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Abstract

This paper introduces a novel model involving an integro-differential equation of fractional order characterized by multiple
nonlinear terms with Caputo fractional derivatives. We derive conditions ensuring the existence, uniqueness, and stability of
the mild solution. Furthermore, we explore a coupled system that includes the proposed equations and extend our analysis
to an equation featuring three nonlinearities. The study utilizes Banach’s, Krasnoselskii’s, and Schaefer’s fixed point theorems.
Additionally, we investigate various forms of Hyers-Ulam stability for the equation and the coupled system. To demonstrate the
practical implications of our findings, illustrative examples are provided.
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1. Introduction

The description of the fractional order of integral and derivative operators is the main focus of frac-
tional calculus. It has a vast mathematical history that predates differential calculus. The derivative of
the fractional order was presented by Leibnitz. The fractional differential and integral operators have
many applications in applied mathematics. The fractional differential equations was utilized in the tau-
tochronous problem [10], ultrasonic wave propagation [28], and electrical networks of real-world problems
[11].

A fractional integro-differential equation is a kind of differential equation that incorporates both frac-
tional order derivatives and integrals. By including fractional derivatives and integrals, it broadens the
meaning of the concept of ordinary and partial differential equations. A fractional integro-differential
equation can be written in general form as:

D"u(w) = Flw, w(w), Yu(w)),
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where D" is the derivative of fractional order n. Due to the non-local and non-linear nature of fractional
derivatives and integrals, solving fractional integro-differential equations can be difficult. To solve these
problems, numerous numerical and analytical approaches can be applied [18-20]. Numerous writers have
researched fractional-order initial and boundary value problems that involve diverse types of derivatives,
including Riemann-Liouville, Caputo, and Hadamard types. Over the past few years, a range of intriguing
and helpful results have been added to the literature on the subject, rapidly expanding it [5, 6, 17, 21, 29].
The existence as well as uniqueness of the solution for fractional differential equations and fractional
integro differential equations is an important aspect. A number of valuable research works has been made
in this regard in the past years [3, 4, 9, 12-14]. A coupled system consists of two or more interdependent
components that interact and influence each other’s behaviors. These can be found in diverse domains,
such as mechanical systems like gears and motors, or more complex environmental and social systems
where human activities interact with natural processes. In such systems, changes in one component
affect the others, leading to feedback loops and emergent properties that are not apparent when the
components are studied in isolation. The study of coupled systems spans various disciplines, including
physics, engineering, and environmental science, and helps to improve our understanding of system-
wide dynamics and optimization strategies. A number of helpful results on systems have been added
[1,7,23,24,27,30, 31].

Hyers-Ulam stability is a concept that provides a gap between an approximate solution and an exact
solution for the problem in consideration. A number of valuable generalizations towards Ulam’s stability
have been made in the past decade [22, 25, 32, 35-37]. In [2], using anti-periodic boundary conditions,
Ahmad et al. explored a multi-term nonlinear fractional integro-differential equation:

(0§D™ + 05DV)p(w) = Gi(w, p(w)) + VG (w, p(w)), w €7,
p(0) = —p(Q),p'(0) = —p"(Q),

where °D" and °DV are Caputo derivatives of order n and 1, respectively. 1, (, are continuous functions

defined as (1, :Ix R —=R,ne (1,2],Y € (1,n), where T = [0, Q] and Q > 0.

In [34], the multi-point boundary value problem with non-instantaneous impulses for sequential frac-
tional differential equations has been studied for the following model:

(1.1)

DY (D +A)p(w) =Y(w, p(w)), w € (W, sn],forn=0,1,..., k0 < <1,

plw) = Grlw,plw)),w € (sn-1,wnl,n=12,....%,

p(O) = OI p(sn) = O,n = 0/1/2/~~~/k/
where D represents ordinary derivative and D% denotes Caputo derivative of order { and n € R*. The
functions vy and (, are continuous and defined as v : Ix R — R and (n : [sn_1,tn] X R — R for all
n=12,...k

In this article, our main objective is to analyze the ideas of existence, uniqueness, and several types of

Ulam stability for the mild solution of a coupled system of the form:

(D™ + psD*) (D + p3)p(w) = 1w, p(w)), V(W) + "G (w, p(w)), N(w)), w €7,
(93D + PED5) (D + p6) V(W) = Glw, p(w), T(w)) + T2 (w, p(w)), V(w)), w €7,

p(0) =p’(0) =p"(0) =0,
Y(0)=Y'(0)=Y"(0) =0,

(1.2)

where 91, 92, 93, 91, 85,86 € R, 91,92 > 0, DM D" and D%, D2, respectively denote the Caputo
derivative of order 1y, 12 and &;,&»;, wheren; € [1,2) and &; € (1,11). I®idenotes the fractional integral
(Riemann-Liouville ) of order w; > 0, {1, (5, (3,4 : I X R — R are suitable continuous functions.

We have organized the rest of the paper as follows. In Section 2, we provide some basic definitions
and lemmas that are associated with our results. The existence and uniqueness results are presented in
Section 3. In Section 4, mixed nonlinearities cases are discussed. In Section 5, stability result is presented
and examples are given in Section 6. At the end in Section 7, we conclude the paper.
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2. Preliminaries and notations

First, we define the basics of fractional calculus from [15], which will be used later on. Let C = C(J, R)
and C' = C1(J,R).

Definition 2.1. Let } € L[a, b], then the fractional integral (Riemann-Liouville) for 1 is:

1

I (w) = wj (w — )% 1p(s)ds,

where « > 0 and Euler Gamma function is denoted by I', V w € [a, b].

Definition 2.2. Let { € AC™[a, b], then the Caputo fractional derivative for the function 1\ is given by:

‘DI (w) = 1J (w—s)" 97" (s)ds, Vw € [a,b],
r(n_ q) a
where q € (n-1,n), and n € N.

Definition 2.3. A continuous function 1 is called the mild solution of Cauchy problem d%p(w) = ((w)

w

W(w) = Lwo) +J (s)ds.

wo

Lemma 2.4 ([34]). Consider the fractional differential equation “D"p(w) = 0, where *D" is the Caputo derivative
of order n > 0. The aforementioned equation has a solution of the form

p(w) =do+ diw+ dpw? + - - - + dy_qw 71,

here dn € R, m=0,1,...,k—1,and k =] + 1.
Lemma 2.5 ([34]). Let n > 0, then

M(°D"p(w)) = p(w) + dg + dyw + dpw? + - - - + dy_qw* 1,
heredyn € R, m=0,1,--- , k—1,and k = [n] + 1.

Theorem 2.6 ([16, Krasnoselskii’s fixed point theorem]). Let Q # 0 be a closed and convex set, K be a Banach
space with Q C K, and M and P are operators that map Q into K and,

(i) Mx+Py € Q, V(x,y € Q);
(if) M is compact and continuous;
(iii) P is a contraction mapping.

Then there exists z € Q such that Mx + Py = z.

Theorem 2.7 ([33, Banach fixed point theorem]). If K is a non-empty closed set in a Banach space X, then any
contraction mapping ¢ from K to K has a fixed point (unique).

Theorem 2.8 ([33, Schaefer fixed point theorem]). Let (K, ||.||) be a normed space, for every bounded subset x
of K, ¢ represents a compact and continuous mapping from K into K. Then either

(i) the equation w = ddpw has a solution for & =1;
(ii) for any 0 < & < 1, the set of all such solutions, denoted as w, is unbounded.

Remark 2.9. We obtain only the mild solution due to Lemma 2 and Example 1 in [8], along with Example
3.1 and Fact 2 from [26]. These sources imply that the presence of continuous (even Holderian) solutions
for fractional-type integral expressions does not necessarily indicate the existence of solutions to the
related Caputo-type fractional differential problems.
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Lemma 2.10. Let ¢ € C and oy # 0, then multi-term linear fractional differential equation
(0fD" + 0§ D%).(D + 03)p(w) = {(w), (2.1)

with the initial condition p(0) = p’(0) = p”/(0) = 0 has a unique mild solution provided by

1 (® —o3(w—s) oy [ —o3(w—s)mM—=&—1
plw)=—1] e = M¢(s)ds——| e m p(s)ds
01 Jo 01 Jo
w _ ,—0O3W
_ 63'02J 663(‘”5)1”Ep(s)ds—llnC(0)<1 € )
o1 Jo 01 03
1 1 e oW
= [031“ c(0) + 1”16(0)] (w ~ 5+ ez)
(ox] 01 03 0‘3 03
Proof. (D + 03)(0$D" + G‘Z:D'E)p(w) = ((w), implies that
1 1
“D"(D + 03)p(w) = —¢(w) — —05D*(D + 03)p(w).
01 01
By applying the integral of order 1, we get
1 02 75
(D + o3)p(w) :U—I”C(w)—c—ln (D + o3)p(w) + do + dyw.
1 1

Equivalently
1
Dmm+@mm=aﬂam—%W%m+@mm+%+mm

Now multiplying by integrating factor e®*®“ and then integrating from 0 to w, we have

L% —os(w—s)pm 02 [¥ —os(w—s)n—t—1
p(w)=(71 . e I C(s)ds—c—1 . e [ p(s)ds
. w 1— e 03w 1 —o3w
03 GzJ' e—oz(wfs)lnfip(s)ds_i_do <e> +dq <w — S+ € - ) + dye O,
01 Jo 03 03 03 03

Using condition p(0) = p/(0) = p”(0) =0, dg = —Gillvc(O), d; = (— g§>lvc(0) — Gillv—lc(m, d, = 0.

Putting values of dy, d;, and dj, we get

L [® —os(w—s) 02 (% —oy(w—s)n—t—1
plw)=—| e ¢(s)ds——=| e 9 M p(s)ds
01 Jo 01 Jo
w __ p—O3w
—Gwzj e—%(w—s)lﬂ—&p(s)ds—11“5(0)<1 - )
01 Jo 01 03
1 1 —Oo3Ww
Do)+ o) (2o 54500,
01 01 03 0'3 0'3
which is the required proof. O

3. The existence and uniqueness of the mild solution

The equation 2.1 can be transform into nonlinear form that contains Caputo derivative operator of
ordern € [1,2), & € (1,1) given by

{(UiD” +05D%)(D + 0)p(w) = G(w, p(w)) + 1V G(w, p(w)), w €7, (3.1)

p(0) =p’(0) =p"(0) =0,
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where o, 01, 02 € R, 07 > 0, IV denotes the fractional integral (Riemann-Liouville ) of order v, and D"
and °D¢ denote the Caputo derivative of order n and &, respectively. (;,(; are continuous functions
defined as (1, ( : I x R = R. It is possible to transform the given problem into a fixed point problem as
R*(w) = w and R* : C — C is defined as:

1 (¢ 1 (¢
(Rp)(w) = J 6_63(‘°_S)I“C1(S,p(8))d8+J e B@TSIMTYE, (s, p(s))ds

01 Jo 01 Jo
02 [V oi(w—s)m—i—1 03.02 (¥ _ )&

——=1 e m p(s)ds — e 3 (@=s)IM—Ep(5)ds
01 Jo 01 Jo
1 1—e 0@ 1 1 — e O3w

——1I11¢;(0,0) <) — —I""Y(,(0,0) <> (3.2)
01 03 01 03

1 e 0@ 1 e %@

— 21¢,(0,0) (w -+ 2> — 211 ,(0,0) <w ——t 2)
01 03 0'3 03 (0] 03 (73 0'3
1 1 —Oo3Ww 1 1 —Oo3Ww

— —1"1¢4(0,0) (‘” -+ e2> — —I7155(0,0) (“’ -+ ez)
01 03 0'3 O'3 01 03 O'3 (73

We assume the following necessary assumptions for obtaining our results.

(G1) Let C1, (o : I x ;| — R are continuous functions, and A%, A3, Ni, and N are positive constants and
Yw € J such that

G (w, pr(w)) — G (w, pa(w))| < Aflpr(w) — p2(w)l,
1C2(w, p1(w)) — G (w, p2(w))| < Azlpr(w) — p2(w)],
| < N7,

1¢1(0,0) 102(0,0)]< N3, N* = max{Nj,N3},Vw € J.
(G2) (A*@1 + @2) < 1, where A* = max{A}, A3}, and
1 _e763ﬂ QnJrv
P1 = ’
< )[ Fm+1) (n+V+1)}
1— o0 [Qn—&-1 on-¢
+ ,
oo ) [Ffmg o ee)
—03Q Qn+v
< )[ Fm+1) (n+V+1J

_l’_

Qntv _O_n—l _Qn+v—1:| (_O_ 1 e—GgQ)

+ + — -+
o1 [G3F(n—i—1) F(n+v+1) rm)  Tm+v)/\o3 o3 03

(G3) Let us suppose that there exist @1, @ € C with |[®| = max{||®@1]], [|@2||} such that | (w, p(w))|<
|[@1]] and G (w, p(w))I< [|@2]|, V(w, p) € (I x R).
Theorem 3.1. The problem (3.1) has a unique mild solution, if the conditions (G1)-(G2) are satisfied.

Proof. Consider a closed ball By = {p € C,||p|| < ¥} and we show that :R*By C By, ®* : C — C is
previously defined in (3.2) and 9 > (N*@1 + @3)(1 — A*@1 — ¢2) L @i(i = 1,2,3) are described in (G2).
According to (G1), for any p € By, we can write

G(w, p(w))= G (w, p(w)) — G (w,0) + Gi(w, 0)[< AT|lp|| + NT < A"+ Nj.

By similar way
G2 (w, p(w))I< AZ[lp]| + N3 < A™D +N3.

Utilizing the preceding inequalities and the assumptions specified in (G2), we attain the following results

[9R7p]| = supl(97p) (w))]

wel
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w l w
<SHP{J eGS(WS)I“IQ(s,p(S))dSvLJ e O3 lw=SIMHY 75 (s, p(s))|ds
0 01 Jo

oy [¢ 03.0°
+2L e*Gz(w*SJInfafl‘p( )lds + 312J 6763(w75)1”7£|p(s)|ds
0

1 1—e 03w 1 1—e O3W
+ L 0,0) <> + Lmevic0,00 ()
01 03 o1 03

1 670'3(1) 1 6703(,0
In|C1(O O)|< b} + 2 > IT\+V|C (0 0)|( ) + ) )
(o) 0'3 (73 03 O':;) 0-3

3
w e oW 1 _ w 1 e oW
—I“ "21(0, |< P ) + =1 1|C2(0,0)|<—2+ 5 )}
03 03 01 03 03 03
1 /1—e 30 Q“ Qnty
< — (A*9 + N7) A9 +NY) ————
61< < Tm+1) I 2)F(n+v+1)>
1—6 030 Qn— Pp— 1 Qn— 3 N* 1_670'3(2 Qn Qnt+v
ro(ma ) (W ) (e (o )
(n E+1) 01 03 'm+1) TMm+v+1)

n+V on-1  on+v-1 Ie) 1 e— 030
+— + + St
01 < r(n+1) PTrm+v+1) | Tm) F(n+VJ> <03 o} o3 )
1 /1—e 939 on Qn+v
< (AM N — 4
( )G1< 03 )(F(n+1) F(n+v+1)>
<1—e U3Q) (Q“El Qn—¢ )1‘} N* <1—e‘f3ﬂ>< Qn Qnty
+ = +0 +— +
oL\ 03 rn—&) " T—&+1) o1 03 rm—+1) F(n+v+1)>
N* Qn Qn+v anl QT]+'V71 Q 1 670'3()_
+— + + + =t
o1 <G3F(n+1) PTm+v+1) ' Tm) F(n+V)> <03 o3 0} )
= (A" +N")o1 + D@2 + @3 < 9.

It shows that for any p € By, )R*p € By. Hence )R*By C By. Let’s now demonstrate the contraction nature
of the R* operator. For this,

[9R*p1 — R*p2|| = sup|(R*p1)(w) — (R p2) (W)

weld

1
sup{J e~ W=y s, pa(s)) — i (5, pa(5) I
weg L 01 Jo

1 w
+J &3 (WS V|01 (s, 01 (s)) — Cals, pa(s))lds

oy [ —o3(w—s)m—&-1 03.02 (¢ —o3(w—s)n—&
J e THETHITE oy () — pa(s)lds + — J e TN g (s) — p2(s)ds
1 0

i 1—e —03Q) A* 1_6—030 Qnt+v
() o (o) ()

ol e )
(e o)1
Aol o)

1— 03_(1 A* —03Q Qntv
< ﬂ+1> 1( 03 ><F(n+v+1)>

1—6_03Q on &—1 QT]_E,
Gl( o3 )(r(n—a)+“3r(n—a+1)>}”pl—02|!

< (A"@1+ @2)]lp1 — p2f|-

As A*@1+ @2 < 1, by (G2) implies that the operator :R* is contraction. The operator :3* has a distinct
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fixed point according to the Banach contraction mapping principle, suggesting that the problem (3.1) has
a unique mild solution. O

Theorem 3.2. There is atleast one mild solution for the problem (3.1) on the interval I, if ¢, < 1 and the conditions
(G1)-(G3) are satisfied, while @, is given in (G2).

Proof. Consider k,, ={p € C:[Jp|| < s} with » > (||@[|@1 + @3)(1 — @2)~". Define R} and R; on K,, — C
as follow.

1 (* 1 (*
%Tp(w)ZJ e_GS(w_S)I“C1(S,p(S))dS+J e IV, (s, p(s))ds

01 Jo 01 Jo
1 1—e 3@ 1 1—e 3@
— —11¢;(0,0) <e) — —I""Y(,(0,0) <e>
o) w 1 e 9@ o w 1 e 9@
_3IT]C1(0/O)<_2+ > > _31n+VC2(0/0)<_2+2>
01 03 0‘3 0‘3 01 03 0‘3 O‘3
1 w 1 e 93w 1 w 1 e 9@
—m*q&m<—2+2>—m”*qmm<—2+2)
01 03 0'3 0'3 01 03 (73 03
s — 92 [C oyiw—s) -1 03.02 (% _oy(w—s)p-¢
Roplw)=——=1 e I p(s)ds — e " <p(s)ds.
01 Jo o1 Jo
Here R* = R} + R, Let’s investigate the Kresnoselskii FPT hypothesis.
(1) For p1,p2 € K,,, we have
IR7 p1 + M3 p2|| = supl(Rip1) (w) + (R3p2) (w)]
wed
1 (¢ —o3(w—s) 1 (¢ —o3(w—s)mM+v
<supy — | e MG (s, p1(s))lds+—| e @ [MY|Ca(s, p1(s))lds
weg L01 Jo 01 Jo
w w
+ 22 [Temoawm st g)ds + T [Temeslem s s )as
01 Jo 01 Jo

1 1—e 3% 1 1—e 9%
+ —11/¢1(0,0)| <> + —1""Y1¢,(0,0)] <>
01 03 01 03

o w 1 e 93¢ o w 1 e 93w
+3wmmm(—2+2>+3W”mmm(—2+2>
01 03 0'3 O'3 01 03 O'3 03
1 w 1 e 93w 1 w 1 e 93¢
+ 11716 (0,0)] < +=+ 2) + 11 55(0,0) ( -+ 2> }
01 03 03 03 01 03 03 03

_ =l <1—e—vsw) [ o o } +Gz<1—e_‘73w> [Qﬂ—i—l
S oo 03 m+1) T+v+1)] o 03 rm—¢g)
Qn-¢ } 1 (1—e030>{ N;Qn NzQn+Y ]
+ o3| +— +

rm—&+1)] oy 03 rm+1) Tm+v+1)
1 [ N;Qn NzQFY o NrQnl N;Qﬂ+v1] <Q 1 e039>
03 + 03 + + -
m+1) fm+v+1) I'(n) rm+v)

2 + 2
- @] <1—e—03w> [ Qon N Qnty } +cr2<1—e—<fsw> [Qn—i—l
ooy 03 m+1) Th+v+1)] o 03 'm—E¢&)

0—73 0'3 0'3
Qn-t N* (1—e @2\ [ Qn Qnty
"ot e m ) [feD )

01

m—&+1) o1 03 n+1)  TMm+v+1)
N* Qn Qn+v anl QT]+‘V71 Q 1 670'3(2
— + + + ——— t+ —
o1 [G3F(n+1) Prm+v+1) T T F(n+V)]<Gs 03 03 >

= ||@||@1+ 202+ @3 < 5,
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implies that R} +R; € K,..

(ii) Here we need to demonstrate that 2R} is compact and continuous. Continuity of %7 is from that of 4
and (p. Furthermore, ||9]] < [[@|/®1 + @3 implies that PR} is uniformly bounded on K,.. Also, we need
to show that R is compact. Let sup, ;(w))erxrlC (W, p(w))|= "1 and sup , ;(w))erxrlC(w, p(w))[= 2.
Then for w1, wy € J, w1 < wy, we have

[(R7p) (w2) — (RTp) (w1l

1 wr 1 Wy
= J e“3(w25)1“61(s,p(8))ds+J e O @2mSIMHV ) (5, 0(s))ds
o1 Jo 01 Jo
1 1—e 03w\ 1 1— e 032
— —1"¢(0,0) <e> — —I"V(,(0,0) <e>
01 03 01 03
o w 1 e 032 o w 1 e 932
— =211¢4(0,0) (2—2+ 5 ) —3IH+VC2(0/O)<2—2+2>
01 03 0'3 (73 01 03 O'3 0'3
1 1 —O03W2 1 1 —03W>
— —I"714,(0,0) (‘”2 — S+ ) — —IT15(0,0) (“’2 -+ ez)
01 03 0‘3 0'3 01 03 0‘3 0'3
1 [“ —o3(wi—s) 1 [ —o3(w1—s)mM+v
-— e PTG (s, p(s))ds — — e BTSNV (s, p(s))ds
01 Jo 01 Jo
1 1—e Wi\ 1 1— e 03w
+—1"¢(0,0) <e> + I (,(0,0) <e>
01/. 03 01 03

1 670'3(1)1

o w o w 1 e 931
+731T]C1(0/0) <1_2+ > > +SIT]+VC2(O/O)<1_2+ 2 >
01 03 0'3 0'3 01 03 0'3 0'3

1 1 —0O3Wq 1 1 —0O3Wq
+W1Qmm0m—2+ez >+Wﬂlgmm0“—z+ezz>y
01 o

03 03 03 1 03 03 03

In above, if w; — w»y, we have
RIp(wz2) — (Rip)(w1)l— 0.

So R} is equicontinuous, applying the conclusion of Arzela-Ascoli theorem, suggests that ] is relatively
compact on K,..

(iii) As @y < 1, 7 is contraction. Therefore, by confirming the conditions of the Krasnoselskii fixed point
theorem, we insure that the problem has at least one mild solution within the specified interval J. This
completes the proof. O

For the existence and uniqueness of the mild solution to the problem (1.2), we assume the following
necessary assumptions for obtaining our results.

(H7) C1, 02, (3, G4 1 I x R — R are continuous functions, there exists positive constants B, B3, B3, B;, Bz,
B¢, B7, Bg such that Vw € 7,

|C1(010/0)| < FZ*I Vi= 1/2/314/
max{F;} = F*, max{B;} = B,

CGi(w, p(w), Y(w)) = Gi(w, J(w), V(w))] < Bilp(w) — plw)l+B3[T(w) — T(w)],
2w, p(w), Y(w)) — Ga(w, plw), T(w))] < Bilp(w) — pw)+BiT(w) — T(w)],
|G, p(w), Y(w)) — G(w, plw), T(w))] < Bilp(w) — pw)+Bg T (w) — T(w)],
|Calw, p(w), Y(w)) — Ca(w, plw), V()] < Bjlp(w) — p(w)l+B§[V(w) — T (w)l.

(H7) G* <1, where G* = max{G1*, Gp*}, also we have (B*®; + ®,) = Gy%, (B*01 + 03) = Go*, and

1 <1 _ezp3Q> |: Qm Qm+vi

0= — + ,
T 03 Fmi+1) T +wi+1)
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0 (1 — e $3Q Qm—é&—1 Qm—é&
62 - < > |: + 93 :|/
01 03 Fmi—&) Fmi—& +1)
F* /1 — e 830 Qm Qmi+wi
o= (5o ) |
©3 Fm+1) T +wp+1)
F* [ om Qm+w Qu-1  omtwi—1 ] <Q_ 1 emQ)
+ + + — ,
B +wi+ 1) Tm) | T +wi) 2

P33 03

also

1— e—&J6Q> [ QM2 Qn2+ws }
+ ,
[T2+1)  Tm2a+wa+1)

(1 —e I%Q) [Qn2—&2—-1 Qn—é& ]

+ ,
T2 — &) pér(nz—éz-i-l)
—e ZQSQ) [ QM Qn2t+ws ]
+
T2 +1) T +wy+1)

|: Qnat+ws Qn—1  OQnatwa—1 :| <_Q_ 1 el%Q)
+ + + =S+
o P+ D) T Tyt wat D) Timg) | Tt wa) \ge g2 g2

(H3) |Gi(w, p(w), Y(w))I< li—1(w) + Li(w)lp(w)+lip (w) [V (w)], i =sup(li(w)), and (15 +1{q* +159%) =
B1, (1 +13q* +15q) = B3, max{pj, B3} = B*.

Theorem 3.3. The problem (1.2) has a unique mild solution, if the conditions (H})-(H3) are satisfied.
Proof. Consider an operator R* defined from R* : X x Y — X x Y as:

R (p, M) (w) = (R (p, V) (w), Rz (p, V) (w)).
Using Lemma 2.10, we have

(95) (w) = — Jw e (@I M (s, p(s), Y(s))ds

1 w
L1 J e (@S MEWIE (6 0(s), Y (s))ds

w w
_ 82 JO e_m(w_s)lm_’i]_lp(s)ds _ p»;fn JO e_m(w_s)lm_alp(s)ds

1_ g 3w
e) {"3 [Imcl(oom WGy (0,0,0)
3 ®
w 1 e p3“’>

M1-12,(0,0,0) + IMH171¢,(0,0, 0)]}<—Z+ 5
P33 03

I"¢;(0,0,0) + I”1+W1C2(0,0,0)] (

e 3 TsIM2ra (s p(s), Y (s))ds

(Y
1 w
+ J e Bl WS A wag (5 0(s), Y (s))ds

w w
_ 5 J eﬂ%(w*s)lﬂz*izfl'y‘(s)ds _ Pe-5 J e*@e(w*S)IT\z*izy(s)ds
0 P4 Jo

1 ul +w 1—e ®6® P +w

- I 2C3(0 0 0) ITIZ 2C4(0/ 0/ 0) - - IT]ZC3(0/ 0/0) + IT]Z 2C4(0/ 0/0)
194 W3 K4

1 1 —Pew

— [1“2 125(0,0,0) + IM2+w2=1¢, (0, 0,0)] <“’ — )

(94 P6 &g 43
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Let (p1, Y1), (p2, Y2) € X x Y, then

IRT (p1, Y1) — R (p2, V2)|
1 w

< E . e*p?,(wfs)lnlml(s, p1(8), Y1(s)) — Ci(s, pa(s), Ya(s))lds
1 w
+ a J e‘l&’s(w—S)ITl1+wl|C2(S/ p1(s), Y1(s)) — €1 (s, p2(s), Ya(s))|ds
0
o2 [ 93.92 (¢
_ J efpa(w—s)lﬂlfﬁflhl(s) —]2(S)|ds n . J e7p3(w75)1ﬂ1*£1|h(s) _]2(3)|ds|
o170 1 Jo
l w
< — J 3793(w7$)1ﬂ1+w1| <B}‘||p1 —p2|| + B3|V — Yz||) Ids
1 Jo
1 w
+ a JO e*l%(wfs)lnﬂ (B;le —p2|| + BTy —T2|]> Ids
© w
_pzj e ®CTIME g (5) — ga(s)|ds + m'“J e 93(@w—3) U—Eajy, () 1, (s)|ds
1 Jo o1 Jo
B* 1_e—p3Q> [ Qm Qnitwi :| < >
Ser + —pal[ + 71—
o1 < 3 Fmi+1) TMpi+wi+1) le1 — P2l + |1 Al
2 <1 —e@3Q> [Qmill om—&i ] ‘ |
o + _
1 03 Mm—21) O Tm—&+1) lp1 — p2l|

< B*el(upl ool 47 —nn) - 0,lp1 — pal
< (B*0; +62)<Hp1 —p2f| + |11 —Yz||> < (B*6q +92)<||pl —p2fl + |11 —Yzll),

and

IR (p1, Y1) — R (p2, V2)I< G ([lpr — o2l [ V1 =2
Similarly

IR3 (p1, V1) — AR5 (p2, V2)IK G ([lpr — p2f| + [|[V1 = V2]
Let max{G1x, Gox} = Gx*, so we can write

18" (p1, Y1) — R (p2, Y2)|| < G* (||p1 — p2f| + |1 —Y2]) .

The operator Ji* is a contractive, supported by (G* < 1) as per (H3). This conclusion is drawn from the
given fact. Applying the Banach fixed point theorem, the operator 9i* has a unique fixed point, implying
the existence of a mild solution to the problem (1.2). O

Theorem 3.4. Let the conditions (H})-(H3) are satisfied, then the problem (1.2) has at least one mild solution.

Proof. R} is continuous since (y, (; are continuous. Additionally, (3, (4 are continuous, meaning that 93,
is continuous as well, implying the continuity of 9i*. Consider a set

Qg ={lp, M) eXxY:|(p,M) <q"}
For any w € J, we have
1 (@ 1 (@
95 (p, Y, w)| = ‘ML e ®3(@=sIMgy (s, p(s), Y (s))ds + |2§)1J0 e~ ®3(@=sIMWir) (5 0(s), Y (s))ds

w w
_ pzj e*zps(wa)Inréflp(s)ds _ 9382 J e*ps(wﬂ)lnr&p(s)ds
1 Jo 1 Jo
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1—e @

) _ {&’3 [Imcl(o, 0,0) + I+ %15,(0,0,0)
03 1

— pl [ImCl(O, 0,0) + IM*™1¢,(0, 0,0)} <
1
[Iﬂl 1C1(0 0 0)+IT11+W1 1C2(0 0 0)]}<(,U 1+e@3(ﬂ)‘

93 93 93

w w
J e—m(w—s)mcl(s,p(smsmds+1j e 9 (@S IEW L (6 o(s), Y (s))lds
0
2
1

L

83

1

<7
1 1 Jo
w w

+ 92 efzps(wa)Imflbflm(s”ds _ 9382 J efps(w78)1n1f£1|p(s)|ds
1 Jo o1 Jo

1 1— —Afw
- |:IT11|C1 (0/ 0/ 0)|+Inl+W1|C2(0/ 0/ O)|:| (es>
®1 83

_ {23 [ma(o, 0,0) 110, 0, 0,0)@
1

1 1 — 3w
- [Imﬂcl(o, 0, 0]+ 1M1 -11¢, (0, 0,0)|] } (‘” 1 ")
1

3 93 85
1 w
< — | eI l(w) + Af(w)lpl+A3 (w)Y])ds
o 1 2
1 Jo
1 w
+ plL eP (@S W (AT () + AS () [ph+-AS (@) [Y]) ds
+ mee pa(w—s)ym—&— 1q*d 4 5o £3-92 J e*ps(w*S)Im*ilq*ds
91 Jo o1 Jo
1 1—e 3@
_ IT111:* + ITI1+W11:* _ Im]:* +IT‘1+W1F*
831 3 291
+ 1 <Im_1Fi‘ + IT\1+W1—1F§>} ((,U — % + ep;w>/
1 3 833 293
1 [« 1 [«
R (p, T, w)| < o o e—m(w—s)lﬂla;;+1fq*+1;q*)ds+pljo e S @WTSIPEWI(1F L 12g* 4 15q*)ds
+ 92 Jw e*ps(w*S)Im*i*lq*ds _ B39 Jw e*lps(wfs)lmfélq*ds
1 Jo o1 Jo
i |:IT11 + Ierwl]F* <1 — e—épsw)
831 o3
_ [ (Ifll + Iﬂ1+w1>1:* 1 (Iml + Iﬂ1+W11>P*] <w _ i 4 e—p3w>
1 o1 93 93 #3
1 (¢ 1 (¢
< J em(ws)ImBTdS-i-J' e*pa(w*S)IerWlB;ds
1 1 Jo
©2 <1 _emQ) |:Qﬂ111)11 Qm—& ]
+—= + 93 :
91 £3 I — &) Fm —& +1) q
F* [1—e 0O Qm oQm+wi
T L
©1 ©3 Fm+1) T +w+1)
F* [ Qm N Qnmi+wi Qm—1 _()_ﬂl+W11:| (_O_ 1 emQ)
+—|® + + + — =t
o1 DT +1) " CTm+wi+1) ' Ty)  T+wi)]\es 92 2
< p* (1_319351) [ Qm N Qnit+wi }
01 ©3 Fmi+1) T +wp+1)

(18 8330> [Qm—il—l Qm—é& ]
+— + *
91 03 I — &) vs Fm —& +1) q
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F* <1 _ e—mQ) [ Qm Qnitwi ]
+ — +
£3 Fm+1) Th+wi+1)

F* Qm Qmit+wi Qu-1  ogmtwi=171/0 1 e 83Q
[ R [
Fm+1) Fmi+wi+1)  Tm)  Th+wi)

P393 3

Therefore |R](p, Y, w)|| < . In the same manner, we can prove that |R;(p, Y, w)|| < pp, where

p* <1 — 38369) [ Qn2 Qn2tws } A (1 — ep6Q> [ Qn2—&—1

I 96 Fm+1) The+we+1)] 4 96 Iz —2)
Qnm—& } F* <1 — el%Q) [ Qn2 Qn2+tws ]

| q* + — +
M-t +10]7 o 96 Fmz+1)  The+wz+1)

|: Qm Qn2+ws Qm—1  n2twe—1 } <_O_ 1 e—KJéQ)
+— - + - =t —).

o1 [ToT+1) " T+ wa+ 1) | Tma) | Tma+wa) ) \ g 07 o

Let max{p, p2} = p, then we have ||93*(p, Y, w)|| < p. The boundedness of the operator R* is shown by
the aforementioned inequality. Now we have to show that the operator R* is equicontinuous . For this let
w1, Wy € Ji such that wy < wp, where k =0,1,2,...,p. Let (p,Y) € Q* then we have

+ 96

F*

(RTp)(w2) — (R7p)(w1)]

1 ("2 1 ("2
< J e‘“(WZ‘S)I“lCl(s,p(S),Y(S))dS+J e~ ®sWamsI Tt WIg, (s, p(s), Y (s))ds
91 1 Jo
" e 93(W2—s)mi—&— Lo(s)ds — £3-82 sz e—ps(wz—s)lm—ilp(s)ds
291 0 o1 Jo
1 1—e W2 ©3
— [Imél (0,0,0) 4+ IM*™1,(0,0, 0)] () - { |:ImC1(0, 0,0) 4+ IM™™1¢,(0,0,0)
391 3 $1
1 1 —H3W2
— [Im 121(0,0,0) + IMF171¢,(0,0, 0)] } <wz 2 + = 2 >
291 3 83 ®3
1 M 1 M
_ = J e ®3(Wi—s) m Cils, p(s),Y(s))ds — — J e ®3(Wi—s)ni+wi Gols, p(s), Y (s))ds
1 Jo 1 Jo
+ 2 JW1 e*ps(W1*S)Iﬂ1*E*1p(s)ds + £3-82 JW1 e*&’s(wlfs)lmflblp(s)ds
®1 Jo o1 Jo
1 1—e M 93
— |TM1¢1(0,0,0) + ITMF™18,(0,0,0) | [ ——— ) — ¢ = |1 %1(0,0,0) + IMF14,(0,0,0)
831 3 o1
l

1 —83wW1
[I“l 124(0,0,0) + IM+Wi=1¢,(0, 0,0)] } <W1 — =+ 62> ‘
o 93 93 3
From above inequality, if wq — w», we deduce that
(Rip)(W2) — (Rip)(w1)l— 0,
also we can show that
(Rzp)(W2) — (Rz0) (w1)|— 0.
Hence 93] and R; are equicontinuous by the Arzila-Ascoli theorem, implying that :i* is equicontinuous.

Now let us define a set
G={(p, V) eXXY;(p,Y)=0R"(p,YV);0< <1}

We demonstrate the boundedness of the set G. For this, let z € J and (p,Y) € G, we have (p,Y) =
dR*(p, V), ie., p(z) =R (p, V) and Y (z) = 6R;(p, V). Now

1 w
lo(z)| = I5%T(p,Y)II5Ha L e ®CTIML (s, p(s), V(s))ds
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1 w
o j e~ 5@ Wi (6 0(s), Y (s))ds

1
_ efp3(w s)m—&— Io(s)ds — £3-82 Jw e*m(wfs)lmfll)lp(s)ds
91 Jo ®1Jo

1 Sw 1—e 3@ 93 w
— |IM¢1(0,0,0) +IMT™1,(0,0,0)| | ————— ) — ¢ — [I™41(0,0,0) +IM™™1(,(0,0,0)
&71 83 1
1 1 —p3Ww
[Im 1C1 0,0,0) + [mtwi— 1C2(0 0, 0)}}<w—2+e 5 >|
pl P393 03
1 “ w—s) (v _ (w—s) +w
<[5 — | e ol M|y (s, p(s), Y(s))lds + — | e ® M0 (s, p(s), Y(s))lds

191 0 1 Jo
0 93.92 [

+J e—ps(w—3)1ﬂ1—£—1|p(s)|ds_ J e—ps(w—s)lm—lbwp(s)‘ds
1 Jo 1 Jo
1 +w 1—e @ 83 +w

- IT]1|C1(OIO/O)|+IT]1 1|C2(01010)| - ) —/ N — In1|Cl(O,O,O)|+In1 1|C2(O/010)|
o1 3 1
1 1 —H3w

+— [1“11|c1(0, 0,0) 1M1= g5 (0, 0,0)@ } (‘” -+ )
91 3 93 83
1 w

< |6|19J e P 0mSI 1y (w) + A (w)lpl+A3 (w)[Y])ds
1J0

1 w

o | et A )+ A (w)phAS (@)Y ds
1Jo
SJZJwe p3(w—s)m—&— 1q*ds+p3 KJZJ e*m(w*S)Iﬂl*Elq*ds
1 Jo 1 Jo
1 1—e 83®
_ [ImFik + Imﬂmp;] < e ) _ [193 <IT111:1K + IT11+W11:3<)
871 3 o1
1 1 —p3w
<I“11F}‘+I“1+W11F}‘)] <w_2+ € 5 >
871 P393 03
1 (¥ 1 (¢
le' e ¥ wS)Im(lg—l-qq*—l-qq*)ds—i-plJO 3*03(w*811ﬂ1+wl(1>{+l§q*+1§q*)ds
sz e ®3(lw—s)m—&— 1q*d £3-82 Jw e—ps(w—s)lm—élq*ds
1 Jo 1 Jo

+ i [Im + Iﬂ1+w1] £* <1 — e‘@sw)
o1 3

[[93 <IT]1 + IT‘]lJrWl)F* 1 (Inll + IT]1+W11>F*:| <w - 12 + 3_1923(»0>
o1 91 3 (93 03

@ Q
< |5|1J‘“ e_ps(w—S)ImBide_|_1J o 93(w—s Im+w1[3 ds + 22 <1—e5’3>
Y|

1 Jo 91 Jo 83
[Qméll Qm—& } F* <1 — emQ) { Qm Qnmi+w ]
+ +— +
Fm &) P fm—a DY "o\ e M +1) T +wi+1)
* [ Qm Qnitwi om—-1  omit+wi—1 ] <Q 1 e—mQ)
+— + + + =S
o1 [T+ 1) BT +wi+1) | T Tm+w)]\es 02 ¢l

B* [1—e 930 Qm Qnitwi o2 [1—e 939
<|5|< )[ + ]+<>
©1 03 Fm+1) Tm4+wi+1)] ¢ ©3

[Qmill Qn—& } F* <1 — epaﬂ) [ Qm Qnmi+w ]

+ +— +
fm—t&)  PTm—a+ )Y e\ e Mm+1)  Ti+wi+1)
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F* Qm Qnit+wi om—-1  omit+wi—1 Q 1 e 930

+ 93 + + ] < - 2);
o1 Ti+1) FMni+wi+1)  Th)  T+wi) [\ 93 93

lp(z)] = 1891 (p, V)I< pua.

Likewise, we can demonstrate that |95 (p, Y, w)|| < dpp. Let max{dy11, dup} = A. Then we have

193 (p, Y, )| < A
Because of this, the set G is bounded and by Schaefer’s fixed point theorem, we can say that the problem
(1.2) has at least one mild solution. O
4. Mixed nonlinearities

We examine the subsequent problem encompassing three nonlinearities:

0SD"(D + 03)p(w) + 05SD4(D + 03) G5 (w, p(w)) = &1 (w, p(w)),
+IVO(w, plw)), Yw €7, . 4.1)
p(0) = p’(0) = p”(0) = 0.

All other quantities are defined previously, except (3, which is continuous and defined as (3 : I x R — R.
Considering the operator J : C — C in connection with the problem (4.1), presented below

1 (¢ 1 (¢
(3p)(w) = J e (W= IN¢, (s, p(s))ds + J e @S 1V e (s o(s))ds
01 Jo 01 Jo
w w
=02 | et g (s p(s)ds - P20 | et (s p(s) s
01 Jo 01 0
1 1 . 1—e 03w
N [1" 21(0,0) + — IV 5(0,0) — “2M—&1¢4(0,0) — 2222 1”563(0,0)] (e>
(03] (o} (o] 01 03
1 .
+ [— L m-14,00,00 = Lmtv-14,0,0) + Z1-2-2¢,(0,0) + “3“21“—3—%3(0,0)}
01 01 01 01
70‘3&) 1 1
x (“’ — Ly e2> — 03 [— —T11¢1(0,0) — — IV 5(0,0) + 2175 1¢5(0,0)
03 03 03 01 01 01
: 1 e o3
+ 2202 1“—“—53(0,0)] <w - —+ ez>
01 03 0‘3 0'3

A theorem concerning the uniqueness of mild solutions will be discussed below.

(G4) (1, (y, (3 are continuous functions defined from (;, {», (3 : I x R — R and there exist Al AL AL >

0 such that |Gi(w, p1) = Gi{w, p)I< Aflpr — p2l, [Ga(w, p1) — o, p2)IS Azle1 — pal, [Ga(w, p1) —
Ga(w, p2)I< Ajlpr — p2l, Yw € J, and p1,p2 € R. And [(;(0,0)|< Ni < oo, [2(0,0)I< Nj < oo,
1C3(0,0)I< N} < o0, and let max{Nj, N5, N3} = N*.

(G5) A*(01+05) <1, where A* = max{Aj, A3, A3}, and @1 and ¢, are defined in (G2).

Theorem 4.1. There is a unique mild solution for the problem (4.1) on the interval J, if the conditions (G4) and
(Gb) are satisfied.

Proof. We skip the proof since it is comparable to the proof of the Theorem 3.1. O
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Now to study the mixed nonlinearities case for coupled system. Consider the couple system with nonlin-
ear functions given by:

95D (D + p3)p(w) 4 pSD& (D + p3)Hy(w, p(w)), V(w))
= Glw, plw), Y(w)) + M G(w, p(w)), V(w)), wel,
95D (D + p6) Y (w) + pED#2 (D + p6)Ha(w, p(w)), V(w))

= G(w, p(w), V(w)) + M2 ¢y (w), p(w)), (w)), w e,
p(0) = p1(0) = py’(0) =0,
Y(0)=Y'(0)=Y"(0) =0.

(4.2)

In this case, the continuous functions H; and H, are defined as follows: Hy, Hp : J x R — R. Regarding the
problem (4.2), we define an operator fi : C — C given as

file, V) (w) = (fir(p, V) (w), fiz(p, V) (w))

where
1 w
(i) () = plL e (@S (s, p(s), Y(s))ds
1[® p2 (¢ -
+J e_p3(w_s)1”1+W1C2(s,p(s),Y(s))dsJ e~ o3lw=sim—&i-1R, (5)ds
1 Jo 1 Jo
£3.82 ® —p3(w—s)Mi—&1 1] 1 1 n1+wq
— e I Hy(s)ds — —|171¢41(0,0,0) + 1 (»(0,0,0)
1 Jo 1
__ p 3w
+ 22i-ém1R,(0,0,0) + P22 -t (0, 0, 0)} (1 ° )
o1 1 3
_ {ff [Imcl(o, 0,0) + 171 ¢3(0,0,0) + 2171154 0,0,0)
1
Y 1
+ B2 mi—aip (0,0, 0)] +[1“11(:1(0,0,0)““1*%152(0,0,0)
1 o1
_ 1 —P3Ww
+ P2 me-1p(0,0,0) + 2B -ty (0,0, m”(‘” 2+62),
o1 91 3 03 03
and
1 w
(fi2) (w) = ML B (@ =S Mgy (s, p(s), Y(s))ds
L[ S -
+J e""(“’S)I”2+W2C4(s,p(s),Y(s))ds—J e*l@e(w*S)Inz*&*le(s)ds
4 Jo 4 Jo
9695 [ —pe(w—s)M—& 1 ubl T2+w;
S I H,(s)ds — — |I"2(3(0,0,0) + I 4(0,0,0)
P4 Jo §4
— 1_ —PeW
+ Bme-ea-1p,(0,0,0) + P2 a2, (0,0, 0)} (e )
4 P4 86

{26 [1“253(0 0,0) + I"2t"2¢,(0,0,0) + 25 M2—&-17,(0,0,0)
4 4

1
4 PP -y (0,0, 0)] T [1“2—153(0,0,0) 4 M2+w2=1,(0,0,0)
04 4
_ 1 —PeW
+ &5 ma—ta—1py, 0,0, 0) + E2E0 a2 ,(0, 0, 0)} } (‘U — S+ ez>
91 91 96 2 g2

A theorem relating to the uniqueness of the problem (4.2) will be discussed below.
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(H}) Hj, Hy are continuous functions defined by: Hy, Hy : I x R — R, and there exists positive constants
BS, BYy, Biy, Bj, such that

Bilp(w) — p(w)[+Bil Y (w) — T(w)l,

Y (w))l <
[Ha(w, p(w), Y(w)) — Ha(w, plw), T(w)] < Bfjlp(w) — p(w)[+Bi[Y(w) — T(w)],
IM:(0,0,0)] < K, ¥i=9,10,11,12,
)l <

hi—1(w) + hi(w)lp(w)+hit1 W)V (w)l.

(Hz) max{Si*, So*} = S* < 1, where B*(01 + 0;) = S1x and B*(d1 + ¢2) = Sp*, where max{B}} = B*.

Theorem 4.2. There is a unique mild solution for the problem (4.2) on the interval J, if the conditions (H])-(HZ)
are satisfied.

Proof. We skip the proof of this theorem since it is comparable to the proof of the Theorem (3.3). O

5. Ulam stability

We provide the Hyers-Ulam stability idea for the problem (3.1). Let 6 > 0 and {;, {; are continuos
functions defined as (1, (o : I x R — R. Let us consider a Banach space ® = C with a norm define by

o]l = suplp(w)l, w € J.
wel

Definition 5.1. The problem (3.1) is Hyers-Ulam stable if there is a number 1 > 0, where 1. € R exists
such that for each € > 0 and for every mild solution p; € C! of the inequality,

(0§D + 65 D5)(D + 03)p1(w) — C1(w, p1(w)) + IV G (w, pr(w))I 5, (5.1)
then, a mild solution p, € C! occurs with |p; (w) — pa(w)|< 3.

Definition 5.2. The problem (3.1) is generalized Hyers-Ulam stable if X is a function that belongs to
C[R, R4 ] exists and X(0) = 0, such that for each & > 0 and for each mild solution p; € C of the inequality

(0§D + 05D%)(D + 03)p1(w) — Ga(w, pr(w)) + IV Ga(w, pr(w))I< 3, (5.2)
then, a mild solution p, € C occurs with |p1(w) — pa(w)|< X(8).

Remark 5.3. A function p; € C! is a mild solution of of the inequality (5.2) if and only if a function exists
d(w) € C (which depends on p;) such that

(1) B(w)< s, Vw eT;
(2) (0§D" + 05D)(D + 03)p1(w) = G1(w, p2(w)) + IV (w, p1(w)) +H(w), w € 7.

Theorem 5.4. If p; € © is solution of inequality (5.1), then py will be the solution of the following inequality:

lp1(w) — po(w)[< 8D,

() (e 1
o0 o3 rm+1) o1 [Tm+1) TMm) |J\oz o2 o3 )

where
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Proof. 1f p1 is the solution of inequality (5.1), then p; will also be the solution of
(6§D + 05D%)(D + 03)p1(w) = G (w, pr(w)) + 1Y G (w, pr(w)) +B(w),
p1(0) = p1(0) = p1'(0) =0,
ie.,
1 (¢ 1 (¢
prlw) = | e IG5, p1(8)) 4 s s+ - [ e @I G (5)ds
01 Jo 01 Jo
2 Jw e—Gs(w—S)In—E—lpl(s)dS _ 0302 Jw e—oa(w—S]In—épl(S)ds
01 Jo 01 Jo
1 1—e 03w 1 1— e~ 03w
— —1I"(¢1(0,0) +9(0)) <> — —I"",(0,0) ()
01 03 01 03
1 —Oosw o w 1 e 93w
- E(10,0)+9(0) (£ - L+ £ 00 ) - Erevg(o,0) (£ - L4 00
01 03 (0] O‘3 (05 03 (0] O'3
1 1 —Oo3Ww 1 1 —O3Ww
— (G (0,0) +9(0) o — — + 5 > —I”+”‘1cz(o,o)(w— nt e )
01 03 (0] 0‘3 01 03 (0] (73
For convenience, let pg(w) denotes those terms of p(w) free from ¥, i.e.,
1 (¢ 1 (¢
i) = o | e @G s pu(slds + o [ e @I g s oy (s))s
01 Jo 01 Jo
02 [¥ —oy(w—s)pm-&-1 03.02 [ _o5(w—s)m—¢
—J e 93 I p1(s)ds — J e 93 ST ~%p1(s)ds
01 Jo 01 Jo
1 1_ —O3Ww 1 1_ —O03W
——I"¢;(0,0) <e> — —I""V(,(0,0) <e>
01 03 01 03
1 —Oo3Ww 1 —Oo3Ww
—2211¢(0,0) (‘” ——+ 2 > —%ITHVCz(O,O)(w —— 4+ >
01 03 (0] 0'3 01 03 (0] 0'3
1 1 —Oo3w 1 1 —o3w
- 1“1(:1(0,0)(‘”— =+ ) — I 15(0,0) <“’— i )
01 03 (%)) 03 01 03 (9] 03
So we can write
1 (* 1 1—e 03w
orfw) =~ poleol < - [ e Imatsias + oo (150 )
01 Jo 01 03
1 —O3Ww 1 1 —Oo3Ww
+G31”19(0)<w—+ £ > +I“18(0)<w—+ £ )l
01 03 (0] 0‘3 01 03 02 (73
_ e~ 0302 n ul n—1 —o3w
<5.2<1 ¢ > = +G3[ Qo ](w—lerez)—SD.
o1 03 m+1) oy [TM+1) TMm) J\os o3 03
O]

Theorem 5.5. Let the conditions (G1)-(G2) are satisfied, then the the system is Hyers-Ulam stable.

Proof. Consider p; € C' be the solution of inequality (5.1),
(6§D + 05D%)(D + 03)p1(w) — G (w, p1(w)) + IV G (w, p1(w))< 8, w €7,
and let p, € C! is the exact solution of the problem (3.1),

(0§D + 0SD)(D + 03)pa(w) = &1 (w, pa(w)) + IV (w, p1(w)),
p2(0) = p5(0) = py(0) = 0.
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Let
lp1(w) — p2(w)l= [p1(w) — po(w) + po(w) — p2(w)l.

Using Theorem 5.4, we have
lp1(w) — p2(w)| < 8.D + [po(w) — pa(w))]
1 w
<sD+ j e (@S| (s, 01 (5)) — a5, pa(s)lds

01 Jo
1 (® —o3(w—s)M+v
+— | e® IM™YCo(s, p1(s)) — Cals, p2(s))lds
01 Jo
02 [* —oa(w—s)m—&-1 03.02 (% _oy(w—s)n—¢
+ = e @M lp1(s) — p2(s)|ds + e TSI p(s) — pa(s)lds
01 Jo K Jo
AT © —o3(w—s) AE © —o3(w—s)mM+v
<OD+— | e ™ Mpi(s) —p2(s)lds+—=1| e @ I"V|p1(s) — pa(s)lds
01 Jo 01 Jo
(9] (& _ _ £ 03.02 (& —o3(w—s)m—E
+—=| e l@msIm=E-Tg,(5) — py(s)lds + e TN p(s) — pa(s)lds
01 Jo 01 Jo
A* w A* w
oD+ [T emewsimpp (s) — pafs)as + 2 [ Temente i vipy () - pas)las
1 Jo 1 Jo

oy (¢ 03.02 [“
+J e @=sIM=E)5, (s) — py(s)lds + — J e @ =SIME|5, (s) — pa(s)lds,
01 Jo 01 Jo
91— pallo < 8D+ (A61 + 8201 — palle, llo1 — palle <~ e o1 — pallo < 6

- x V. - 7 - X 7 - X oM,
P1—P2le 1T 92)|IP1 — P2jle, [IP1 — P2lle 1— (A0, +0,) P1—P2lle

where
5 — D
11— (A*01 +05)°

Consequently, the problem (3.1) is Hyers-Ulam stable. If we put X(5) = 6.1, X(0) = 0 suggests the
generalized Hyers-Ulam stability of the problem (3.1). O

Now for the Hyers-Ulam stability of the coupled system, we state the following.

Definition 5.6. The problem (1.2) is Hyers-Ulam stable if we can find a real number 11 > 0 such that for

every € > 0 and for every solution (p, V) € X x Y of the inequality,

{ (£5D™ + pSDE) (D + 93)p(w) — Gi(w, plw)), T(w)) — I Ga(w, plw)), T(w)) 5.3)
w

|(95D™ + 9§D ) (D + 96) V() — G, pw)), T(w)) — I8y (w, p(w)), T(w))|

Then, there exists a solution (p, Y) of (1.2) with

Remark 5.7. (p,Y) is a solution of of the inequality (5.3) if and only if there exists y1(w) and y;(w) such
that

(1) h1(w)I< 81, hy2(w)I< 82,V € [; and
2)

{(piDm +95D)(D + p3)p(w) = G1(w, plw)), T(w)) + I G(w, plw)), T(w)) +v1(w),
(3D + PED ) (D +As) V(w) = Ga(w, p(w)), T(w)) + ™2 & (w, plw)), T(w)) +v2(w).

Theorem 5.8. The coupled problem (1.2) is Hyers-Ulam stable, if the conditions (HY) -(H3) are satisfied.



M. Asif, A. Zada, A. Avram, ]J. Math. Computer Sci., 38 (2025), 56-79

74

Proof. Let (p,Y) € X x Y be the solution of the inequality
|(91D™ + 5D (D + 93)p(w) — Gi(w, pw)), T(w)) — "1 G (w, p(w)), T(w))I< &1,
|(£5D™ + pSD ) (D + 96) V() — G3(w, plw)), T(w)) — I8y (w, plw)), T(w))I<
From the above inequality, using Remark 5.7, we can write

{(p‘iDm +p5D)(D +A3)p(w) = Gi(w, plw)), T(w)) + I G(w, plw)), T(w)) +yi(w),

(9iD™ + PEDT) (D + p6) V(W) = Glw, plw)), T(w)) + T2 (w, p(w)), T(w)) + ya(w).

Using Lemma 2.10, we have

1 (¢ - -
plw) = leo e P @O=SIT (¢4 (w, p(s)), T(s)) + M T (w, p(s)), Y(s)) +vi(w))ds
w w
_ sz e*m(w*SJIm*E*lp(s)ds _ 93-82 J eip3(wis)1n17£1§(s)ds
1 Jo 1 Jo
1] 1 — e $3w
- ITll Cl (01 0/ O) + ITI1+W1 (:2(0/ 01 O) +Y1((U)] <e>
o1 83
- {gﬁ” [Imclto, 0,0) + I F12,(0,0,0) m(w)}
1
1 e 3w
+— [IM7124(0,0,0) + I ™17125(0,0,0) + v (w }}(”— )
91| o3 93 93
_ 1 % _ _
Y(w) :mJo e Pl (G5 (w, p(s)), V(s)) + M2 ¢4 (w, p(s)), V(s)) + va(w))ds
_ % Jw e-&’e(w—s)lﬂz—iz—l'?‘(s)d 8o-85 Jw e Pelw—s) 2~ izf(s)ds
4 J0

1—e ®6®
+ 1M2tW24(0,0,0) + v2(w < )

1
— 1¢4(0,0,0
4

B [ )
Y
1
_ 1 [InzCa(O 0,0)
K4
- {p [1*1253(0 0,0) + I*+™2¢4(0,0,0) + y2(w }
1

1—e Pew
+ IM27204(0,0,0) + v (w ]( >

1 1 — 6w
+— [Iﬂz 125(0,0,0) + M27271¢,(0,0,0) + v (w )} H (w— = +ez>
94 o 8% &6

Let (p,Y) be the solution of (1.2), then
1 (¢ _
lp—p|l < sup J e P @=SIM g (s, p(s), Y(s)) — Ca(s, p(s), V(s))lds
(w)el £1 Jo

+ i J’Ow e_ps(w—s)1ﬂ1+w1|C2(S, p(s),Y(s)) — Ca(s, ﬁ(S),Y(S))\ds

£2 “ —p3(w—s)mi—&—-1 = $3-82 ¢ —p3(w—s)mMi—&; = £ A
—Z=| e I p(s)—p(s)ds + e I p(s) —p(s)ds|+d1 W,
0

91 Jo 91
1 (¢ 7
< sup | em(wS)Iﬂw(mnp—ﬁu+B;\|Y—Y||)|ds
(w)el £1 Jo

1 (¢ v
- emwS)m(B;Hp—m+B:;|w—m)|ds
0

0 1

o2 [ —p3(w—s)m—E&—1 = 9392 (¢ —p3(w—s)Mi—&; = RV
- == e I lo(s) + p(s)|ds + e I lp(s) — p(s)|ds + 5 W4
0
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() [ + s | (Bl + 17 =T
S — + p—pl+ V- )
o1 3 Fmi+1)  Thi+wi+1)

92 1—e—5’3Q> [Q“1—51—1 om—é ] o
) + B +HW
!91< 3 Fm—t1) BT m—t+1) lp—pll + 8 W1

< B0, (rp— ol + Hv—w) T 0slp— Bl + 5V

< (®0r-+62) (o=l + 7= T1) +8:Wa < 5; (o= pl+ 17 = 71 ) + 5184,
lo—pl <57 (o=l + V=71 + 51w

Similarly

=Y <S5 (le—pll+ 17 =T[) +&W,.
Let max{&1, &} = 5, max{W;, W5} = W, and max{Sy*, So*} = S*, then

lo—pll <S* (e —pll+[Y—=T]) +W.
Similarly

IV =Y <" (llo—pl+ Y =TI + W,
which implies that

lp—pll + IV =T < 5" (e —pll + IV =) + W,

which implies that

W

—p Y_Y < s
lo—pll+I7 =7l < <

o —pll + IV =T <,

where 1l = % Consequently, the coupled system is Hyers-Ulam stable. By putting § = 0 in X(§) = 8.1,
i.e., X(0) = 0, we suggest the generalized Hyers-Ulam stability of the problem (1.2). O

6. Examples
To demonstrate the previously obtained results, let’s look at some examples.

Example 6.1. Consider the problem:

(10°D*? + 3D ) (D + 1)p(w) = &1 (w, p(w)) + I*7° L (w, p(w)), w € [0,1], 6.1)
p(0) =p’(0) =p"(0) =0, '

wherenn =1.25,¢§ =1.15,v=0.75,03 = 1,01 = 10,0, = 3, and

e 2w lo(w)| 1 sin w 1 1
s = + =, 7 = .tan™ + 5.
G1(w, p(w)) <(w+5)2) <1+|p(w)|) 5 Glwplw) T e Pty
By calculation, we found that ¢; = 0.0874, ¢, = 0.3066. Also

—2w

Ga(w, o1(@)) = Grlw, pa(@))] < - -

1
—osl< _
w+5)2|91 P2|< 25|p1 P2l,
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sin w 1
G (w, pr(w)) — G(w, p2(w))] < ———=lp1 — P2I< lp1 — P2l,
(49 + w) 7
we have A] = %, A; = %, and A* = max{A], A3} = % Moreover
1 [1—e ©Q Qn Qn+y
e e ]
01 03 F(n—l—l) F(n+v+1)
oy [1— ecr3Q> |:Qn€,l Qn—¢& :| .
+ —= +o =A + ~ 0.3100 < 1.
01( o M-8 Th—&+1) e

The problem (6.1) has a unique mild solution and is Hyers-Ulam stable because all the requirements of
Theorems 3.1 and 5.5 are fulfilled.

Example 6.2. Consider the problem:

5°D'7(D + Dp(w) —* D"(D + 1)p(w) = &i(w, plaw)) + E&o(ww, plw), 62)
p(0) =p(0) = p"(0) =0,
where w € [0,5],1=1.75,£ =1.60,v = %, o3=1,01 =5,0p, =1, also
. CosWw . -1 _tan'w lp(w)] —1 —5w
Gilw, p(w)) = Bwi7) (sinp+tan™"p),  Cow,p(w)) = —¢ <(1 T ofw)) Tt ) e
By calculation, we found that 0, ~ 0.27915 < 1, ||@1| = (46122”) , and |@;|| = w, implying that the
problem (6.2) has a mild solution, since the conditions of Theorem 3.2 hold.
Example 6.3. Consider the problem:
7D (D + 1)p(w) + DM (D + 1) G(w, p(w)) = Gi(w, p(w)) + P2 G w, p(w)), 63)
p(0) = p’(0) = p"(0) =0, '

where w € [0,2],1=195,§ =155,v=3/2,05=1,01=7,00 =1, {1(w, p(w tan~!p + %, also

= @
e 2@lp| 1 _ e (sinp 4 p(w)) 1
roa+py T Sl =T m e T St

With the given data, it is found that A} = %, A = %, A3 = %, A* =max{Aj,A;, A%}, and

A 1 /1—e 930 Qn Qnty

= +

<01< 03 >[F(n+1) F(n+V+1)]

oy (1—e 32\ TQn—&1 Qn-é
03 'm—E¢&) fm—§&+1)

The problem (6.3) has a mild solution, since all the requirements of Theorem 4.1 are fulfilled.

G(w, p(w)) = (

]) = A"(@1+ @2) = 0.5598 < 1.

Example 6.4. Consider the coupled problem:

(3°D'5 4 2°D12%)(D — 2)p(w) = &1 (w, p(w)), Y(w)) + P G(w, p(w)), Y(w)),
(5D 4 3°D1¥)(D — 3) Y (w) = G3(w, p(w), Y(w)) + ¥ (w, p(w)), Y(w)),
p(0) = p1(0) = p{'(0) =0,

Y(0) =Y'(0) =Y"(0) =0,

(6.4)
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where w € [0,1], G (w, p(w)), Y(w)) = sin(p+Y)/15, G(w, p(w)), Y(w)) = p+ 7Y, Glw, plw)), V(w)) =
cos(p+7Y)/5 Glw,p(w)),Y(w)) = (p+7Y)/6, 9p1 =3, 920 =2, 93 = =2, ps =5, p5 = 3, ps = —3,
Bf =Bj =1/15,B; =B} =1, Bf =B} = 1/5, B} = B} = 1/6,

1 /1 —e 830 om Qm+wi P2 (1—e O\ [Qm—&—l Qm—é&
I
91 93 Fmi+1) Thh+wi+1)] ¢ 93 I —&1) Fmy—&+1)

by calculating Gy* = 0.4373,
1 /1—e %9 Q2 Qna+wa P5 (1 —e #6Q\ [ Qn2— &1 Q=&
=0 5T ) [t () e arm)
94 96 Fme+1) Te+w2+1)] 4 96 rme— &) Fme—&+1)

Gox = 0.1904, max{G1x*, Go*} = Gox = 0.4373 < 1. Because of this, problem (6.4) has a unique mild solution
and is Hyers-Ulam stable, satisfying the requirements of Theorems 3.3 and 5.8.

Example 6.5. Consider the coupled problem:

2°DM(D —1)p(w) +3°D**(D — DHy (w, p(w)), Y(w))
= G(w, p(w), Y(w)) + I (w, p(w)), Y(w)),
2°D1(D —4)Y(w) +2°D'3(D — 4)Ha(w, p(w)), V(w)) (65)
= G(w, p(w), Y(w)) + M Eg(w), p(w)), Y(w)), '
p(0) = p1(0) = p7'(0) =0,

Y(0) =Y'(0) =Yv"(0) =0,

where w € [0,1], ¢1(w, p(w)), Y(w)) = sin(p+T1)/15, G(w, p(w)), V(w)) = p+7/9, {(w, p(w)), V(w)) =
cos(p+7)/3, Glw, p(w)), Y(w)) = (p+7)/6, Hi{w, p(w)), V(w)) = p—7/2, Ha(w, p(w)), V(w)) = p—
Y/6 M =2, 90=3,93=-1,901=2, 905 =2, 9o =—4, Bf =B5 =1/15, B =B; =1/9, B =B =1/3,
B; = Bg = 1/6, B = B}, = 1/2, Bj; = B}, = 1/6, by calculating S;x = B*(01 + 0,) = 0.44647, Sox =
B*(d1 + d2) = 0.63739, max{G1*, Gox} = Gox = 0.63739 < 1. Consequently, problem (6.5) has a unique
mild solution on the interval [0, 1], since the criteria of Theorem 4.2 is satisfied.

7. Conclusion

In this work, we established criteria for the existence, uniqueness, and various forms of Hyers-Ulam
stability of mild solutions for problems (3.1) and (1.2) using fixed point methods. Banach’s fixed point
theorem confirmed the uniqueness of mild solutions, while Krasnoselskii’s and Schaefer’s theorems en-
sured the existence of at least one solution for problems (3.1) and (1.2), respectively. We also analyzed
cases with mixed nonlinearities and demonstrated Hyers-Ulam and generalized Hyers-Ulam stability us-
ing Theorems 5.5 and 5.8. Illustrative examples were provided to validate our results. Future research
could explore more complex integro-differential systems with varied fractional derivatives, boundary con-
ditions, and perturbations, as well as develop numerical methods to approximate solutions and extend
stability analysis to other forms of Ulam stability and variable order fractional derivatives, broadening
the scope and applicability of these findings.

Authors’ contributions

All authors contributed equally and significantly to this paper. All authors have read and approved
the final version of the manuscript.



M. Asif, A. Zada, A. Avram, ]J. Math. Computer Sci., 38 (2025), 56-79 78

References

(1]

M. I. Abbas, M. Ghaderi, Sh. Rezapour, S. T. M. Thabet, On a coupled system of fractional differential equations via the
generalized proportional fractional derivatives, ]. Funct. Spaces, 2022 (2022), 10 pages. 1

B. Ahmad, R. P. Agarwal, M. Alblewi, A. Alsaedi, On Nonlinear multi-term fractional integro-differential equations
with anti-periodic boundary conditions, Prog. Fract. Differ. Appl., 8 (2020), 349-356. 1

B. Ahmad, Y. Alruwaily, A. Alsaedi, J. J. Nieto, Fractional integro-differential equations with dual anti-periodic boundary
conditions, Differential Integral Equations, 33 (2020), 181-206. 1

A. Alsaedi, B. Ahmad, M. Alghanmi, Extremal solutions for generalized Caputo fractional differential equations with
Steiltjes-type fractional integro-initial conditions, Appl. Math. Lett., 91 (2019), 113-120. 1

S. Arora, T. Mathur, S. Agarwal, K. Tiwari, P. Gupta, Applications of fractional calculus in computer vision: A survey,
Neurocomputing, 489 (2022), 407-428. 1

A. Atangana, J. F. G. Aguilar, Numerical approximation of Riemann-Liouville definition of fractional derivative: from
Riemann-Liouville to Atangana-Baleanu, Numer. Methods Partial Differential Equations, 34 (2018), 1502-1523. 1

A. Boutiara, S. Etemad, S. T. M. Thabet, S. K. Ntouyas, S. Rezapour, J. Tariboon, A mathematical theoretical study of a
coupled fully hybrid (k, F)-fractional order system of BVPs in generalized Banach spaces, Symmetry, 15 (2023), 17 pages.
1

M. Cichon, H. A. H. Salem, On the lack of equivalence between differential and integral forms of the Caputo-type fractional
problems, J. Pseudo-Differ. Oper. Appl., 11 (2020), 1869-1895. 2.9

D. Delbosco, L. Rodino, Existence and uniqueness for a nonlinear fractional differential equation, J. Math. Anal. Appl.,
204 (1996), 609-625. 1

E. Flores, T. Osler, The tautochrone under arbitrary potentials using fractional derivatives, Am. J. Phys., 67 (1999),
718-722. 1

G.-A. ]. Francisco, R.-G. Juan, G.-C. Manuel, R.-H. ]J. Roberto, Fractional RC and LC Electrical Circuits, Ingenier{a,
investigacién y tecnologia, 15 (2014), 311-319. 1

Y. Y. Gambo, R. Ameen, F. Jarad, T. Abdeljawad, Existence and uniqueness of solutions to fractional differential equations
in the frame of generalized Caputo fractional derivatives, Adv. Difference Equ., 2018 (2018), 13 pages. 1

Z. Gao, T. Hu, H. Pang, Existence and uniqueness theorems for a fractional differential equation with impulsive effect
under Band-Like integral boundary conditions, Adv. Math. Phys., 2020 (2020), 8 pages.

R. W. Ibrahim, S. Momani, On the existence and uniqueness of solutions of a class of fractional differential equations, J.
Math. Anal. Appl., 334 (2007), 1-10. 1

A. A. Kilbas, H. M. Srivastava, J. J. Trujillo, Theory and applications of fractional differential equations, Elsevier Science
B.V., Amsterdam, (2006). 2

M. A. Krasnosel’skii, Two remarks on the method of successive approximations, Uspehi Mat. Nauk (N.S.), 10 (1955),
123-127. 2.6

C. Li, D. Qian, Y. Chen, On Riemann-Liouville and Caputo derivatives, Discrete Dyn. Nat. Soc., 2011 (2011), 15 pages.
1

C. Li, C. Tao, On the fractional Adams method, Comput. Math. Appl., 58 (2009), 1573-1588. 1

C. Li, F. Zeng, Finite difference methods for fractional differential equations, Int. J. Bifur. Chaos Appl. Sci. Eng, 22 2012,
28 pages.

S. Liang, R. Wu, L. Chen, Laplace transform of fractional order differential equations, Electron. ]. Differ. Equ., 2015
(2015), 15 pages. 1

R. Metzler, J. Klafter, Boundary value problems for fractional diffusion equations, Phys. A, 278 (2000), 107-125. 1

N. N. Phung, B. Q. Ta, V. Ho, Ulam-Hyers stability and Ulam-Hyers-Rassias stability for fuzzy integrodifferential equa-
tion, Complexity, 2019 (2019), 10 pages. 1

A. S. Rafeeq, S. T. M. Thabet, M. O. Mohammed, 1. Kedim, M. Vivas-Cortez, On Caputo-Hadamard fractional
pantograph problem of two different orders with Dirichlet boundary conditions, Alex. Eng. J., 86 (2024), 386-398. 1

S. Rezapour, S. T. M. Thabet, A. S. Rafeeq, I. Kedim, M. Vivas-Cortez, N. Aghazadeh, Topology degree results on a
G-ABC implicit fractional differential equation under three-point boundary conditions, PLoS ONE, 19 (2024), 19 pages. 1
R. Rizwan, A. Zada, X. Wang, Stability analysis of nonlinear implicit fractional Langevin equation with noninstantaneous
impulses, Adv. Difference Equ., 2019 (2019), 31 pages. 1

H. A. H. Salem, M. Cichon, Analysis of tempered fractional calculus in Holder and Orlicz spaces, Symmetry, 14 (2022),
25 pages. 2.9

A. Salim, S. T. M. Thabet, I. Kedim, M. Vivas-Cortez, On the nonlocal hybrid (k, @)-Hilfer inverse problem with delay
and anticipation, AIMS Math., 9 (2024), 22859-22882. 1

N. Sebaa, Z. E. A. Fellah, W. Lauriks, C. Depollier, Application of fractional calculus to ultrasonic wave propagation in
human cancellous bone, Signal Process., 86 (2006), 2668-2677. 1

J. A. Tenreiro Machado, F. Silva, R. S. Barbosa, L. S. Jesus, C. M. Reis, M. G. Marcos, A. F. Galhano, Some applications
of fractional calculus in engineering, Math. Probl. Eng., 2010 (2010), 34 pages. 1

S. T. M. Thabet, S. Al-Sa’di, I. Kedim, A. Sh. Rafeeq, S. Rezapour, Analysis study on multi-order p-Hilfer fractional
pantograph implicit differential equation on unbounded domains, AIMS Math., 8 (2023), 18455-18473. 1


https://doi.org/10.1155/2022/4779213
https://doi.org/10.1155/2022/4779213
http://dx.doi.org/10.18576/pfda/080301
http://dx.doi.org/10.18576/pfda/080301
https://projecteuclid.org/euclid.die/1584756018
https://projecteuclid.org/euclid.die/1584756018
https://doi.org/10.1016/j.aml.2018.12.006
https://doi.org/10.1016/j.aml.2018.12.006
https://doi.org/10.1016/j.neucom.2021.10.122
https://doi.org/10.1016/j.neucom.2021.10.122
https://doi.org/10.1002/num.22195
https://doi.org/10.1002/num.22195
https://doi.org/10.3390/sym15051041
https://doi.org/10.3390/sym15051041
https://doi.org/10.1007/s11868-020-00345-z
https://doi.org/10.1007/s11868-020-00345-z
https://doi.org/10.1006/jmaa.1996.0456
https://doi.org/10.1006/jmaa.1996.0456
https://www.academia.edu/download/34624890/Tautochrone.pdf
https://www.academia.edu/download/34624890/Tautochrone.pdf
https://doi.org/10.1016/S1405-7743(14)72219-X
https://doi.org/10.1016/S1405-7743(14)72219-X
https://doi.org/10.1186/s13662-018-1594-y
https://doi.org/10.1186/s13662-018-1594-y
https://doi.org/10.1155/2020/6360128
https://doi.org/10.1155/2020/6360128
https://doi.org/10.1016/j.jmaa.2006.12.036
https://doi.org/10.1016/j.jmaa.2006.12.036
https://books.google.com/books?hl=en&lr=&id=uxANOU0H8IUC&oi=fnd&pg=PA1&dq=Theory+and+Applications+of+Fractional+Differential+Equations&ots=jF0oPvJnzs&sig=yrBnheCG7KPBXZXFRpdhCoV_mN4
https://books.google.com/books?hl=en&lr=&id=uxANOU0H8IUC&oi=fnd&pg=PA1&dq=Theory+and+Applications+of+Fractional+Differential+Equations&ots=jF0oPvJnzs&sig=yrBnheCG7KPBXZXFRpdhCoV_mN4
https://www.mathnet.ru/eng/rm7954
https://www.mathnet.ru/eng/rm7954
https://doi.org/10.1155/2011/562494
https://doi.org/10.1016/j.camwa.2009.07.050
https://doi.org/10.1142/S0218127412300145
https://doi.org/10.1142/S0218127412300145
http://www.kurims.kyoto-u.ac.jp/EMIS/journals/EJDE/Volumes/2015/139/liang.pdf
http://www.kurims.kyoto-u.ac.jp/EMIS/journals/EJDE/Volumes/2015/139/liang.pdf
https://doi.org/10.1016/S0378-4371(99)00503-8
https://doi.org/10.1155/2019/8275979
https://doi.org/10.1155/2019/8275979
https://doi.org/10.1016/j.aej.2023.11.081
https://doi.org/10.1016/j.aej.2023.11.081
https://doi.org/10.1371/journal.pone.0300590
https://doi.org/10.1371/journal.pone.0300590
https://doi.org/10.1186/s13662-019-1955-1
https://doi.org/10.1186/s13662-019-1955-1
https://doi.org/10.3390/sym14081581
https://doi.org/10.3390/sym14081581
https://doi.org/10.3934/math.20241112
https://doi.org/10.3934/math.20241112
https://doi.org/10.1016/j.sigpro.2006.02.015
https://doi.org/10.1016/j.sigpro.2006.02.015
https://doi.org/10.1155/2010/639801
https://doi.org/10.1155/2010/639801
https://doi.org/10.3934/math.2023938
https://doi.org/10.3934/math.2023938

M. Asif, A. Zada, A. Avram, ]J. Math. Computer Sci., 38 (2025), 56-79 79

[31] S. T. M. Thabet, M. Vivas-Cortez, I. Kedim, M. E. Samei, M. 1. Ayari, Solvability of a p-Hilfer fractional snap dynamic
system on unbounded domains, Fractal Fract., 7 (2023), 24 pages. 1

[32] J. Wang, A. Zada, W. Li, Ulam’s-type stability of first-order impulsive differential equations with variable delay in quasi-
Banach spaces, Int. J. Nonlinear Sci. Numer. Simul., 19 (2018), 553-560. 1

[33] J. Wang, A. Zada, H. Waheed, Stability analysis of a coupled system of nonlinear implicit fractional anti-periodic boundary
value problem, Math. Methods Appl. Sci., 42 (2019), 6706-6732. 2.7, 2.8

[34] A. Zada, S. Ali, Stability analysis of multi-point boundary value problem for sequential fractional differential equations
with non-instantaneous impulses, Int. J. Nonlinear Sci. Numer. Simul., 19 (2018), 763-774. 1, 2.4, 2.5

[35] A. Zada, S. Ali, Y. Li, Ulam-type stability for a class of implicit fractional differential equations with non-instantaneous
integral impulses and boundary condition, Adv. Difference Equ., 2017 (2017), 26 pages. 1

[36] A. Zada, W. Ali, S. Farina, Hyers-Ulam stability of nonlinear differential equations with fractional integrable impulses,
Math. Methods Appl. Sci., 40 (2017), 5502-5514.

[37] A. Zada, S. Ali, Y. Li, Ulam-type stability for a class of implicit fractional differential equations with non-instantaneous
integral impulses and boundary condition, Adv. Differ. Equ., 2017 (2017), 26 pages. 1


https://doi.org/10.3390/fractalfract7080607
https://doi.org/10.3390/fractalfract7080607
https://doi.org/10.1515/ijnsns-2017-0245
https://doi.org/10.1515/ijnsns-2017-0245
https://doi.org/10.1002/mma.5773
https://doi.org/10.1002/mma.5773
https://doi.org/10.1515/ijnsns-2018-0040
https://doi.org/10.1515/ijnsns-2018-0040
https://doi.org/10.1186/s13662-017-1376-y
https://doi.org/10.1186/s13662-017-1376-y
https://doi.org/10.1002/mma.4405
https://doi.org/10.1002/mma.4405
https://doi.org/10.1186/s13662-017-1376-y
https://doi.org/10.1186/s13662-017-1376-y

	Introduction
	Preliminaries and notations
	The existence and uniqueness of the mild solution
	Mixed nonlinearities
	Ulam stability
	Examples
	Conclusion

