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Abstract

In this article, we extend the scope of fixed point theory by proving a common fixed point theorem applicable to quartet
mappings defined on orthogonal 8-metric spaces. Our theorems establish conditions under which the quartet mappings ®, V¥, X,
and X are orthogonal preserving, orthogonal continuous, and pairwise compatible mappings, possess a unique common fixed
point. To elucidate the practical implications of our theoretical result, we present a concrete example illustrating its application.
Finally, we demonstrate the versatility of our theorem by applying it to establish the existence and uniqueness of solutions for
Volterra-type integral system, production-consumption equilibrium and fractional differential equations.
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1. Introduction

Fixed point theorems are fundamental results in mathematics, particularly in the study of functional
analysis and metric spaces. These theorems provide conditions under which mappings from a set to itself
must have at least one point that remains unchanged after the mapping operation. Among these theo-
rems, common fixed point theorems are particularly interesting as they establish conditions under which
multiple mappings share a fixed point. Orthogonal S-metric spaces are a generalization of metric spaces
that incorporate the notions of orthogonality and symmetry. These spaces provide a rich framework for
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studying mappings and their fixed points in a broader setting, allowing for the exploration of complex
relationships between multiple mappings.

In 1922, Banach [5] introduced Banach fixed point theorem to establish that integral equations and
nonlinear operator equations possess solutions. Four maps in metric spaces have a common fixed point
(CFP) defined in 2007 by Sedghi et al. [36]. In 2012, Sedghi et al. [37], established the notion of §-
metric spaces (SMS). Gupta [15], proved the generalized fixed point (FP) theorem for cyclic contraction in
SMS. Chouhan [7], proved an unique CFP theorem for expansive mappings in SMS. Sedghi and Dung [34],
established a general FP theorem in SMS. Sedghi et al. [33], proved the CFP theorem for multivalued maps
on complete SMS. Sedghi et al. [38], introduced more FP theorems in SMS. Double contractive mappings,
which are expansions of («x —1)-contractive mappings in SMS, were introduced by Mojaradi et al. [3].
Sedghi et al. [35], established a CFP theorem in 8y,-metric spaces. Van Dunga et al. [8], investigated some
FP theorems for g-monotone mappings. Kim et al. [20], derived FP theorems for two maps on complete
SMS. Further, integration-type contractive mapping of ordered SMS was first introduced by Gholidahneh
et al. [11]. Moreover, on an SMS, Mlaiki et al. [28] used the set of simulation functions to prove new
FP theorems. For weakly compatible mapping that satisfies a more generalized contractive condition,
Tiwari et al. [43], demonstrated a CFP theorem. The concept of soft SMS was first developed and several
significant properties were examined by Khandait et al. [18]. Adewale et al. [2], established the concept
of rectangular SMS, which generalizes Branciari’s rectangular metric spaces.

Gordji et al. [14], introduced the concepts of orthogonal set as well as orthogonal metric spaces (OMS)
in 2017. They also demonstrated the FP theorem on contraction mappings in metric spaces. Further, they
demonstrated that the first-order ordinary differential equation has a unique solution and that the Banach
Contraction mapping is inapplicable to this particular situation. FP theorems in a generalized OMS were
proved by Gordji and Habibi [10]. The notions of an orthogonal Kannan F-contractive type, an orthogonal
F-expanding type & an orthogonal F-contractive type mappings were first presented by Gunaseelan et
al. [24]. Joseph et al. [13], proved the FP theorem using orthogonal triangular x-admissibility on OMS.
The notion of generalized orthogonal-Suzuki contraction mapping was developed by Ismat et al. [6].
Gunaseelan et al. [23] demonstrated the coupled FP theorem in OMS. Oliac et al. [9] developed FP
theorems on orthogonal 8-metric spaces (OSMS). Sedghi et al. [39], introduced CFP theorem on OSMS.
Later, many authors have proved unique solution for fractional differential and integral equations [1, 4,
12,16, 17,19, 21, 22, 25-27, 29-32, 40-42].

In this article, we prove the CFP theorem for four mappings on OSMS. The CFP theorem for four
mappings on OSMS establishes conditions under which four mappings, defined on a common orthogo-
nal S-metric space, have a single point that is simultaneously fixed under all four mappings. This theorem
extends the classical Banach contraction principle to the setting of orthogonal S-metric spaces and pro-
vides a powerful tool for analyzing the behavior of mappings in these spaces. The result is illustrated by a
suitable example. As a consequence, applications of the CFP theorem for four mappings on OSMS for the
Volterra-type integral system of the second kind, the fractional differential equations and in production-
consumption equilibrium is given.

2. Preliminaries

We start this part with some fundamental definitions, theorems, and examples, which will be used in
the sequel.

Definition 2.1 ([37]). Let Z be a non-void set. A function 8 : £3 — [0, 00) is said to be an 8-metric on £, if

for each 9, w,n,a € Z, one has

1. 8%, w,m) = 0;
2. 8B, w,n) =0iff d=w=n;
3. $(%,w,m) < 8B,9,a)+8(w,w,a) +8(m,m, a).

Then, (X, 8) is called an SMS.
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Example 2.2. Let & be a non-void set and 01,9, be two usual metrics on Z. Then
89, w,m) =01(9,n) +02(w,n),
isan SMS on Z.
Lemma 2.3 ([33]). Let (X,8) be an SMS. Then, we have §(9,9,w) = §(w, w,d), Vo, w € X.

Definition 2.4 ([34]). Let (X, 8) be an SMS.

1. A sequence {9} in L converges to ¥ if §(V,dp,d) = 0as ¢ — oo, i.e., Ve > 0, Ip¢ € IN such that
@ = @o, SV, Ve, V) <e.

2. A sequence {J,} in X is called Cauchy, if Ve > 0, 3@¢ € IN, such that §(d,d,9¢) < €, for each
@, 0= @o.

3. The SMS (%, 8) is said to be complete, if every Cauchy sequence is convergent.

Lemma 2.5 ([34]). Let (X,8) be an SMS. If 3 sequences {9y} and {wy} such that limy_ o9y = O, and
limg oo W = w, then limy 00 8(D ¢, Vo, we) = 8(H,9, w).

Definition 2.6 ([39]). Let (Z£,8) be an SMS. A pair {®, ¥V} is said to be compatible iff

lm S(OWd,, YD, PYD,) =0,

@—00
whenever {9} is a sequence in X, such that limg_, o OV = limp 00 YOy =6, for some 0 € L.

Example 2.7. Let £ = R, and define the §-metric § : R® — R* by §(9,w,n) = |9 — wl+|w —n|+n — 9|,
v9,w,m € R. Consider the mappings ®,¥: R — R are defined as ®9 = , ¥9 = 2. To show that {®, ¥} is
compatible, consider a sequence {J} such that lim,_,, 9y = 6, for some 6 € R, then

) Ve 0 T P
Jm e = lim 5 =75 Jm ¥ = lim =3
Since @YD, = 22, lim_,0o DY = 2. Now,
9 Vo, % Vo, 0%
lim S(OWY,,, DWD,, DY, ) = |-2 — @ e e Te  Te_g
Jm 8(OWDg, OWD, WD) = == — ~FIH= = =~ FlH == — =0

Therefore limy o0 S(OYD,, DV, YD, ) = 0. Hence, the pair of mappings {®, ¥} is compatible.

Definition 2.8 ([14]). Let a binary relation L (br, ), defined on a non-void set L. If br, satisfies the
following criteria:

Wy, MweXwld) or (Vwel I Lw),

then (X, 1) is known as an orthogonal set (L-set), and element ¥V is called an orthogonal element (-
element).

Example 2.9. Let ¥ = 2Z, and set a br; on2Z, asp L q, if p.q = 0, where p,q € Z. Then, (2Z, 1) is an
1 -set with 0, as an | -element.

Definition 2.10 ([14]). Let (£, L) be an L-set. A sequence {J},cnN is said to be an orthogonal sequence
(L-seq) if

(Vo e N;dp LOpy1) or (Vo € N;Dpiq L)

Definition 2.11 ([14]). Consider a br | on a non-void set X with metric A, defined on a set £, then (X, L, A)
is called OMS, if every Cauchy _L-seq converges in ¥, then X is called orthogonal complete.
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Definition 2.12 ([14]). Let (X, L, A) be an OMS, and a self-map ® : £ — L. If for each L-seq {¥¢}pen — P
implies that ®(9,) — @ (V) as ¢ — oo, then @ is called L -continuous (Le) at 9.

Definition 2.13 ([14]). Consider a br | on a non-void set £, and let (£, L) be a 1-set. A mapping®: X — L
is called L-preserving (L), if ®(¥) L ®(w), whenever & L w.

Definition 2.14 ([9]). (£, 8, L) is called an OSMS, if (£, 1) is an L-set and (%, 8) is an SMS.
In 2018, Sedghi et al. [39] proved the following important theorem.

Theorem 2.15. Suppose that ®©,V, H, and XK are self maps of a complete SMS (X, 8) with ®(X) C K(X), Y(X) C
H(Z), and that the pairs {®, H} and {¥, K} are compatible. If

$(®Y, dw, Pn) < Tmax {S(HI, Hw, Kn), (O, dw, HI), §(¥n, ¥n, Xn), $(dw, dw, ¥n)},

for each ¥, w,m € X, with 0 < t < 1, then ®,¥,H, and X have a unique CFP in ¥, provided that H and X are
continuous.

Motivated by the aforementioned work, here we establish CFP theorem for four mappings on OSMS

with an application.

3. Main results

Throughout this part, we establish CFP theorems for four maps on OSMS. To end this, we first prove
some basic results.

Lemma 3.1. Let (X,8,1) be an OSMS. If there exists two 1-sequences {D,} and {we}, such that lim e

8D, Ve, we) =0, whenever (D} is an L-seq in L, wherelimy_,0 Oy = 0, for some 0 € L, then limg oo Wy =
0.

Proof. By the triangle inequality in OSMS, one has
S(We, Wy, 0) < 8(We, Wp,Vp) +8(We,We, V) +8(6,0,0p) < 28wy, wep,Vp) +8(0,0,9).
Taking upper limit when ¢ — oo in above inequality, we find

limsup 8(wy,wy,0) < 2limsup8(wy, we,de) +limsup §(6,6,9,) = 0.
P —00 P —r00 P—00

Hence, limg o wy = 0. O
In this position, we state and prove our first result.
Theorem 3.2. Let (X,8, L) be a complete OSMS, such that 39y € Zand d9 L @V, VO € Z. Let O, ¥V, H, K : L —

Y are Ly, Le mappings of a complete OSMS with ®(X) C K(X), ¥(X) C H(X), and that the pairs {®, H} and
{¥, X} are compatible. If

S(DY, dw, dn) < Tmax {S(J—Cﬁ, Hw, Kn), $(DY, DY, HD), 8(Wn, ¥n, Kn), S(dw, ®w,Wn)}, (3.1)

foreachd,w,m e X, withd L w L n,and 0 <t <1, then, ®,¥,H, and K have a unique CFP in ¥, provided that
H and XK are continuous.
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Proof. The orthogonality of a non-void set implies that 39 € Z, fulfilling (Vw € £,9y L w) or (Vw € L, w L
). It follows that 9y L ®dy or ®dy L Jy. Since ®(X) C K(X), I € L, such that ®Yy = X, and also as
Y91 € H(X), we choose ¥, € X such that ¥9; = HD,. In general, D211 € L, with Oy, = K41, and
V42 € L, with W11 = HDpp 12, we obtain an L-seq {w,}in L, such that

Wy = D2y = K211, W2pi1 = ¥YD2p41 = Hd2p 2, for @ =>0.
Next, we show that {w} is a Cauchy | -seq. Regarding this, one has

S(wagp, Wap, Wagp+1)
= 8§(DVy¢p, P2, W2 +1)
< Tmax {S(j‘fﬂz(p, %192(9, Kﬂz(p_u), S(q)ﬂz(p, (Dﬁz(p, g‘fﬁz(p),
S(‘l’192@+1,‘1’192(p+1,9(192@+1),S((D192(p,@32@,®192m+1)}
= tmax {$(wWrp—_1, Wap—1, Wae), $(Wae, Wag, W2p—1), $(W2ep4+1, W21, W2 ), $(W2ep, Wap, Waep41) }

= tmax {8(wrp—1, W21, Wae), $(Wrep, Wae, Wap+1) }-
Now, if 8(wa¢, Wap, Wap+1) > 8(Wap—1,Wap—1,W2e ), then by above inequality, we get
5(7/02(9, W2, w2<p+l) < TS(w2cp/ W2, w2(p+1)/ (3.2)

which is a contradiction. Hence, §(w2q, W2, W2p+1) < 8(Wop—1, Wap—1, W2y ), therefore by equation (3.2),
we find

8w, W2, W2p+1) < TS(W2p—1,W2p—1,W2e)- (3.3)
Similarly, we have

S(wop—1,Wrp—1,Wrep) = 8(Wrgp, Wrep, Wrp—1)
= 8§(DVqp, PV, Y2p—1)
< tmax {8(F92¢, Hdagp, K1), $(OD20, DD, Hasp),
S(WD2p—1, W21, Kd2p—1), $(DV2, q)ﬁz(p,q)ﬁz(p_l)}
= tmax {8(Wrp—1, Wap—1, Wap—2), $(Wae, Wag, Wrp—1),
8(Wrp—1, Wap—1, Wap—2), (W, Wag, Wap—1) }
(

= tmax {S(wrp—2, Wap—2, Wrp—1), 8(Wa, Wagp, Wrp—1) }-
Next, if 8(waqp, Wag, Wap—1) > S(Wrp—2, Wrp—2, Wrp—1), then it implies that
S(wWrp, Wrp, Wrp—1) < TS(Wrgp, Wrp, Wrp—1), (3.4)

which is a contradiction. Hence, 8(wp—1, Wap—1,W2¢p) < S(Wrp—2, Wap—2, W2p—1), therefore by equation
(3.4), we get

S(wrp—1,W2p—1,W2¢) < TS(Wrp—2, W2p—2, W2p—1)- (3.5)
Also, from equations (3.3) and (3.5), we obtain

S(We, We, We-1) < TS(We—1,We—1,We—2), @ =2,
where 0 < T < 1. Hence for ¢ > 2, it follows that

8(we, We, Wp—1) < -+ < TP 18(wr, w1, wp). (3.6)
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By the triangle inequality in OSMS, for ¢ > {, we have

S(we, we,w) < 28(we, we, Wet1) +28(Wet1, Wet1, Wet2) + -+ 8(We—1, W1, W)
<28(we, we, Wer1) +28(We1, Wei1, Wet2) + - +28(Wep—1, Wep—1, W ).

Hence, from equation (3.6), and as 0 < T < 1, we find

8(Wep, We,we) <2(tH + 1 4+ 48wy, wr, wp)
¢
<2t (1 + 14+ 4 - )8 (wq, wi, wy) < Z%S(wl,wl,wo) —0, as {— oco.
= {we} is a Cauchy L-seq. Since L is a complete OSMS, then there is some w in ¥, where

lim (Dﬁz(p = lim 82‘9"‘1 = lim qjﬁzq)_._l = lim 5{192(9_._2 = w.
@—+00 P—00 P—00 P —00

We show that w is a CFP of @,V¥,H, and K. Since H is continuous, one has

lim 392442 = Hw, lim HDY,, = Huw.

@—00 P—00
Also, since @ and H are compatible, then lim_, o S(OHD2p, PHD2, H DV, ) = 0. Thus, by Lemma 3.1,

we have limy_,c ®HDr, = Hw. By putting ¥ = w = Hdy, and n = V241 in equation (3.1), we obtain

8(@HDpp, DFHD2g, H2p 1) < TMax{S(FH*d2¢, H*D2¢, K2 +1), S(PHD2g, PFHDop, H2D2),

3.7)
S(WD2p+1, Y2041, KD2gp11), S(PHD2p, PHD2p, W2 41)}-

Taking the upper limit when ¢ — oo in equation (3.7), we conclude that

8(Jtw, Hw,w) = lim S(@IHDap, DIz, K2g1)
@ —00
< Tmax{ lim 8(H*D2¢p, H*02¢p, K2 41), lim 8(@HDpp, DHD2, H?D2o),
@—00 ©@—>00
(gi_rgos(‘i’ﬁz(pﬂ,‘l’ﬁz(pﬂ, KD2p41), (gi_rgoS(CI)J{Sg(p, OHDrp, W2 41)}

< tmax{8(Hw, Hw,w),0,0,S(Hw, Hw, w)} = t8(Hw, Hw, w).

Consequently, 8(Hw, Hw, w) < 18(Hw, Hw, w), as 0 < T < 1, it follows that Hw = w. Similarly, since X is
continuous, we have

. > .
(p}l—l;noog{ 192(p+1 = wa, (ph—I>rloo 9(‘1’192@+1 = wa,

and since ¥ and X are compatible, then

lim S(WJC192¢+1,\P3<192(9+1,mﬁz(erl) =0.

©—00

Hence, by Lemma 3.1, we deduce that limy_,o YXd2p4+1 = Kw. Now, by putting 9 = w = 95, and
1N = K9 +1 in equation (3.1), we obtain

8(@92¢, D2, VDo 1) < TmMax{8(HDaqp, Hdap, K292 +1), S(@V2¢, DV2gp, FHdao),

(3.8)
S(WKD2p+1, YK 11, K202p+1), 8(@D2, P2y, YK D2 11)}-
Taking the upper limit when ¢ — oo in equation (3.8), we get

S(w,w, Kw) = lim §(DVy¢p, P2y, YKD2p+1) < Tmax{8(w, w, Kw),0,0,8(w, w, Kw)},

©—>00
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this means Kw = w. Also, applying equation (3.1) we obtain

S(Qdw, dw, YKV 4+1) < Tmax{S(Hw, Hw, K2y +1), 8(dw, Dw, Hw),
S(W2p+1, Y2941, Kd2p41), S(QPw, Pw, Yo 41)}

Taking the upper limit when ¢ — oo as Hw = Kw = w, we have
$(dw, dw, w) < tmax{8(Hw, Hw,w),$(dw, dw,w), §(w, w,w), §(Pw, dw,w)} = t8(dw, dw, w).

Since 0 < T < 1, we get §(dw, dw,w) = 0, and ®w = w. Now, using equation (3.1), and as Hw = Kw =
Ow = w, we obtain
S(w,w,Yw) = 8§(dw, dw, Yw)
< tmax{8(Hw, Hw, Kw), $(dw, dw, Hw), S(Yw, Yw, Kw), §(dw, dw, Yw)} = t8(w, w, Yw),

which implies that $(w, w, Yw) = 0, and Yw = w. Thus, by all the above conclusions, we proved that
Hw = Kw = Ow = Yw = w. Next, if 3 another CFP w* in X of all ®, ¥, H, and X, then

S(w*, w*,w) = §(dw*, dw*, Yw)
< tmax{§(Hw*, Hw*, Kw), §(dw*, dw*, Hw*), S(Yw, Yw, Kw), $(dw*, dw*, Yw)}
< TmaX{S(w*/ w*l w)l S(W*I w*l w*)l 8(wl wl w)/ S(w*l w*/ w)} - Ts(w*l w*l w)/
which yields that §(w*, w*, w) = 0, and w* = w. Hence, w is a unique CFP of ®,V¥, 7(, and X. O

Example 3.3. Let £ = [0,1], and a mapping § : ¥3 5 R, is an usual S-metric on R, and defined as
S, wn) =0 —ml+w—n|, V), w,ne L andabr; onXisd L w,if dw < 29, this implies that (£,8, L) is
a complete OSMS. Now, define @, ¥, H, and X on X by

Vg 19)4

since @9 C K¥ and W9 C HD. Therefore, the pairs {®, I} and {¥, K} are compatible mappings. Also,

L 9

w J w

88 8 4 4
. =(=)°(=) < , . =(=).(=)" < ,
0d.0w = ()°.(F)° < 209 wo.ww = (2)L(Z) <2¥9
5093w = (2)2.(Y)2 < 29¢9, 560 %w = (0).(Y) < 2%9.
5 5 55
Hence, ©,¥,H, and X are L5. Moreover, for each 3, w,n € L, we have
$(DY, dw,¥n) = |®Y — Wn| + |[dw — ¥n|
_ V.8 M4 w.g N4
—‘(5) |+ G-
Ao e[ Bva L M| | @ya M| [(@a M2
—‘(5) @7 +(5) +((5) B7|| @)+
26 9 o Wy, M|, W M
< — _ 2 - il
625! H ‘ 625 (37 5H(5)+5‘
156 (ﬁ)Z_ﬂ . 156 (9)2_3
S156251'50 5 15 625 5/ 75
156 g% \+ ‘ﬂ{w % ‘
S 15,625 715,625 N
156

:m(‘m—ﬂm‘ + ‘wa—fKnD
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156
- 15,625
156
= 15,625
< Tmax{S§(HY, Hw, Kn), (DY, ®V, HI), S(¥n, ¥n, Xn), S(dw, Dw,¥n)},

S(H9, Hw, Kn)

max{8(Hd, Hw, Kn), (09, PV, HD), $(¥n, ¥n, Xn), $(dw, dw, ¥n)}

where % < 1 < 1. Thus, ©,V¥, 3, and X satisfies the hypothesis of the Theorem 3.2, and 0 is the unique

CFP of ®,V¥,H, and X.
In this situation, we state and prove our second result.

Theorem 3.4. Let O, ¥, 3, X : ¥ — X are Ly, Le mappings of a complete OSMS (%,8, L). Also, let the pairs
{®, H} and (Y, K} be compatible self mappings on a complete OSMS, and V9, w,n € ¥ withd L w L n, satisfying

S(DY, dw, ¥n) < o1 8(FHD, Hw, Kn) + xx8( DY, DY, Kn) + 38 (FHD, Hw, ¥n)

3.9
+ o8 (QPw, dw, Xn) + as8(¥n, ¥n, Kn), (39)

where «; > 0, j = 1,2,3,4,5, are real constants with oy + 30p + 303 + 304 + o5 < 1. If O(X) C T(X),
Y(X) C H(X), H, and X are continuous, then the four maps ®,¥, H, and X have a unique CFP.

Proof. The orthogonality of a non-void set implies that 39 € Z, fulfilling
(Vwe X, Lw) or (Vwe X w L dy).

It follows that 9y L ®¥y or @Yy L &y. Since ®(X) C K(X), I € L, such that K& = DYy, and also
Y9 € H(V). Now, let ¥, € X be such that Hd, = ¥d;. In general, 9,41 € I is chosen such that
K41 = P2, and D212 € L, such that HDpp40 = Vo1, @ =0,1,2,.... We set

W = Kdopi1 = P2, Wrpt1 =Hdrp2=Yhpt1, @ =0.
Next, we show that {w} is a Cauchy L-seq. For end this, we have

S(wrp, W2, Wrp+1)
= 8§(DVyqp, PV, YD2p+1)
< 0 8(HDzp, Hdop, Ko 41) + 028 (DV2, DDrgp, KD 41) + x38(HD2¢, H2p, D2 41)
+ 048DV, D2, K2 11) + 058 (W21, Y2011, K2 41)
= 18(Wrp—1, W21, W2e) + 628(Waqp, W, W2e)
+ 038 (W21, W21, W2 +1) + XaS(W2e, W2, W) + 58 (W2 11, W21, W2ep)
< 1 8(Warp—1, Wap—1, Wag) + &3 [28(Wap—1, W2p—1, W)

+ 8(Wap 41, Wap+1,Wae)| + A58(Wag, Wrp, Wap41)-
Hence,

S8(wWap, Wap, W2 +1) < 18(Wap—1, W21, W2ep) + 2038 (W21, W21, W2ep)

(3.10)
+ (03 + a5)8 (W2, W2, W2ip+1)-

Now, we prove that 8(w2¢, Wap, Wap+1) < 8(Wap—1,Wap—1,W2e ), for each @ € IN. If S(wr—1, Wap—1, Wae)
< 8(wrq, W, Wap+1), for some @ € N, then from equation (3.10), we have

S(wWrp, Wap, Wrp+1) < 018(Wagp, W2, Wap+1) + 2038 (W, W, Wap+1) + (03 + &5)8(Wrp, Wag, Wrp+1)
= (1 + 33 + &5)8(W2¢, W2, W2p4+1) < 8(W2gp, W2, W2ep+1),
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which is a contradiction. So, we get 8(wo ¢, Wop, Wap+1) < 8(Wap—1,Wap—1,W2e) for each @ € IN, and
from equation (3.10), we find

S(wrp, Wrp, Wap+1) < (01 + 33 + &5)8 (W21, Wap—1, Wae)- (3.11)
Further, we have

S(wap—1,W2p—1, W)

= 8(W2p, W2, W2p—1)

=8(Ddr, P2, YDop—1)

< 18(HD2p, HO2p, KD2p—1) + 028 (DDrg, PDog, Kdo—1) + x38(FHD2g, H2p, W2 1)
+ 0o S( DV, PV2gy, KD2p—1) + 58 (Wd2p—1, ¥D2p—1, K2 —1)

= 18(Wrp—1, Wap—1, Wap—2) + 028(Wrqp, Wre, Wrp—2)
+ 38 (Wap—1, Wap—1, Wap—1) + a8 (Wrp, Wag, Wap—2) + X58(Wrp—1, Wap—1, Wap—2)

< 8(Wop—1,Wap—1,Wap—2) + (20 4+ 204)8 (W2 —1, W2p—1, W2ep)
+ (o2 + 0a)8 (W21, Wap—1, Wa—2) + X58(Wrp—1, Wap—1, Warp—2).

Hence,

8w, Wap, Wap—1) < X18(Wop—1, W21, W2p—2) + (20 +204)8 (W2, W2, W2p—1)

(3.12)
+ (o + otg + &5)8(Wap—1, Wap—1, Wap—2).

Similarly, if $(wyp—1, Wap—1, Wrp—2) < 8(Waq, Waep, Wrp—1), for some @ € N, then by equation (3.12), we
obtain
S(wWag, Wap, W2p—1) < (01 + 302 + 304 + &5)8 (W, Waep, Wap—1) < 8(Waep, Wag, Wap—1),

which is a contradiction. So, we have §(w2, W2, Wap—1) < 8(Wop—1,Wap—1,W2p—2), for each ¢ € N, and
from equation (3.12), we get

S(Waep, Wag, Wap—1) < (X1 + 30 + 3004 + &5)S(Wap—1, Wap—1, Waep—2)- (3.13)
Now, in view of equations (3.11) and (3.13), we have
S(we, We,We—1) KAS(Wp_1,Wp—1,We—2), ¢© =2,
where A = min{o + 303 + a5, 1 + 30 + 304 + s}, since A € (0,1), Hence, for ¢ > 2, one has
8wy, We, Wp—1) < -+- < ACTLIS (wq, wy, wy). (3.14)
By the triangle inequality in OSMS, for ¢ > {, one finds
S(We, e, we) < 28(we, we, wet1) +28(Wet1, Wer1, Wes2) + -+ +28(Wep 1, W1, We)-

Hence, by equation (3.14), and as A < 1, we have

S(we, we, we) < 2N+ A 4 AT S (W, wr, wo)
ST+ A+ (A2 4 - - 18wy, wy, wp)
AL At
< S(wl,wl,wo) = S(wl,wl,wo) —0 as {— oo.

1-A 1—-A
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Therefore {w} is a Cauchy 1-seq. Let w € X be such that

11_r>n DYy = hm KBZ@H = hm ‘PBZ@H = hm 9{192(9+2 = w.
@—00

Since I is continuous, we get

lim j‘f 192(94_2 Huw, lim 9{82(9 = Huw.
@—00

©—>00

Also, since ® and H are compatible, then lim ;oo S(OHDp, PHDry, HDV2,) = 0. So, by Lemma 3.1,
limp 00 PHD2, = Hw, and from equation (3.9), we obtain

S(®HDpp, DFHD2p, Yo 11) < 18(HH2¢, H?Dop, K2 11) + 028(DPHD2(p, PHD2p, K21+ 1)
+ 038 (H D2, HD20, W2 11) + 0uS(DFHDagp, PFHD2¢, K2 11)
+ 58 (W11, YDop41, Kdog+1)-

Taking the upper limit as ¢ — oo, one gets

S(Hw, Hw,w) < a18(Hw, Hw, w) + o8 (Hw, Hw, w) + az8(Hw, Hw, w) + 048 (Hw, Hw, w) + as8(w, w, w)
a18(Hw, Hw, w) 4+ ox8(Hw, Hw, w) + o8 (Hw, Hw, w) + 048 (Hw, Hw, w)

= (o1 + 0o + oz + 04 )8 (Hw, Hw, w) < (1 + oo + oz + otg + 0t5)8(Hw, Hw, w).

<
<

Therefore, S(Hw, Hw,w) < (0 + 30 + 303 + 30g + o5)S(Hw, Hw, w) as aq + 30 + 303 + 304 + o5 < 1, it
implies that H{w = w. Similarly, since X is continuous, we have

lim fK 192(p+1 JCZU, 11_I>I1 m192(0+1 = Kw.
@—r00

©—00
Since ¥ and X are compatible, then limg_,o0 S(WKD2p 41, VKD 41, K¥D2p41) = 0. So, by Lemma 3.1,
lim 00 YKD2p 11 = Kw, and by equation (3.9), one finds
8(D92¢, D2, YD 1+1) < c18(FHD2g, Hagp, K2D2¢p+1) + 028(DD2¢, P2, K2D2 11)
+ 038 (HD2g, Hdo, YKD2p11) + S (D2, DIy, KD2gp41)
+ 058 (WK D211, Y211, KD211)-

Taking the upper limit as ¢ — oo, one has

S(w, w, Kw) < a18(w, w, Kw) + o8 (w, w, Kw) + az8(w, w, Kw) + 048 (w, w, Kw) + a8 (Kw, Kw, Kw)
= (o1 + oo + &g + 0 )8(w, w, Kw) < (01 +30p + 30tz + 3o + ox5)S(w, w, Kw).

That is, 8(w, w, Kw) < (1 + 3 + 33 + 34 + &5)8(w, w, Kw). Therefore, by o1 +3xp +3x3 + 304 + x5 < 1,
we have Xw = w. Again, from equation (3.9), it follows

$(Qw, dw, ¥drp41) < aS(Hw, Hw, Kd2p4+1) + %28 (Q@w, Ow, K2¢p+1) + 38 (Hw, Hw, ¥dr¢p41)
+ 048 (Dw, Dw, K2 11) + 058 (W21, Y241, K2 11)
< (o + o) 8(Dw, dw, w).

Taking the upper limit when ¢ — oo as Hw = w and Xw = w, we have

S(Ddw, dw, w) < x18(w, w, w) + xx8(dw, dw, w) + a38(w, w, w) + o S(DPw, Pw, w) + as8(w, w, w)
< (o + 0q)8(Dw, dw, w).
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Therefore, 8(Qw, Pw, w) < (o1 + 32 + 303 + 34 + o65)S(Qw, Pw, w), and by 1 +30p +3x3 + 304 + x5 < 1,
one has ®w = w. Once, from equation (3.9), we have §(®w, dw, Yw) = 0, and hence ®w = Yw. Then, we
prove that ®w = Yw = Hw = Kw = w. Next, if 3 another CFP w* in X of four maps @,V¥, J, and X, then

S(w*, w*,w) = §(dw*, dw*, Yw)
< q8(Hw*, Hw*, Kw) + ax8(dw*, dw*, Kw) + ozS(Hw*, Hw*, Yw)
+ oy S(Ddw*, dw*, Kw) + 58 (Yw, Yw, Kw)
= (o1 + g + oz + g )S(w*, w*, w) < (o1 + 30 + 33 + 30¢g + 5)8(w*, w*, w),

which follows
S(w*, w*,w) < (g +30 + 303 + 304 + ox5)S(w™, w*, w).

Since o1 + 3 + 303 + 304 + o5 < 1, we have §(w*, w*, w) = 0, i.e., w* = w. Hence, we conclude that w is
a unique CFP of four maps @,V¥, H, and X. O

4. Applications

4.1. Application on the Volterra-Type integral system

Let J = C([c, d],R) be the space of real valued continuous function defined on [c, d]. Also, let the
function 8§ : I x J x J — [0, c0) be defined by

8O, w,m) = sup [B(0) —w(0)[+ sup B(0) —n(0)[+ sup [w(0) —n(0)], ¥d,w,n € C([c,d],R).
0e(c,d] 0€clc,d] 0€lc,d]

Definea br; inJ; ¥ L wif 9(0)w(0) > w(0), VO € [c,d]. Obviously, (X, 8, L) is a complete OSMS. Consider
the Volterra-type integral system given by

(4.1)

3(6) = p(0) + [° £(6, v, H(D(0)))d,
9(0) = p(6) + [ M(6,t, K(D(6)))dr, VO € [c, d],

where p : J — R is a continuous mapping, and £, M : [c,d] x [c,d] x I — R.

Now, we demonstrate the following theorem to verify the existence of a solution of the system of
integral equations (4.1).
Theorem 4.1. Let J = C([c, d], R), and define the mappings ®, ¥, 3, X : (1,8, L) — (3,8, L) by

0 0

L£(0,v, H(D(0)))de and ‘Pﬂ(e):p(e)—i—J M(6,t, X(D(0)))dr,

C

©9(0) = p(6) +J

C

wherep :J — R, and I, K : [c,d] x [c,d] x I = R are continuous. Assume that the following axioms are fulfilled.

1. 3 a continuous function G : I — [0, 00), such that
1£(0,t, H(D(0))) — M(6, v, K(w(0)))[< §(6,t)[5(0) —w(0)],

Vo, weR,dLw VO,relc,d],and H,K .
2. Isupgeicq) IS G(6,v)dr < 7, for each T < 1.
3. dan L-seq{vy}in J, such that

lim S(OH(te), O@H(te), HD(te)) =0 and lim S(¥K(re), WK (te), K¥(te)) =0,

P—00 P—00

whenever,

lim O(ty) = lim H(vy) =0 and lim ¥Y(ty,) = lim K(ty) =06, forsome 6 €.

@—00 P—00 @—00 P—00
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Then, the Volterra-type integral system (4.1) has a unique common solution.

Proof. First, we claim that for every & € J, 9 € J, and V 0 € [c, d], we have

0
L£(0,t, H(D(0)))de >1 and Yw(0)=p(0) +J M(0,t, K(w(0)))de > 1.

C

0
D®H(0) = p(0) +J

C

We conclude that ®9(0) > 1, and we have @9 € J. Now, we aim to show that

1. 39y € Jsuch that 9y L @Y, V¥ €7, and &y L W9, Vo € J;
2. ,¥,H, and K are L-preserving;

3. O,¥Y,H, and X are (8, L)-contraction;

4. O,¥Y,H, and X are 1 -continuous.

Here, we are going to prove the above issues as following.

1. Putting 9y = a (the constant function 9y), we have a L ®%,a L ¥9,a L Hd and a L K9 V9 € J.

2. ®is Ly if for every 9, w € J, ¥ L w, we have @9 L Qw. Also, we get PH(0) > 1, VO € [c,d]
= OY(0)dw(0) > dw(0), VO € [c,d], therefore VY L Qw. Similarly, ¥ is Ly if for every 8, w € J,
9 L w, we have W9 1 Ww. Further, we find ¥3(0) > 1, V0 € [c, d] = Y&(0)Yw(0) > Yw(0), VO € [c,d],
therefore Y9 L Yw. Since the pairs {®, H} and {¥, X} are compatible. Hence, ®, V¥, 3, and X are L.

3. Letd,wed, ¥ L w, and 0 € [c,d], we have

0 0

L£(0,v, H(D(0)))der —p(06) —J M(6,t, X(w(0)))dr

Cc

©0(0) — Waw(©)] = [p(e) + |
0

Je L(G,t,%(%(@)))dt—J

C C

M(G,t,ﬂ((w(e)))dt‘

0 0
<j £(8,, 3€(8(8))) — M(8, v, X(w(8))) | dr < j 5(6, 1)[9(8) — w(8)|dx.
Hence,

0
sup |®d(0) —Yw(0)|< sup B(0) —w(6)| sup J §(0,v)dr < T sup 9(0) —w(0)].
o€lc,d] 0€elc,d] 0€lc,d]l/c 0¢€lc,d]

Also, we have

S(DY, DY, Yw) =2 sup [DPH(0) —Yw(0)|< 2T sup [B(0) —w(0)|=18(V,d, w).
o€lc,d] 0clc,d]

Therefore, ®,¥, H, and X are (8, L)-contraction with T < 1.

4. Let {¥,]} be an L-seq in J, such that {9} converges to some ¥ € J. Since @, V¥, H, and K are Ly, and
{®D} is an L-seq. Then, for each ¢ € IN, we have

DYy, — W< Ti9p—9], O<T<1.

As @ — oo, we conclude that ®,¥,H, and X are Le.

Hence, the mappings @,V¥,H, and X satisfy the hypotheses of the Theorem 3.2. Therefore, the Volterra-
type integral system (4.1) has a unique common solution. O
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4.2. Application to fractional differential equations
Consider the Caputo fractional derivative using fractional differential equation.

{]D&%(z) +r1(2,H(B(2)) =0, 0<z<1, 12)

D, 9(z) +12(z, K(H(z))) =0, 0<z<]1,

where, 1 < 3 < 2,9(0)+9'(0) = 0,9(1) +9'(1) = 0 are the boundary conditions with r,r;: [0,1] x
[0, 0) — [0, 00) is continuous. Let Q = €([0,1],R). Define

89, w,n) = sup P(z) —w(z)+ sup ¥(z) —n(z)l+ sup [w(z) —n(z)|, ¥, w,n e Q,
z€[0,1] z€(0,1] z€[0,1]

with L given by
d1n <= B(z)n(z) > ¥(z) or d(z)n(z) >n(z),

for all z € [0,1]. Then (Q,8, 1) is a complete OSMS. Note that ¥ € Q solves (4.2) whenever ¥ € Q is the
solution of

z) :%j (1=%)P~1 (1 —2)rs (¢, H(D(t)))dt + 7y [o(1=£)B~2(1 — 2)ry (v, H(I(t)))dt
+ﬁf§(z— £)P1ry (£, H(D(t)))dt,

ﬁ(z)zﬁf (1—)P (1 = 2)ra(t, K(B(t)))dt + rp=y Jo(1=2)P2(1 — 2)ra(t, K((t)))de
+ria7 Jo (2= )P Ina(t, K(9(¢)))dt, Vz € [0,1].

Theorem 4.2. Let the mappings OV, H,K:(9,8,L)—(9,8,L)as, vz € [0,1],

Oz fo 11 —2)rq(t, H(D(t)))dt

+ru3 0 fl(l £)B2(1 — 2)r (£, HO(E))dt + 17 [2(z — £)P~Ira (£, H(D(¢)) ),
Y (z jo £)B1(1 — 2)ra(t, K(9(t)))dt

+r =) fo £)P2(1 — 2)ra(t, K(B(¢)))de + 157 J5 (2 L, (t, K(9(t)))dt.

Suppose the conditions
1. forall ¥,m € Q,r1,17: [0,1] x [0, 00) — [0, 00), and p > 0 satisfies

(£, H(D(t))) —r2(t, K(n(t)))] < pd(t) —n(t)],

1— z —

hold. Then, equation (4.2) has a unique solution.

Proof. First, we claim that for every & € Q, @9 € Q, and V z € [0, 1], we have

1 ! 1 1
Od(z) = J (1—t)P711 —2)ry (¢, H(D(t)))dt + J (1—t)P72(1 = 2)ry (¢, H((t)))dt

=78 o FE—1) o
R Y
+ 1 ). 2= 0"l H)de > 1,
Un(z) = 1 [ (1= 68101 — 2)ra(e, Kl (e) s + — Jl(l—t)ﬁ2(1—z)r2(t K (t)))dt
re) Jo / FE—1) '
L Y S
+ 5 ) (2Pl X)) > 1

We conclude that ®9(z) > 1, and we have ®d € Q. Also, ¥n(z) > 1, and we have Yn € Q. Now, our aim
is to show that
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1. 399 € Qsuch thatdy L @9, V9 € Q, and 99 L W9, Vd € Q;
2. ,¥,H, and K are L-preserving;

3. ®,¥,H, and X are (8, L)-contraction;

4. O,¥Y,H, and X are 1 -continuous.

Here, we are going to prove the above issues as following.

1. Putting 9y = a (the constant function 9y), we have a L ®%,a L ¥9,a L Hd and a L K V9 € Q.

2. ®is Ly if for every d,w € Q, ¥ L w, we have @9 L Qw. Also, we get ®d(z) > 1, Vz € [0,1]
= O¥(z)Pw(z) > dw(z), Vz € [0,1], therefore @Y L Qw. Similarly, ¥ is Lo if for every d,w € J,
9 L w, we have W9 L Yw. Further, we find ¥9(z) > 1, Vz € [0, f] = ¥d(z)VYw(z) > Yw(z), Vz € [0,f],
therefore W9 L Ww. Since the pairs {®, H(}, and {¥, K} are compatible. Hence, ®, V¥, H, and X are L.

3. Let §,n € Q and consider

1
©9(z) — ¥n(z)] = \r(lﬁ) Jo(l — )BT z)(ry (¢, HB(t))) — ralt, K(n(£)))de

1
rie—1)

(16 Jz(z—t)ﬁ ey (6, O () — a8, K(n())))de

+

J (1—)P72(1—2)(r1 (¢, H(D(t))) — ra(t, K(n(t))))de

J (1—)P71(1 = 2)|(r1 (£, H(D(¢))) — ra(t, K(n(t)))) |dt

L
r(p)

1 1 B2
+F(B—1)J (1—t)P2(1—2)

RS Y S
+F(B)L( R

1Jl(l—t)ﬁl(l—Z) [9(t) —n(t)lde
rB) Jo e
1

1
- B2 _, _
TTE-D Jo(l £)P (1 —z)pld(t) —n(t)lde

N r(lm J;(z_t)ﬁ—lpw(t) —n(t)lds
1

1
_ oi9(z) —n(2)|<m3) Jou—t)ﬁlu_z)dt

[ N S PN S R r31>
Ry e [

= oo | l—z 1-z 2P
= pi¥(z) =n(z) <F(B+1) HION F(B+1J>

1—2z 1-z zP
< pid(z) —n(z)| sup ( rp—+1) + T'(B) Jrr(ﬁ—l-l))/

(r1 (e, H(D(t))) —r2(t, K(n(t)))) |dt

(r1(t, H(D(t))) —r2(t, K(n(t)))) |dt

y4

so, we have

’CDS(Z) —Wn(z)| = &pid(z) —n(z)| < pl¥(z) —n(=)],

ie.,

OV (z) —¥n(z)| < p sup P(z) —n(z)],

z€[0,1]

sup
z€(0,1]
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thus, we have

§(DY, @Y, ¥n) =2 sup |OH(z) —Wn(z)| < 2p sup B(z) —n(z)] = 9S(9,9,n).
z€[0,1] z€[0,f]
Therefore, ®,¥,H, and X are (8, L)-contraction with 0 < p < 1.

4. Let {8,} be an L-seq in Q, such that {0} converges to some & € Q. Since ®,V¥, 7, and X are Lyp;
and {®V,} is an L-seq. Then, for each ¢ € IN, we have

DY, —WB< pByp =], O<p< 1l
As @ — oo, we conclude that ®,¥,H, and X are Le.

Hence, the mappings @, V¥, }(, and X satisfy the hypotheses of the Theorem 3.2. Therefore, the fractional
differential equation (4.2) has a unique common solution. O

5. Application in production-consumption equilibrium

Our results are applied to the dynamic market equilibrium problem, an important economics topic,
where we solve an initial value problem and develop a mathematical model. Daily pricing trends and
prices show an important effect on markets for both production B, and consumption B, despite price
movements. Consequently, the economist is interested in knowing the current price 9(z). Let us consider

d(z) d?d(z)

N d(z) d?d(z)
dz H1 dz2 ’

dz tH dz2 ’
initially 9(0) = 0, %(0) = 0, where tq,ty, @1, @2, &1, &, 111, and pp are constants. A state of dynamic

economic equilibrium occurs when market forces are in balance, meaning that the current gap between
production and consumption stabilizes, that is, B, = B.. Thus,

d d
Bo=t1+@9(z)+ & Be =to+@9(2) + &

t1+@19(z) + & dz(zz) +m d?z(zz) =ty + ®19(z) + & di(zz) + 2 d?z(f),
(t1—t2) + (@1 — @2)9(2) + (&1 — éz)dz(zz) + (g — Hz)difz(zz) —0,
ud?z(zz) + E,dz(zz) + od(z) = —t,

where t = t; —ty, @ = @1 — @, § = & — &, and u = py — . Our initial value problem is now
represented as follows:

{f}”(z) +£9'(z) + 2HO(z)) = —&

p , W , (5.1)
¥'(z) + ﬁs (z) + 2K(9(z)) = —&, with 9(0) =0 and 9'(0) = 0.

Now, we study the production and consumption duration time f, problem (5.1) is equivalent to the system
of equations:

[} (z,2°) A1 (2", 2, H(D(2)))dz,

[} F(z,2%)As(2*, 2, K(V(2)))dz, Vz € [0,f),

—N—
® =
NN
I

. zh%(z*—z), 0<z<e<H,
?(ZIZ ): @
ch(z—2z*), 0<e<z<H



B. W. Samuel, et al., J]. Math. Computer Sci., 38 (2025), 80-97 95

Let J = C([0,f],R) and A4, A: [0,f] x J x § — R are continuous functions. Define
8(9,w,m) = sup B(z) —w(z)l+ sup [¥(z) —n(z)l+ sup lw(z) —n(z)l, ¥d,w,n € C([0,f],R),
z€[0,f] z€[0,f] z€(0,f]
8(9,9,m) =2 sup B(z) —n(z)l,
z€10,f]
vd,m € J with L given by
V1n <= d(z)n(z) = d¥(z) or d(z)n(z) =n(z),

Vz € [0,f]. Then (3,8, L) is a complete OSMS. Also ®,¥,H,X: (4,8, L) — (d,8,1) is defined by

o . )
{cp(a(z)) = [1F(z,2*)A1(z", 2, H(D(2)))dz, 52

Y (z) = [} F(z,2*) (2%, 2, K(D(2)))dz, Vz € [0,1].

Let us consider, the solution to the dynamic market equilibrium problem, which is represented as (5.1), is
a common fixed point of ®,¥,H, and X (5.2). Now, the current price 9(z) is given by (5.1).

Theorem 5.1. Consider the operators ©,¥,H(, X : (d,8, L) — (d,8, L) be complete OSMS, satisfying
1. we can find z € [0,f] and 0 < p < 1 such that |A1(z*,z, H(9(z))) — Aa(z", 2, K(B(z)))] < {%Iﬁ(z) —w(z)|;
2. a continuous function F: [0, ] x [0, §] — R that satisfies SUP,c 0,41 fé F(z,z*)dz < 1.

Then, the dynamic market equilibrium problem (5.1) has exactly one solution.

Proof. First, we claim that for every 9 € J, @9 € J and V z € [0, f], we have

f f

O(0(2)) = | Tlz,2 )1z 2 HOE)dz > 1 and ¥lwlz)) = | T2,z (", 2 X(wlz)dz > 1
0 0

We conclude that ®9(0) > 1, and we have ®9 € J. Also, Yw(z) > 1, and we have Yw € J. Now, our aim

is to show that

1. 399 € J such that 89 L @9, V¥ € J, and 9y L W9, Vd € J;
2. ,¥,H, and K are L-preserving;

3. O,¥,H, and X are (8, L)-contraction;

4. O,¥Y,H, and X are 1 -continuous.

Here, we are going to prove the above issues as following. Putting ¥y = a (the constant function dy),
we have a L ®V,a L ¥9,a L Hd and a L K3 ¥ € J. Clearly, ®,¥,H, and X are L-preserving and
L-continuous. Let 9, w € J,d L w, and z € [0, f], we have

F(z,z")A1(z%, 2z, H(D(z)))dz — Jf F(z,z")Ax(z", z, K(w(z)))dz
0

9(z) — Wao(z)| = | f

0

f
< J F(z,2°)| A1 (2", 2, H(D(2))) — Aa(z", z, K(w(z)))| dz

f f
< J F(z,z%)dz L ‘.Al(z*,z,ﬂ-f(ﬁ(z))) — Ay (z*, 2, K(w(z)))|dz

f
F(z,z")dz < p¥(z) —w(z)| Jo F(z,z*)dz.

g zZ| — 4
< Zlo(z) — )I(f)J

0

Now,

f
sup |®d(z) —Yw(z)|< p sup B(z) —w(z)| sup J F(z,z")dz < p sup B(z) —w(z)l.
z€[0,f] z€[0,f] ze[0,§] JO z€[0,f]
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Also, we have

$(DY, Y, Yw) =2 sup [DV¥(z) —Yw(z)| < 2p sup B(z) —w(z)| = pS(D, 9, w).
z€[0,f] z€[0,f]

Therefore, @, V¥, J(, and X are (§, L)-contraction with 0 < p < 1. Let {0} be an L-seq in §, such that {9}
converges to some ¥ € J. Since ®, V¥, J(, and X are Lp; and {®D,}is an L-seq. Then, for each ¢ € N, we
have

DY, —WdI< pldp—0, 0<p<1.

As @ — oo, we conclude that ©,V¥,J(, and X are L. Hence, the dynamic market equilibrium problem
(5.1) has exactly one solution. O

6. Conclusion

In this article, we have established CFP theorems of four mappings on OSMS. Moreover, the prac-
tical significance of our theoretical result is demonstrated through a concrete example, showcasing its
applicability in real-world scenarios. Finally, the existence and uniqueness result of Volterra-type integral
system, production-consumption equilibrium, and fractional differential equations are enhanced to illus-
trate the applications of our finding. Future research could explore applying these results to other integral
and differential equations, potentially unlocking new directions for theoretical and practical progress in
mathematical analysis. Additionally, extending our CFP theorems to other types of metric spaces, such as
probabilistic metric spaces, fuzzy metric spaces, or those with different ordering structures, could further
broaden the scope of their applicability.
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