘l‘*T—*Tzﬁ-*T—iT +—1 b+, teQ. (12)
k=0

" log(t+1) 27127 24T T 720" T160° 60480

Clearly, ©y for some values of k € IN are

1 -1 1 —19 3 —863

@0:1,@125162:§/®3:ﬂ/@4:ﬁ0’ 52@’ 6:m‘

The aim of this paper is to make an attempt to improve the initial coefficients |ay|, |az|, and ‘a3 — Ea%‘ for
certain subclasses of class TT.
2. The class o1 (9, v, B) coefficient bounds

In this section, we examine a subclass pr7(9, v, B) using the Gregory coefficients generating functions
of analytic bi-univalent functions and obtain initial coefficients |ay|, |as|, and Fekete-Szeg6 inequality. In
our study, the next two lemmas are employed.
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Lemma 2.1 ([8]). If ¢ € V, then [sy| < 2, k > 1 for each k, where ¢ analytic in Q) and has the form e(t) =
14 1T+ sy + -+, and sharp for all k € IN.

Lemma 2.2 ([26]). Letj, g € Rand 11,712 € C. If [t1], IT2| < h, then

2liln,  for il > 1gl,

j+g)t1+(j—9g)T| < j
IG+9g)t1+ (G —g)rl {2|g|1’1, for il < gl

Definition 2.3. Let 3 > 0, 3 > 1, y € C and Re(y) > 0. A function h € TT given by (1.1) is in the class
o (9, v, B) if satisfies the subordinations

—1
(1—9)h(z) +9 (W(2)P (h(;))y <Y (2) 2.1)

and

- op@)+9 ('(@)" (P

v—1
) <Y(@), (2.2)

where Y (z) is given by (1.2) and p(®) = h™!(®@).
Remark 2.4.

1) By utilizing particular values for the parameters 9, 3, and y in Definition 2.3, we receive several popular
subclasses in H studied by several authors.

2) If we consider h,(t) = =, c| < 1, then we can check that h.(T) € or(9, v, B), so the class pri(9, v,
) is not empty (see [26, Remark 1]).

Theorem 2.5. If h € pr1(9, v, B). Then

1
202 +y—23)+4’

las| < min{

1
VO (v +2) (v —3) +4p (v —1) +2B(2p + 1)) + 4 (9 (28 +v3)+2)2+6}'
1 . 1
AP 2B+v—3)+2)?2 20BB+y—4)+6
1
O((v+2) (y—=3)+4B (v — 1) +2B(2B +1)) + 4 (9 (2B +y—3)+27°+6

laz| < min{

1
+219(3[5+v—4)+6}’

and
1 1
a5 — £a3| < | ZOpEy=ae O S OIS smppry—aren
2 410(&)l, ©(&) > m,

where

- 1-¢
) (23141 +26B+ 1)+ F (2B 1y 3) 121 2h

Proof. Let h € pr1(9, v, B). From subordinations (2.1) and (2.2), there exists two analytic functions ¢ and b
such that ¢(0) = 0 = b(0) and |c(z)], |b(®@)]| < 1, while

hiz)

v—1
) =7Y(c(z)), z€ Q,
z

(1—9)N (z)+9 (W(2)? (
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and
@)Y
(1-9p' (@) +9 (p'(@))° <p(®)> =Y(b(®)), @e€q.
So, the function
1+c(z) »
- -1 e,
t(z) 1—c2) + 812+ 822"+ --- €
hence ) s
S 1 S 1 S
c(z) = Elz—i—i <sz—21) zz—i—i <53—slsz—|—41> 24
and . .
_ i, 4 72y 2 T 3 _ 3.,
Y(c(z)) =1+ 12t 18 (12sp —7s7) 2" + 9 (17s7 — 568182 +48s3)z° + -+, z € Q.
Also, the function
1+b(®) 2
— -1 eV
@) 1-b(a) +ei@+e@ +---€V,
b(®) *E(o—i—l e _ej Coz—i—1 e3 —eje +ej @4
=5 >\e275 s\ et o ,
and
1 1
Y(b(@) =1+ 2@+ — (12e; — 7€2) @* + — (17¢] —56e1e; +48¢3) @ +--+, @ € Q.
4 48 192
Consequently, we get
h(z)\Y !
(1—9)h (z)+d (h’(z))rs (iz))
51 1 2\ .2 1 3 3
= 1+ZZ+@ (1255 —7s7) z + 195 (17s7 — 568182 +48s3) 2° + -+, z € Q.
and
@)\
- op@)+9 (@) (P
el 1 o 2, 1 3 3
1+ o4 — - — - 4 Q.
1+ 1 o+ 18 (12e, —7e7) @ + 9 (17e7 —56e1e, +48e3) @+ -+, @ €
Comparing the coefficients in the last two equations, we have
(02B+y—3)+2)az =", (23)
—1 —2 1
[1‘} <(Y)2(Y) +2B (v —1)+2B(B — 1))] B+PBR+y—4)+3laz = yr (1252 —75%) , (2.4)
—(02p+v—3)+2ar =, (25)
and
— 1
[19 (WZ)ZM +2B(y—1)+2B(B+2) —4) +6] @~ BB +y—4)+3la; = o2 (12e2—7e%) . (26)

From (2.3) and (2.5) it follows that
S1=—¢€1

2.7)
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and
s24+e? =329 (28 +v—3)+2)*di. (2.8)
If we add (2.4) to (2.6), we get
Oy +2)(y—3) +48 (y—1) + 28028 + 1) +6lad = | (2 +es)— s (T 4e).  (29)

Substituting the value of s? + e? from (2.8) in (2.9), we have

{[8(w+2) (v—3) +46 (v~ 1)+ 2826 + 1)) + 6]+ - (9 (26 +v—3)+2)2} B=late). @10

By applying Lemma 2.1 and the triangle inequality for the relations (2.3) and (2.10), we get, respectively,

1
<
@l < gy —3+4

and
1

VO +2) (y—3)+4B (v —1) +2B(2B +1)) + 4 (9 (2B +v—3) +2° +6

lag| <

Moreover, if we subtract (2.6) from (2.4), we have

200 (38 +v—4) +3] (a3 —a3) :i(sz—ez)—% (st —e).

Then, in view of (2.7), last equation becomes

2 Sp) — €
- . 2.11
B=0t 5By —_4) 124 2.11)

The above equation with (2.3) becomes
S‘i‘ 4 Sp — €
1692 +y—3)+2)?% 8Y(BR+v—4)+24

az =

By applying Lemma 2.1 and the triangle inequality for the last relation, we get

1 1
102pty_3)12° 29@pty—4+6

laz| <

and using our first assertion with (2.11), it follows that

1 1
9((v+2) (y—3)+4p (y— 1 +2p(2R + 1)) + 2 (9 (2B +y—3)+2)2+6+219(3f3 +y—4)+6

laz| <

Also, from (2.11) we have

S) —é€r n
3p+vy—4)+24
o S) — e
C 80(BR+y—4)+24

03—5,(1%2819( (1—&)a3

n (1—¢&)(s2+e2)
4 ((Y+2) (Y—3)+4B (Y —1) +2B(2B +1)) + 26 (9 (2B +v—3) +2)* +24
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1 1
= (6(5) MY -y +24) s2+ <@(‘E) 89(3p+y—4) +24> =

where

_ 1-&
A (Y +2) (Y —3)+4B (v — 1) +2B(2B + 1)) + B (D (2B +v —3) +2)7 +24

Then, in view of Lemma 2.1 for s, and e», and Lemma 2.2, we obtain

0(¢&)

1 1
s — £a3| < | ZOpEy=ase O S OIS spspry—are
410(&)l, O 2 s5Ey

which completes the proof. 0

Fixing ® =0 or ¥ = 3 =y = 1 in Theorem 2.5, we get the following coefficient estimates, which is due
to [17] in Theorems 1 and 2.

Corollary 2.6. If h € pr1(9, v, B), then |az| < %, las| < %, and

1
42 6’
a3 “ﬂ<{4m@m|m

where K(&) = 3(5976&).

3. The class Fq () coefficient bounds

In this part, we examine a subclass J7(¢$) of analytic bi-univalent functions and obtain initial coeffi-
cients |ay|, |as|, and Fekete-Szegt inequality. We utilize the subsequent lemma to establish our results for
the class Fri(d).

Lemma 3.1 ([14]). If e(t) = 1+ s1T+ 5T+ - €V, T € Q, then there exist some o, d with |, 18] < 1, such
that
28y = s% + (4 — s%) and 4s3 = s? +2s10(4 — s%) —(4— s%)sloc2 +2(4— s%)(l — |oc|2)6.

Definition 3.2. A function h € IT given by (1.1) is in the class I17(¢), where ¢ € (—m, 7], iff

eld +1
2

h(z) + (eid);_ 1) zh’(z) < Y(z) and p'(@)+ <

) op’ (@) < Y(@), (3.1)

where Y(z) is given by (1.2) and p(@) = h (@)
Remark 3.3.

1) By utilizing particular values for ¢ € (—m, 7] in Definition 3.2, we obtain several popular subclasses of
.

2) If we consider h.(T) = 1, [c| < 1, then we can check that h.(t) € Iri(¢), so the class Iri(¢) is not
empty (see [26, Remark 5]).

Theorem 3.4. If h € Fri(P). Then

1 1
laz| < min . , ,
V20e® 431 foleto 1247 leit 437
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1 1 1 1
az| < + — ’ - —— + ,
@ {2 leid 437 6let® +2|" |33 +20ei® + Zei2b|  6let® +2| }

and
1 1< Je**+3[°
6let®+2]” PI'S ret@ iy
as—pa3 < "M oo o (32)
2letb 32 1—pl > 3[eib 2

Proof. Let h € I1(¢). From subordinations (3.1), there exists two analytic functions ¢ and b such that
¢(0) =0 ="b(0) and |c(z)], |b(@)] < 1, such that

W(z) + (ew; 1) ' (2) = Y(c(z)), z€Q,
and
ip
(@) + <e 2“) op (@) = Y(e(@)), @ € Q.

Thus we have

b 41 1 1
h(z) + et zh”(z):1+s—11+— 1285 —7s2) 22 + —— (1753 — 568180 +48s3) 22 +--+, z € Q,
1 1

2 4 48 192
and
LC | 1
(@) + (e 2+ > op” (@) :1+%a)+£(1262—7e%) nk

1
+ 105 (17e3 —56e1e, +48e3) @ +---, @ € Q.

Comparing the coefficients in last two equations, we have

(e +3)ar = 84—1,
3(e'®+2) a3 = % (1255 —7s7), (3.3)
— (eid’ +3) apy = %,
3(e'* +2) (203 —a3) = % (12e2 —7e3) . (3.4)
From (2.3) and (2.5) it follows that
§S1 = —¢€1 (35)
and ' 5
16 (e'? +3)" a3 = s7 + ef. (3.6)
If we add (3.3) to (3.4), we get
i 2 1 7 2,2
6 (e'® +2) azzi(sz—i-ez)—@(sl—i-q). (3.7)

Substituting the value of s + €7 from (3.6) in (3.7), we have

(3.8)

ININ)
Il
I
—
»
N
_|._
o
N
=

{6 (¢ +2) + 7 (et +3)2} a
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By applying Lemma 2.1 and the triangle inequality for the relations (3.6) and (3.8), we get, respectively,

1 1
@ € s and lasl < .
V2let® 43| \/6lei® 42+ 2 feit 137

Moreover, if we subtract (3.4) from (3.3), we have

. 1 7
2 22
6 (e +2) (a3 —a3) = 1 (sp—ep) — 18 (s1—ei).
Then, in view of (3.5), last equation becomes
2 S2—€2
= S 3.9
A TN (ST G9)
The above equation with (3.6) becomes
s% + e% S)— e

asz = - .
° T 16(eib +3)2  24(et® +2)

By applying Lemma 2.1 and the triangle inequality for the last relation, we get

1 1
az| < + - .
las| 2leid £ 3>  6letd +2|

Similarly, using of (3.8) in relation (3.9) follows that

1 1
az| < . —— .
ol |33 +20et® + Zei2b| © 6let® +2
. 2_ s
Also, using (3.5) and (3.6), we get a; = TS Thus, from (3.9), we have
a—pad=_ 22 +(1— )az_isz—ez +(1— )78%
3T PR T o et 1) P92 = 24 (et +2) P (it +3)7

From Lemma 3.1, we have 2s, = s% + (4 — s%) and 2e;, = e% +6(4— e%), ||, 18] < 1, and using (3.5), we
obtain
2

(x—3),

Sp) —€x =

and thus
(4—s9)(ox— ) (1—p)s?

48 (et +2) g (eid 3)%

2
az —pa; =

Using the triangle inequality, taking || =, [3] =1, u, n € [0,1], and assuming that s; € R, s; =d € [0,2],
thus, we get
(4—d*)(u+n) | [1—pld?

—pa3| < . . 3.10
‘(13 pa2| 48|eld) +2| 8|ei¢ +3|2 ( )
Assume that ¥(d) = % >0and ®(d) = 4&4;74?12' > 0, the relation (3.10) can be rewritten as

laz — paj3| < ¥(d)+ @(d)(n+m) = L(w,m), w,n € [0,1].
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Therefore
max{L(w,n): w,n € 0,1} =L(1,1) =¥(d) +2d(d) = K(d), d € [0,2],
where )
1 let® +3|7\ , 1
Kd)=———[1—p|l——+——1]d _—
(@ 8leid + 317 <| o 3let® +2| * 6let® + 2|
Since

i 2

1 let® 43|
K(d)=———(1—pl— bk | 4,

@ 4leid 43 (' Pl 3jeie 12

i al?

it is clear that K’'(d) < 0 iff |1 —p| < %, hence, the function K is decreasing on [0, 2], therefore,

max{K(d):d € [0,2]} = K(0) = 1

' e ~ 6letd 42|
i al?

Also, K'(d) > 0iff [1 —p| > %, so, K is an increasing function over [0, 2], so

max{K(d):d € [0,2]} = K(2) = 7|1. ¢l 5

2|etd + 3

and the estimation (3.2) has been validated. O

Remark 3.5. By taking specific values for 9, v, and 3 in Theorem 2.5, and for ¢ in Theorem 3.4 we get
various well-known subclasses of TT. Also, there are several functions Y(z) that may produce interesting
subclasses of function class Tl. As an example, if

1+ (1-2h)z

(@ 1-z

=1+2(1—h)z+2(1—h)22+--- (0<h<1)

or

1+z n
Y(Z):<1—Z> =1+42hz+2r*2"+--- (0<h < 1),

which gives special cases for our previous results.

4. Conclusions

In this study, utilizing the functions whose coefficients are Gregory numbers, for the class of bi-
univalent functions we present two new subclasses pr(d, v, B) and Ir(¢d). We study the estimates |ay|
and |az| and the Fekete-Szeg6 inequality regarding the functions in these classes. The originality of the
characterizations and the proofs in this research may encourage additional research on these kinds of
similarly defined analytic bi-univalent function subclasses.
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