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Abstract
This study discusses the existence and unique solution of the second-kind mixed Volterra-Fredholm integral equation

(MV-FIE). Using the projection approach, the best approximate solution can be found by providing two consecutive algorithms
and primarily relying on the iterative projection process (P-IM). For every algorithm, we obtain the relative error and the
approximate solution. Furthermore, we proved that the first algorithm’s estimated P-IM error is better than the successive
approximation method’s (SAM) estimate. The error estimate was determined, and numerical results were calculated for each
example. Some numerical experiments are performed to show the simplicity and efficiency of the presented method, and all
results are performed by using the program Wolfram Mathematica 10.
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1. Introduction

In this study, a new numerical method is employed to solve the following mixed Volterra-Fredholm
integral equation (MV-FIE):

Ξ(u, t) = g(u, t) + γ1

∫t
0

∫a
−a

k(u, v)F(t, τ)Ξ(v, τ)dvdτ

+ γ2

∫a
−a

k(u, v)Ξ(v, t)dv+ γ3

∫t
0
G(t, τ)Ξ(u, τ)dτ,

(1.1)

shere γi, i = 1, 2, 3 are constant parameters and the unknown function Ξ(u, t) is called the potential
function in the Banach space L2[−a,a]× C[0, T ], 0 ⩽ T < 1. The kernels F(t, τ), G(t, τ) are continuous
in C[0, T ] and the given function g(u, t) is continuous in the space L2[−a,a]×C[0, T ]. Also the kernel of
position k(u, v) belongs to L2([−a,a]× [−a,a]) and a continuous function.

This kind of MV-FIEs arises in a wide variety of applications in numerous areas including mathemat-
ical economics [12], theory of elasticity [35], generalized potential theory [6], quantum mechanics [20],
population genetics [10, 41], fluid mechanics [38], radiation [21], nonlinear problems theory of boundary
value [7, 10], contact problems in two layers of elastic materials [5], spectral relationships in laser theory
[13], and electromagnetic and electrodynamics [11, 40].
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It can be exceedingly challenging to discover exact solutions to these problems. It is therefore prefer-
able to create a precise and efficient numerical approach to solve these kinds of problems. Many com-
puting methods have been developed to solve the MV-FIE given by equation (1.1), including Block pulse
functions [26], Chebyshev wavelets polynomials [37], Separation of variables technique [22], Resolvent
method [3], Lagrange-collocation method [33], Lagrange polynomials [36], Lucas polynomial [23], Tau-
collocation method [14], Legendre polynomials [34], Separation of variables method [32], Picard iteration
method [24], Hat functions [17, 18], Legendre-Chebyshev collocation method [16], collocation methods
[10, 19, 30], hybrid functions method [4], modified iterated projection method [15], Taylor polynomial
method [39], operational matrices [28], modification of hat functions [27], Fibonacci collocation method
[29], degenerate kernel method [9, 31], and Bell polynomials [25]. Our main goal for the study is to de-
termine the numerical solution to the problem given by the equation (1.1), for which we have devised a
new and accurate method.

The article aims to study the integral equation (1.1) analytically by discussing the existence and
uniqueness of the solution to the equation. It also seeks to examine the equation numerically by finding
applicable algorithms to obtain the approximate solution in case it is difficult to obtain the exact solution.

2. uniqueness and existence solution of MV-FIE (1.1)

We make the following assumptions in order to talk about the existence and uniqueness solution of
MV-FIE (1.1).

(i) The kernel of position k(u, v) satisfies |k(u, v)| ⩽ A, ∀u, v ∈ [−a,a], where A is a constant.
(ii) Functions F(t, τ) and G(t, τ) satisfy |F(t, τ)|C[0,T ] ⩽ B1, |G(t, τ)|C[0,T ] ⩽ B2, ∀t, τ ∈ [0, T ], where B1,B2

are constants.
(iii) Function g(u, t) is defined as

∥g(u, t)∥L2[−a,a]×C[0,T ] = max
0⩽t⩽T

∣∣∣∣∣
∫t

0

[∫a
−a

g2(u, τ)du
] 1

2

dτ

∣∣∣∣∣ = D,

where D is a constant.

Theorem 2.1. If the conditions (i)-(iii) are satisfied, and

1 > (2a(|γ1|B1T + |γ2|)A+ |γ3|B2T),

then MV-FIE (1.1) has a unique solution Ξ(u, t) in the Banach space L2[−a,a]×C[0, T ].

Proof. We employ the successive approximation approach (Picard’s method) to demonstrate this theorem.
As {i} goes to ∞, a sequence of functions {Ξi(u, t)} can be formed as a solution for MV-FIE (1.1); hence,

Ξ(u, t) = lim
m→∞Ξi(u, t),

where

Ξi(u, t) =
i∑

j=0

Ψj(u, t), t ∈ [0, T ], i = 0, 1, 2, . . . ,

where the functions Ψj(u, t), j = 0, 1, . . . , i are continuous and take the form:{
Ψi(u, t) = Ξi(u, t) − Ξi−1(u, t),
Ψ0(u, t) = g(u, t).

(2.1)

To establish the previous theorem, we need to take into consideration the following lemmas.

Lemma 2.2. If the series
∑i

j=0 Ψj(u, t) is uniformly convergent, then Ξ(u, t) represents a solution of MV-FIE
(1.1).
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Proof. We design a series described by Ξi(u, t),

Ξi(u, t) = g(u, t) + γ1

∫t
0

∫a
−a

k(u, v)F(t, τ)Ξi−1(v, τ)dvdτ

+ γ2

∫a
−a

k(u, v)Ξi−1(v, t)dv+ γ3

∫t
0
G(t, τ)Ξi−1(u, τ)dτ.

Next, we obtain

Ξi(u, t) − Ξi−1(u, t) = γ1

∫t
0

∫a
−a

k(u, v)F(t, τ)[Ξi−1(v, τ) − Ξi−2(v, τ)]dvdτ

+ γ2

∫a
−a

k(u, v)[Ξi−1(v, t) − Ξi−2(v, t)]dv+ γ3

∫t
0
G(t, τ)[Ξi−1(u, τ) − Ξi−2(u, τ)]dτ.

By applying the norm’s characteristics to equation (2.1), we get

∥Ψi(u, t)∥ ⩽ |γ1|

∥∥∥∥∫t
0

∫a
−a

k(u, v)F(t, τ)Ψi−1(v, τ)dvdτ
∥∥∥∥

+ |γ2|

∥∥∥∥∫a
−a

k(u, v)Ψi−1(v, t)dv
∥∥∥∥+ |γ3|

∥∥∥∥∫t
0
G(t, τ)Ψi−1(u, τ)dτ

∥∥∥∥ .

By conditions (i) and (ii), we obtain

∥Ψi(u, t)∥ ⩽ [2a(|γ1|B1T + |γ2)|A+ |γ3|B2T ]∥Ψi−1(u, t)∥, (2.2)

where T = max0<t⩽T |t|. Using condition (iii) and i = 1, we obtain from formula (2.2),

∥Ψ1(u, t)∥ ⩽ [2a(|γ1|B1T + |γ2)|A+ |γ3|B2T ]∥Ψ0(u, t)∥ ⩽ [2a(|γ1|B1T + |γ2)|A+ |γ3|B2T ]D,

by induction, we have

∥Ψi(u, t)∥ ⩽ ϑiD, ϑ = [2a(|γ1|B1T + |γ2)|A+ |γ3|B2T ] < 1, i = 0, 1, 2, . . . .

This leads us to conclude that there is a convergent solution for the sequence Ξi(u, t). In this way, we
have for i → ∞,

Ξ(u, t) = lim
i→∞

(
g(u, t) + γ1

∫t
0

∫a
−a

k(u, v)F(t, τ)Ξi(v, τ)dvdτ

+ γ2

∫a
−a

k(u, v)Ξi(v, t)dv+ γ3

∫t
0
G(t, τ)Ξi(u, τ)dτ

)
= g(u, t) + γ1

∫t
0

∫a
−a

k(u, v)F(t, τ)Ξ(v, τ)dvdτ+ γ2

∫a
−a

k(u, v)Ξ(v, t)dv+ γ3

∫t
0
G(t, τ)Ξ(u, τ)dτ.

Consequently, it is proven that there is an MV-FIE solution (1.1).

Lemma 2.3. The function Ξ(u, t) represents a unique solution of MV-FIE (1.1).

Proof. Assuming that there is another continuous solution Ξ∗(u, t) of MV-FIE (1.1), we may demonstrate
that Ξ(u, t) is the only solution, then we obtain

Ξ∗(u, t) = g(u, t) + γ1

∫t
0

∫a
−a

k(u, v)F(t, τ)Ξ∗(v, τ)dvdτ
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+ γ2

∫a
−a

k(u, v)Ξ∗(v, t)dv+ γ3

∫t
0
G(t, τ)Ξ∗(u, τ)dτ,

and

Ξ(u, t) − Ξ∗(u, t) = γ1

∫t
0

∫a
−a

k(u, v)F(t, τ)[Ξ(v, τ) − Ξ∗(v, τ)]dvdτ

+ γ2

∫a
−a

k(u, v)[Ξ(v, t) − Ξ∗(v, t)]dv+ γ3

∫t
0
G(t, τ)[Ξ(u, τ) − Ξ∗(u, τ)]dτ.

By using the norm’s properties, we have

∥Ξ(u, t) − Ξ∗(u, t)∥ ⩽ |γ1|

∥∥∥∥∫t
0

∫a
−a

k(u, v)F(t, τ)[Ξ(v, τ) − Ξ∗(v, τ)]dvdτ
∥∥∥∥

+ |γ2|

∥∥∥∥∫a
−a

k(u, v)[Ξ(v, t) − Ξ∗(v, t)]dv
∥∥∥∥+ |γ3|

∥∥∥∥∫t
0
G(t, τ)[Ξ(u, τ) − Ξ∗(u, τ)]dτ

∥∥∥∥ .

Using conditions (i) and (ii), we have

∥Ξ(u, t) − Ξ∗(u, t)∥ ⩽ [2a(|γ1|B1T + |γ2)|A+ |γ3|B2T ]∥Ξ(u, t) − Ξ∗(u, t)∥ ⩽ ϑ∥Ξ(u, t) − Ξ∗(u, t)∥, ϑ < 1.

If ∥Ξ(u, t)−Ξ∗(u, t)∥ ≠ 0, then the last formula yields ϑ ⩾ 1, which is a contradiction. Therefore, ∥Ξ(u, t)−
Ξ∗(u, t)∥ = 0 and it is implied that Ξ(u, t) = Ξ∗(u, t), which means the solution is unique.

3. Projection-iteration method (PIM)

The projection-iteration method is a technique often used in various fields such as optimization, nu-
merical analysis, and machine learning, particularly for solving convex optimization problems or finding
fixed-point solutions in non-linear equations. Here’s a brief overview.

1. Iterative approach: The method is based on generating a sequence of iterates that converge to a
desired solution.

2. Projection: At each iteration, the method typically involves projecting the current iterate onto a
feasible set or a solution space. This projection is often done to ensure that constraints or certain
properties of the solution are respected.

3. Iteration: The iterate is updated based on some rule, which may involve using information from
previous iterates, gradients, or other iterative schemes.

Rewrite (1.1) in the operator effect that follows in order to apply the projection-iteration approach to
the discussion of the numerical solution of the MV-FIE (1.1):

Ξ̄ = g+ γ1KF(Ξ) + γ2K(Ξ) + γ3G(Ξ), KF(Ξ) =

∫t
0

∫a
−a

k(u, v)F(t, τ)Ξ(v, τ)dvdτ,

K(Ξ) =

∫a
−a

k(u, v)Ξ(v, t)dv, G(Ξ) =

∫t
0
G(t, τ)Ξ(u, τ)dτ.

(3.1)

Next, based on the following lemma, we provide different versions of the projection-iteration approach of
MV-FIE (1.1) in the space L2[−a,a]×C[0, T ].

Lemma 3.1. There is an orthogonal projection operator Q for the projection operator P that satisfies the relation

∥Pu+Qv∥2 = ∥Pu∥2 + ∥Qv∥2 (Q = I− P). (3.2)

To obtain the approximate solution of Eq. (3.1), we will now build two distinct logarithm types using
the projection-iteration method.
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3.1. The first algorithm
Create the numerical solution {Ξk} series in the following format:

Ξk = g+ γ1KF[Ξk−1 +Θk] + γ2K[Ξk−1 +Θk] + γ3G[Ξk−1 +Θk] (k ⩾ 1),

where Θk = P[Ξk − Ξk−1], k = 1, 2, 3, . . ., and Ξ0 ∈ L2[−a,a]×C[0, T ]. Then, we have

Ξk = g+ γ1KF[P(Ξk) +Q(Ξk−1)] + γ2K[P(Ξk) +Q(Ξk−1)] + γ3G[P(Ξk) +Q(Ξk−1)] (k ⩾ 1), (3.3)

the final equation yields to

Ξk = g+ γ1KFP(Ξk) + γ2KP(Ξk) + γ3GP(Ξk) + γ1KFQ(Ξk−1) + γ2KQ(Ξk−1) + γ3GQ(Ξk−1). (3.4)

Theorem 3.2. Assume that in the space L2[−a,a]× C[0, T ], the two operators P and Q are constrained by the
constants M1 and M2, respectively, and the condition

1 > [|γ1|∥KF∥+ |γ2|∥K∥+ |γ3|∥G∥](M2
1 +M2

2)
1
2 (3.5)

is satisfied, then, in the space L2[−a,a]×C[0, T ], the sequence {Ξk} of a unique solution of Eq. (3.4) converges to
the unique solution Ξ̄ of Eq. (3.1) and the estimating error is given by the relation,

∥Ξ̄− Ξk∥ ⩽
δk1

1 − δ1
∥Ξ1 − Ξ0∥, δ1 < 1,

where
δ1 =

[∥γ1KF∥+ ∥γ2K∥+ ∥γ3G∥]M2

1 − [∥γ1KF∥+ ∥γ2K∥+ ∥γ3G∥]M1
.

Proof. We will use the Banach fixed point theorem to demonstrate that there is only one solution to Eq.
(3.4) in the space L2[−a,a]×C[0, T ]. For this, we follow to

Ξk − Ξk−1 = γ1KFP(Ξk − Ξk−1) + γ2KP(Ξk − Ξk−1) + γ3GP(Ξk − Ξk−1)

+ γ1KFQ(Ξk−1 − Ξk−2) + γ2KQ(Ξk−1 − Ξk−2) + γ3GQ(Ξk−1 − Ξk−2).

Hence

∥Ξk − Ξk−1∥ ⩽ |γ1|∥KF∥∥P(Ξk − Ξk−1)∥+ |γ2|∥K∥∥P(Ξk − Ξk−1)∥+ |γ3|∥∥G∥∥P(Ξk − Ξk−1)∥
+ |γ1|∥KF∥∥Q(Ξk−1 − Ξk−2)∥+ |γ2|∥K∥∥Q(Ξk−1 − Ξk−2)∥+ |γ3|∥G∥∥Q(Ξk−1 − Ξk−2).

Then

∥Ξk − Ξk−1∥ ⩽ |γ1|∥KF∥M1∥Ξk − Ξk−1∥+ |γ2|∥K∥M1∥Ξk − Ξk−1∥+ |γ3|∥G∥M1∥Ξk − Ξk−1∥
+ |γ1|∥KF∥M2∥Ξk−1 − Ξk−2∥+ |γ2|∥K∥M2∥Ξk−1 − Ξk−2∥+ |γ3|∥G∥M2∥Ξk−1 − Ξk−2∥,

it is adaptable to form ∥Ξk − Ξk−1∥ ⩽ δ1∥Ξk−1 − Ξk−2∥. The same methods allow us to demonstrate that
∥Ξk−1 − Ξk−2∥ ⩽ δ1∥Ξk−2 − Ξk−3∥, then ∥Ξk − Ξk−1∥ ⩽ δ2

1∥Ξk−2 − Ξk−3∥. Applying this successively,

∥Ξk − Ξk−1∥ ⩽ δ2
1∥Ξk−2 − Ξk−3∥ ⩽ δ3

1∥Ξk−3 − Ξk−4∥ ⩽ · · · .

So, by induction we obtain
∥Ξk − Ξk−1∥ ⩽ δk−1

1 ∥Ξ1 − Ξ0∥. (3.6)

Now, we get
∥Ξk+q − Ξk∥ = ∥Ξk+q − Ξk+q−1 + Ξk+q−1 + Ξk∥.
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Utilizing the norm’s properties we have

∥Ξk+q − Ξk∥ ⩽ ∥Ξk+q − Ξk+q−1∥+ ∥Ξk+q−1 + Ξk∥,

using Eq. (3.6) we obtain

∥Ξk+q − Ξk∥ ⩽ δ
k+q−1
1 ∥Ξ1 − Ξ0∥+ ∥Ξk+q−1 − Ξk+q−2∥+ ∥Ξk+q−2 + Ξk∥.

Then
∥Ξk+q − Ξk∥ ⩽ (δk+q−1

1 + δ
k+q−2
1 )∥Ξ1 − Ξ0∥+ ∥Ξk+q−2 − Ξk+q−3∥+ ∥Ξk+q−3 + Ξk∥.

By carrying out this process again, we get

∥Ξk+q − Ξk∥ ⩽ (δk+q−1
1 + δ

k+q−2
1 + δ

k+q−3
1 + · · ·+ δk+1

1 )∥Ξ1 − Ξ0∥+ ∥Ξk+1 − Ξk∥,

so, we have
∥Ξk+q − Ξk∥ ⩽ (δk+q−1

1 + δ
k+q−2
1 + δ

k+q−3
1 + · · ·+ δk+1

1 + δk1 )∥Ξ1 − Ξ0∥.

The formula mentioned above can be modified to form

∥Ξk+q − Ξk∥ ⩽ δk1 (1 + δ1 + δ2
1 + · · · )∥Ξ1 − Ξ0∥,

the final inequality yields to

∥Ξk+q − Ξk∥ ⩽
δk1

1 − δ1
∥Ξ1 − Ξ0∥.

The final inequality displays that {Ξk} is the Cauchy sequence. Since the space L2[−a,a]× C[0, T ] is a
complete space, then there exists Ξ̄ such that ∥Ξ̄− Ξk∥ → 0. Then Ξ̄ is the unique solution of Eq. (3.1) in
the space L2[−a,a]× C[0, T ]. Also, if q → ∞, the estimate error can be obtained. Now, if the bounded
operator is not confirmed in the complete space then we verify that ∥Ξ̄− Ξk∥ → 0 as k → ∞ in a certain
ball of Banach space.

Theorem 3.3. Suppose ∥P(Ξ)∥ ⩽ N1(℘) and ∥Q(Ξ)∥ ⩽ N2(℘) are satisfied in a certain ball V(∥Ξ∥ ⩽ ℘), where
N1 and N2 are functions of positive values, and a radius ℘ > 0. In the event that the condition (3.5) holds true, the
inequality

℘ ⩾ [|γ1|∥KF∥+ |γ2|∥K∥+ |γ3|∥G∥](N2
1(℘) +N2

2(℘))
1
2 . (3.7)

Then, we can determine the sequence {Ξk} in the ball V(∥Ξ∥ ⩽ ℘), where the unique solution of Eq. (3.4) converges
to the unique solution Ξ̄ of Eq. (3.1) in that ball for every Ξ0 ∈ V(∥Ξ∥ ⩽ ℘) and the estimating error holds.

Proof. Taking Eq. (3.3) as a norm gives us,

∥Ξk∥ ⩽ ∥g∥+ |γ1|∥KF[P(Ξk) +Q(Ξk−1)]∥+ |γ2|∥K[P(Ξk) +Q(Ξk−1)]∥+ |γ3|∥G[P(Ξk) +Q(Ξk−1)]∥.

This could be expressed as

∥Ξk∥ ⩽ ∥g∥+ |γ1|∥KF∥
√
∥P(Ξk) +Q(Ξk−1)∥2

+ |γ2|∥K∥
√

∥P(Ξk) +Q(Ξk−1)∥2 + |γ3|∥G∥
√

∥P(Ξk) +Q(Ξk−1)∥2,

using relation (3.2), we obtain

∥Ξk∥ ⩽ ∥g∥+ |γ1|∥KF∥
√
∥P(Ξk)∥2 + ∥Q(Ξk−1)∥2

+ |γ2|∥K∥
√
∥P(Ξk)∥2 + ∥Q(Ξk−1)∥2 + |γ3|∥G∥

√
∥P(Ξk)∥2 + ∥Q(Ξk−1)∥2.
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Then

∥Ξk∥ ⩽ ∥g∥+ |γ1|∥KF∥
√
N2

1(℘) +N2
2(℘)

+ |γ2|∥K∥
√

N2
1(℘) +N2

2(℘) + |γ3|∥G∥
√

N2
1(℘) +N2

2(℘).

Then formula (3.7) gives ∥Ξk∥ ⩽ ℘. For any Ξ ∈ V(∥Ξ∥ ⩽ ℘), there exists Ξk ∈ V(∥Ξ∥ ⩽ ℘), as the
aforementioned inequality holds true for ℘. In that case, the condition (3.5) is true and there is a unique
solution for Eq. (3.4) in that ball.

3.2. The second algorithm

One way to develop the second algorithm is as follows:

Ξk = g+ γ1[KFΞk−1 +Ak] + γ2[KΞk−1 +Bk] + γ3[GΞk−1 +Ck] (k ⩾ 1), (3.8)

where

Ak =P[KFΞk −KFΞk−1], Bk = P[KΞk −KΞk−1], Ck = P[GΞk −GΞk−1].

Utilizing Eq. (3.2), we can rewrite Eq. (3.8) in the form as

Ξk = g+ γ1[PKF(Ξk) +QKF(Ξk−1)] + γ2[PK(Ξk) +QK(Ξk−1)] + γ3[PG(Ξk) +QG(Ξk−1)] (k ⩾ 1). (3.9)

Theorem 3.4. If the condition 1 > [|γ1|∥KF∥+ |γ2|∥K∥+ |γ3|∥G∥] is satisfied, then, in the space L2[−a,a]×C[0, T ],
the sequence {Ξk} of a unique solution of Eq. (3.9) converges to the unique solution Ξ̄ of Eq. (3.1), and the estimating

error is given by the relation ∥Ξ̄− Ξk∥ ⩽
δk

2
1−δ2

∥Ξ1 − Ξ0∥, δ2 < 1, where

δ2 =
[∥γ1QKF∥+ ∥γ2QK∥+ ∥γ3QG∥]

1 − [∥γ1PKF∥+ ∥γ2PK∥+ ∥γ3PG∥]
.

Proof. In the space L2[−a,a]×C[0, T ], we demonstrate that Eq. (3.9) has a unique solution by doing the
following

Ξk − Ξk−1 = γ1PKF(Ξk − Ξk−1) + γ2PK(Ξk − Ξk−1) + γ3PG(Ξk − Ξk−1)

+ γ1QKF(Ξk−1 − Ξk−2) + γ2QK(Ξk−1 − Ξk−2) + γ3QG(Ξk−1 − Ξk−2),

Hence,

∥Ξk − Ξk−1∥ ⩽ |γ1|∥PKF(Ξk − Ξk−1)∥+ |γ2|∥PK(Ξk − Ξk−1)∥+ |γ3|∥∥PG(Ξk − Ξk−1)∥
|γ1|∥QKF(Ξk−1 − Ξk−2)∥+ |γ2|∥QK(Ξk−1 − Ξk−2)∥+ |γ3|∥QG(Ξk−1 − Ξk−2)∥.

This formula can be expressed as ∥Ξk − Ξk−1∥ ⩽ δ2∥Ξk−1 − Ξk−2∥. Next, via induction, we obtain ∥Ξk −

Ξk−1∥ ⩽ δk−1
2 ∥Ξ1 − Ξ0∥. Thus, the final inequality becomes to ∥Ξk+q − Ξk∥ ⩽

δk
2

1−δ1
∥Ξ1 − Ξ0∥. We finish the

proof as stated in Theorem 3.2.

Theorem 3.5. If the two conditions 1 > [|γ1|∥KF∥+ |γ2|∥K∥+ |γ3|∥G∥] and ∥Ξ∥ ⩽ N(℘) are satisfied in a certain
ball V(∥Ξ∥ ⩽ ℘), where N is a positive value function, assuming that the inequality is ℘ > 0,

℘ ⩾ [|γ1|∥KF∥+ |γ2|∥K∥+ |γ3|∥G∥]N(℘).

Then, the sequence {Ξk} in the ball V(∥Ξ∥ ⩽ ℘) of unique solutions of Eq. (3.9) converges to the unique solution of
Eq. (3.1) in this ball for all Ξ0 ∈ V(∥Ξ∥ ⩽ ℘) and the estimating error holds.
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Proof. We can observe from Eq. (3.9) that

∥Ξk∥ ⩽ ∥g∥+ |γ1|

√
∥PKF(Ξk) +QKF(Ξk−1)∥2

+ |γ2|

√
∥PK(Ξk) +QK(Ξk−1)∥2 + |γ3|

√
∥PG(Ξk) +QG(Ξk−1)∥2,

using relation (3.2), we have

∥Ξk∥ ⩽ ∥g∥+ |γ1|

√
∥PKF(Ξk)∥2 + ∥QKF(Ξk−1)∥2

+ |γ2|

√
∥PK(Ξk)∥2 + ∥QK(Ξk−1)∥2 + |γ3|

√
∥PG(Ξk)∥2 + ∥QG(Ξk−1)∥2.

Utilizing the last theorem’s second condition, we obtain

∥Ξk∥ ⩽ ∥g∥+ |γ1|

√
∥PKF∥2 + ∥QKF∥2N(℘) + |γ2|

√
∥PK∥2 + ∥QK∥2N(℘) + |γ3|

√
∥PG∥2 + ∥QG∥2N(℘).

It is adaptable as

∥Ξk∥ ⩽ ∥g∥+ [|γ1|∥KF∥+ |γ2|∥K∥+ |γ3|∥G∥]N(℘) ⩽ ℘.

If we discover ℘ > 0 for which the above inequality is satisfied for all Ξk ∈ V(∥Ξ∥ ⩽ ℘), then, the believed
ball of Eq. (3.9) has a unique solution. One can finish the proof by the exact method of Theorem 3.3.

4. Examples

In this section, we examine a few issues that various researchers have resolved through the use of
various numerical techniques. Next, we assess the relative inaccuracy between the approach employed in
this study and the approach that was previously employed. In addition, we obtain the estimating errors
δ1, δ2 at various times t, as well as the numerical solutions to a some problems.

Example 4.1. Consider the following MV-FIE:

Ξ(u, t) = g(u, t) +
∫t

0

∫ 1

−1
euvt2τ2Ξ(v, τ)dvdτ+

∫ 1

−1
euvΞ(v, t)dv+

∫t
0
tτΞ(u, τ)dτ, (4.1)

where the function g(u, t) is specified by laying Ξ(u, t) = u2t2 as an exact solution. We apply P-IM for first
and second algorithms with k = 10 on the integral equation (4.1). In Tables 1-4, for u ∈ [−1, 1], t ∈ [0, 0.6],
the errors of P-IM for first and second algorithms of (4.1) are calculated for k = 10.

Table 1: Error for Example 4.1 at k = 10 and t = 0.
u Error-PIM for first algorithm Error-PIM for second algorithm

-1.0 5.28471×10−10 5.54223×10−10

-0.8 4.12768×10−10 3.41552×10−10

-0.6 3.24856×10−10 2.74264×10−10

-0.4 5.74235×10−11 4.97235×10−11

-0.2 3.54328×10−11 4.57236×10−11

0.0 2.34268×10−11 3.58214×10−11

0.2 3.54785×10−11 4.90574×10−11

0.4 5.62741×10−11 5.11752×10−11

0.6 3.54782×10−10 2.53147×10−10

0.8 4.28304×10−10 3.95201×10−10

1.0 5.12749×10−10 5.34721×10−10



Sahar M. Abusalim, J. Math. Computer Sci., 38 (2025), 1–15 9

Figure 1: Exact solution, approximate solution of P-IM for
first algorithm and approximate solution of P-IM for second
algorithm at t = 0.

Figure 2: Exact solution, approximate solution of P-IM for
first algorithm, and approximate solution of P-IM for second
algorithm at t = 0.2.

Table 2: Error for Example 4.1 at k = 10 and t = 0.2.
u Error-PIM for first algorithm Error-PIM for second algorithm

-1.0 4.17528×10−9 3.99832×10−9

-0.8 3.87124×10−9 3.49236×10−9

-0.6 7.41253×10−10 7.11546×10−10

-0.4 6.87235×10−10 6.52874×10−10

-0.2 4.11752×10−10 4.00713×10−10

0.0 3.58219×10−10 2.93756×10−10

0.2 4.00785×10−10 3.89475×10−10

0.4 6.28165×10−10 6.05732×10−10

0.6 6.85274×10−10 6.56874×10−10

0.8 3.51276×10−9 3.47251×10−9

1.0 4.57268×10−9 4.42789×10−9

Table 3: Error for Example 4.1 at k = 10 and t = 0.4.
u Error-PIM for first algorithm Error-PIM for second algorithm

-1.0 8.52741×10−9 8.27365×10−9

-0.8 7.41856×10−9 7.00475×10−9

-0.6 5.97250×10−9 5.52764×10−9

-0.4 5.23147×10−9 4.72985×10−9

-0.2 3.84275×10−9 2.94023×10−9

0.0 2.85074×10−9 1.58123×10−9

0.2 3.57210×10−9 3.11584×10−9

0.4 4.98032×10−9 4.86147×10−9

0.6 6.12745×10−9 5.87231×10−9

0.8 7.59247×10−9 7.48203×10−9

1.0 1.74865×10−9 1.68426×10−8

In Figure 1, we computed exact solution, approximate solution of P-IM for first algorithm, and ap-
proximate solution of P-IM for second algorithm with different values of u and k = 10 at t = 0.

In Figure 2, we computed exact solution, approximate solution of P-IM for first algorithm, and ap-
proximate solution of P-IM for second algorithm with different values of u and k = 10 at t = 0.2.

In Figure 3, we computed exact solution, approximate solution of P-IM for first algorithm, and ap-
proximate solution of P-IM for second algorithm with different values of u and k = 10 at t = 0.4. In
Figure 4, we computed exact solution, approximate solution of P-IM for first algorithm, and approximate
solution of P-IM for second algorithm with different values of u and k = 10 at t = 0.6.
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Figure 3: Exact solution, approximate solution of P-IM for
first algorithm, and approximate solution of P-IM for second
algorithm at t = 0.4.

Figure 4: Exact solution, approximate solution of P-IM for
first algorithm, and approximate solution of P-IM for second
algorithm at t = 0.6.

Table 4: Error for Example 4.1 at k = 10 and t = 0.6.
u Error-PIM for first algorithm Error-PIM for second algorithm

-1.0 4.71856×10−8 4.76230×10−8

-0.8 3.85426×10−8 3.41520×10−8

-0.6 9.67416×10−9 9.67834×10−9

-0.4 8.52741×10−9 8.26471×10−9

-0.2 6.87163×10−9 6.85234×10−9

0.0 5.87204×10−9 5.67287×10−9

0.2 6.74268×10−9 6.47205×10−9

0.4 8.34521×10−9 8.31276×10−9

0.6 9.57269×10−9 9.36824×10−9

0.8 4.17201×10−8 3.98247×10−8

1.0 4.96852×10−8 4.57128×10−8

Example 4.2. Consider the following MV-FIE:

Ξ(u, t) = g(u, t) + 0.5
∫t

0

∫π
−π

cos(v) sin(u)t sin(τ)Ξ(v, τ)dvdτ

+ 2
∫π
−π

cos(v) sin(u)Ξ(v, t)dv+
∫t

0
teτΞ(u, τ)dτ,

(4.2)

where the function g(u, t) is specified by laying Ξ(u, t) = (0.25+u) sin(t) as an exact solution. We apply P-
IM for first and second algorithms with k = 20 on the integral equation (4.2). In Tables 5-8, for u ∈ [−π,π],
t = {0.001, 0.03, 0.5, 0.9}, the errors of P-IM for first and second algorithms of (4.2) are calculated for k = 20.

In Figure 5, we computed exact solution, approximate solution of P-IM for first algorithm, and ap-
proximate solution of P-IM for second algorithm with different values of u and k = 20 at t = 0.001.

In Figure 6, we computed exact solution, approximate solution of P-IM for first algorithm, and ap-
proximate solution of P-IM for second algorithm with different values of u and k = 20 at t = 0.03.

In Figure 7, we computed exact solution, approximate solution of P-IM for first algorithm, and ap-
proximate solution of P-IM for second algorithm with different values of u and k = 20 at t = 0.5.

In Figure 8, we computed exact solution, approximate solution of P-IM for first algorithm, and ap-
proximate solution of P-IM for second algorithm with different values of u and k = 20 at t = 0.9.



Sahar M. Abusalim, J. Math. Computer Sci., 38 (2025), 1–15 11

Table 5: Error for Example 4.2 at k = 20 and t = 0.001.
u Error-PIM for first algorithm Error-PIM for second algorithm
−π 3.51472×10−15 1.24138×10−15

−9π
10 3.23854×10−15 2.99453×10−16

−7π
10 4.77201×10−16 4.39245×10−16

−π
2 4.71027×10−16 4.23147×10−16

−3π
10 3.94578×10−16 3.59287×10−16

− π
10 3.50745×10−16 3.37056×10−16

π
10 3.72864×10−16 3.54238×10−16

3π
10 3.62745×10−16 3.36217×10−16

π
5 4.35721×10−16 4.17268×10−16

7π
10 1.00712×10−15 6.50764×10−16

9π
10 3.17258×10−15 2.57234×10−15

π 3.36245×10−15 3.12680×10−15

Figure 5: Exact solution, approximate solution of P-IM for
first algorithm, and approximate solution of P-IM for second
algorithm at t = 0.001.

Figure 6: Exact solution, approximate solution of P-IM for
first algorithm, and approximate solution of P-IM for second
algorithm at t = 0.03.

Table 6: Error for Example 4.2 at k = 20 and t = 0.03.
u Error-PIM for first algorithm Error-PIM for second algorithm
−π 3.47236×10−14 2.99354×10−14

−9π
10 1.62745×10−14 1.39524×10−14

−7π
10 6.23741×10−15 6.12864×10−15

−π
2 4.12806×10−15 4.02741×10−15

−3π
10 2.47210×10−15 1.98234×10−15

− π
10 1.87264×10−15 1.32647×10−15

π
10 1.38247×10−15 1.20875×10−15

3π
10 2.11453×10−15 1.98642×10−15

π
5 4.78264×10−15 4.47632×10−15

7π
10 1.35248×10−14 1.10876×10−14

9π
10 1.88647×10−14 1.27605×10−14

π 2.74613×10−13 2.35741×10−13
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Table 7: Error for Example 4.2 at k = 20 and t = 0.5.
u Error-PIM for first algorithm Error-PIM for second algorithm
−π 4.17526×10−12 3.98526×10−12

−9π
10 2.57324×10−13 2.01856×10−13

−7π
10 7.41586×10−14 7.12864×10−14

−π
2 5.74682×10−14 5.28631×10−14

−3π
10 3.57231×10−14 3.37412×10−14

− π
10 2.87521×10−14 2.27496×10−14

π
10 2.54231×10−14 2.11864×10−14

3π
10 3.74102×10−14 3.57264×10−14

π
5 5.45826×10−14 5.15374×10−14

7π
10 2.00749×10−13 1.68347×10−13

9π
10 2.64641×10−13 2.24961×10−13

π 4.25314×10−12 4.00867×10−12

Figure 7: Exact solution, approximate solution of P-IM for
first algorithm, and approximate solution of P-IM for second
algorithm at t = 0.5.

Figure 8: Exact solution, approximate solution of P-IM for
first algorithm, and approximate solution of P-IM for second
algorithm at t = 0.9.

Table 8: Error for Example 4.2 at k = 20 and t = 0.9.
u Error-PIM for first algorithm Error-PIM for second algorithm
−π 7.41567×10−10 7.30854×10−10

−9π
10 3.47621×10−10 3.34287×10−10

−7π
10 3.57283×10−11 3.21765×10−11

−π
2 7.34520×10−12 6.98237×10−12

−3π
10 5.87564×10−12 5.67234×10−12

− π
10 4.28634×10−12 3.57621×10−12

π
10 4.35742×10−12 3.38264×10−12

3π
10 5.74235×10−12 5.56387×10−12

π
5 7.58234×10−12 7.28416×10−12

7π
10 3.24705×10−11 3.03874×10−11

9π
10 3.25749×10−10 3.11864×10−10

π 7.21967×10−10 6.87642×10−10

5. General conclusion

From the work mentioned above, we can infer the following.
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1. Equation (1.1) allows us to determine the following well-known special cases.
(i) Suppose in (1.1), F(t, τ) = 0, to get

Ξ(u, t) = g(u, t) + γ2

∫a
−a

k(u, v)Ξ(v, t)dv+ γ3

∫t
0
G(t, τ)Ξ(u, τ)dτ. (5.1)

The Fredholm-Volterra integral equation of the second kind with discontinuous kernels is rep-
resented by the formula (5.1) above. Many researchers used various numerical techniques to
determine the solution of (5.1), see [1].

(ii) Fredholm-Volterra integral equations of the first kind, with various singular kernels, are acquired
directly from (5.1).

(iii) Suppose in (1.1), G(t, τ) = 0, to get

Ξ(u, t) = g(u, t) + γ1

∫t
0

∫a
−a

k(u, v)F(t, τ)Ξ(v, τ)dvdτ+ γ2

∫a
−a

k(u, v)Ξ(v, t)dv. (5.2)

The Volterra-Fredholm integral equation of the second kind is represented by formula (5.2). Many
researchers have addressed the solution of (5.2) by various numerical techniques, for example,
refer to [2, 3].

2. MV-FIE (1.1) has a unique solution Ξ(u, t) in the Banach space L2[−a,a]×C[0, T ], under some condi-
tions.

3. Since solving MV-FIEs with varied kernels is typically impossible analytically, approximate solutions
must be obtained.

4. The paper’s findings demonstrate the effectiveness and simplicity of this approach.
5. The solution sequence is used to hold the P-IM to assume two algorithms.
6. In Example 4.1, we considered the MV-FIE of the second kind when the exact solution is Ξ(u, t) = u2t2

and time t ∈ [0, 0.6]. As the value of u increases the error increases. Also, the error of the first algorithm
is bigger than the error of the second algorithm.

7. In Example 4.2, the maximum error is at u = ±π, and when the values of T are increasing, the error
values increase slowly.

8. Wolfram Mathematica 10 was used to perform all of the calculations.

Future work

We will discuss the solution of the following equation in the case of a singular kernel:

Ξ(u, t) = g(u, t) + γ1

∫t
0

∫a
−a

k(|u− v|)F(t, τ)Ξ(v, τ)dvdτ

+ γ2

∫a
−a

k(|u− v|)Ξ(v, t)dv+ γ3

∫t
0
G(t, τ)Ξ(u, τ)dτ,
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