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Abstract

In this work, we extend double Laplace-type integral transform (DLTT) and apply the concept of quantum calculus or g-
calculus to establish the definitions of double g-Laplace-type integral transform (q-DLTT). We present some main properties and
compute some functions of the q-DLTT. Also, we apply them to establish simple formulas for the general solution to solve the
g-PDEs, such as g-wave equation, q-Klein-Gordon equation, g-Laplace equation, q-heat equation, and g-telegraph equation. By
using the Mathematica program, the 3D plots, which represent for the q-PDEs, are provided. Finally, a convergence comparison
between the exact solution and q-calculus of PDEs is also given in this research.
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g-convolution theorem.
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1. Introduction

Integral transform methods are among the essential techniques implemented in solving PDEs. Many
phenomena in mathematical physics and scientific fields can be written in terms of PDEs, such as wave
equation, Klein-Gordon equation, Laplace equation, heat equation, and telegraph equation. Researchers
and scientists have worked very hard to find exact solutions of PDEs using integral transform. Several
integral transforms, such as Laplace transform [38], Sumudu transform [42], o-integral Laplace transform
[33], Elzaki transform [20], Mohand transform [1], Sawi transform [2], Kamal transform [30], Laplace-
type integral transform (or G-transform) [32], and Pourreza transform [7]. Recently, the double integral
transform has been applied to solve PDEs with unknown functions of two variables. Furthermore, the
double transform has been developed in the relevant literature, such as double Laplace transform [16, 18],
double Sumudu transform [19, 41], double Shehu transform [3], and double Elzaki transform [24].

Quantum calculus (also called g-calculus) is the study of calculus without limits. It can be reduced
to ordinary calculus if we take the limit q tends to be 1. Euler was the first mathematician to study g-
calculus in the early eighteenth (1707-1783). In 1910, Jackson [25, 26] introduced the g-derivative and the
g-integral. The g-calculus has a lot of applications in several mathematical areas, such as number theory,
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combinatorics, quantum theory, mechanics, basic hypergeometric functions, orthogonal polynomials, and
theory of relativity, see for instance [4-6, 14, 17, 21, 27, 34, 39, 40] and their respective references. Also,
the fundamental explanation of the g-calculus aspects can be found in the book by Kac and Cheung [29].

Around a decade ago, the topic of the g-integral transform interested many researchers, leading to
various investigation forms. Many researchers study the properties of g-integral transform such as q-
Laplace transform of two variables [23], g-Sumudu transform [9], g-Laplace transform [15], q-natural
transform [11], g-Laplace-type integral transform [12], and q-Mellin transform [13].

We are mainly inspired by a series of the above-mentioned literature, and therefore, propose to extend
the Laplace-type integral transform (or G-transform) to introduce double g-Laplace-type integral trans-
form (double Gg-transform or q-DLTT). We present some main properties of the q-DLTT and compute
it for some functions. The g-convolution theorem of two functions and some properties with proofs are
introduced, and to apply those properties to solve q-PDEs. Finally, a convergence comparison between
the exact solution and g-calculus of PDEs is also provided in this paper. Note that, we will frequently use
some properties of paper [28] when p=1.

In this paper, we consider the nonhomogeneous linear PDE in q-calculus as follows:

2
oglF

A

(&m)+B

o5 F Oq/ A
c-9_ D9 , E ) = ).
aqnz(é,n) + 34E (&m) + 3 (&M +EF(Em) = w(gm)

with the initial conditions

FE0) = r(8), 299(5,0) = r4(8),

and the boundary conditions

0
FOm) =gm), 22(0,m) =gMm)

where A, B, C, D, E are constants, F (£,1) is the unknow function, and w(é&,1) is the source term.

2. Basic knowledge of g-calculus

In this section, some mathematical symbols used in the q-calculus are denoted to be of help in further
study and can be found in [29, 32, 37]. In the entirety of this work, let 0 < q < 1 be constants. If ¢ — 1,
then we can reduce q of any forms to classical calculus. First, we present the following definition. The
g-number for n € N is defined by

T ifg#L

=14+q+--+q" "=
Mg a a {n, if q — 1.

Also, we write the g-factorial for n € IN is defined as

gt = 410l = Wal2lg - nlg, ifn>1,
Tl ifn=0.

The g-derivatives of a function F : [0, c0) — R is defined by

F (&) —F(q&)
(1—-q)&

The g-binomial coefficients are defined by

DqF(‘i) = ’ 5#01 DqF(O) :éiir})DqF(a)-
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The g-addition are defined by

n

(x+ylg = Z <T]L> XYy,

j=0 q

The g-derivatives of higher order are given by
(DYF)(E)=r (&) and (D}F)(E)=Dq (DL 'F)(E), jeN.
The g-derivatives of the product and quotient rules of two functions are as follows:

Dq(F(&)g(&)) = F(£)Dqg(&) +9(q&)DyF (&),

and

D, <F(£)> _ 948)Dqf (&) =1 (98)Dq9(8) oy ¢

g(&) g(&)g(qé) ’

The g-integral from 0 to ¢ and from 0 to co of / are defined as

J FE)dge = (1—q)c Y q*F (q¥c)
k=0

0

and

JOOF(E)quZ A—q) 3 aF (g9,

0 k=—00

respectively. The g-integral in an interval [a, b] of D4/ is given by

b
J DqF (&)dq& = F (b) —F (a).

a

The g-integration by parts is represented as

a

In addition, the derivative of the g-exponential functions are given as
Dgeq(n&) =neq(né), DgEq(n&) =nkq(ngé).

The g-trigonometric functions cosine and sine are as follows:

cosy(e) — et eaiE) g7 (A pan,
Eq(iE) + Eq(—iE) i (—1)q(?)

COSq(E») = > =

b b
J g(qa)qu(a)dqazf(b)g(b)—F(an(a)—J F(£)(Dgg(E))dgt

2.1)

(2.2)

(2.3)

(2.4)
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sing (&) = eq(i&) _‘eq(_ia) _

(_1)n 2n+1
7 & ,

2n +1]4!

Me

2n2+1 )

. CEg(if) —Eq(—i8) & (-1ng() L,
qu(i) - 21 = Z 7[2T1+1]q! E» * .

coshq (&) =

Coshq(&) = =

sinhq (&) = =

Sinig (¢) — Ea(8)“Eal-8) _ 5 ") onia
The g-gamma function is defined as follows:
Mg(n) = J:o EEq(—q8)dqé.
It satisfies the following properties:

Fqn+1) = nlqlg(n) and Ty(n+1) = Mmlq"

The g-integral on (0, o) for 3 € R\ {0} is given by

J:oF(Bci)dq&:

1 (0.0}
BJO F(&)dqé.

The g-beta function is defined as

1
Bq(ls) = J g1 — qa);—ldqa.
0

The relation between the q-gamma function and the g-beta function is

. rq(l)rq(s)
Ball;s) = Tq(l+s)

3. Some properties of double g-Laplace-typed integral transform

(2.5)

(2.6)

2.7)

(2.8)

(2.9)

(2.10)

In this section, we define g-Laplace-type integral transform and investigate some of their properties

and relations. First, we present the following definition.

Definition 3.1. The g-Laplace-type integral transform of function / (&,m) is a continuous function of two

variables & > 0 and n > 0. Then the q-DLTT of the function F (&,n) is given by

u A%

GZ,q [F(E/T])](ulv) :u(xvo“[ J F(EITI)Eq (_q(i) Eq <_qn> dqadqn/ u,v > 01

0 Jo

provided the integral exists.
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Clearly, The g-DLIT is a linear integral transformation for any T, € R and Gy 4[F (&n)l(
G2,qlg(&1)](u,v) exist, we have

Gz,q[TF(E,n)+Bg(é,n)](u,\))Zu“V“L JO [TF(E,n)+f39(E,n)]Eq( f’) Eq (—11) dqtdqn

= Tu*v* J J F(&n)E < qj) Eq (_Qj) dg&dgn
o [ ottt (=) Ea (-7) atdn
0
:TGZ,q[ (5,

1w, v) + BGa,qlg(E,m)(w,v).

Now, we apply q-DLTT on some special functions as follows.
1. Let F(&,m) =1 for &,1 > 0, then
Goq1l(,v) = u“v“J J Eq ( q&) a (- q”) dq&dqn

o Jo u

o0
"‘Hv““J D4Eq (-‘i) J D4Eq (——) dqédgn = u vt
0 w/ Jo v

=u

2. Let F(&,m) = E™n™ for & > 0,1 > 0 and m,n are constants, then

Go,q[E™"](u,v) zu“V"‘J J E™"Eq ( q&) Eq (—q—n> dq&dqn.
0 u

0

roamEq< qg’) dqé——u amD Eq ( >
0 u

—utml, [ em 1Eq< )dqaaay 22)

:Um[m]q[m_l]q"'[l]qj Eq< qa) dgt,

0

= _um“[m]q!J0 DqEq (—i) dq& =u™ " [m]qL.

Consider

- uz[qu[m 1 |
0

In the same way fgo n"Eq (—qv—”) =yntl [n]q!, then we have
G,ql&™n ™M (w,v) = um T *Flyn et m] in] 1.
In the particular case, when ¢, d > —1, then
Ga,q (£ 9] (1, v) = uC T LydHatIn (¢ 4 )Ty (d +1).

3. For £ > 0,m > 0, and m, n being constants, then we have

Gaalr fat bl(uwv) = uve [ " " rag bnjeq (- 95) £ (< 17) dgtdgn

0 JO

_ uo‘v“J Eq (-“\?)J F(ag, bn)Eq <—‘f’) dqidgn

u,v),

(3.1)
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== L Eq (—qn)J I (&bn)Eq (—f) dqEdqn (by (2.8))
_ T [T (a8 [T qn
T () o (eo

Uty e qé qn
=— J J F(&m)Eq (—au> Eq (_F) dq&dqn

0 JO

1

= WGz,q[F(Eﬂl)] (au, bv).

4. Let F (&) = (ag+bn)y for £ >0,m > 0and n € N, then

n

Gagllat + on)Flluv)= ) (

k=0

= aoﬁ—lboc—l—l Z < ) GZq E’k " k]

:W Z (2) (au)k+oc+l(uv)n7k+oc+1 [k]q'[n k (by (3 1))
¢ k=0 q

n
auy k
:bn[n]q!uoc+lvn+oc+l§ (b )
A%
k=0

n

k) Ga,ql(a&)*(bn)™¥] (by (2.1)
q

[q0¢+14,0¢+1
_ W VI gy, Y < 8 (3.2)
au—bv u b
5. Let F(E,m) = eq(a& +bn) for £ > 0,m > 0 and a,b are constants, then
a&+bn)g
Ga,qleq(at + bm)]( Z Go. [n} by 23)
lq
uochlvochl 0 1 i

- n+1 n

= nZ_O [(au) (bv)™1] (by (3.2))
uoc—l—lvoc—i—l au bv u“oc—o—lvoc—o—l 1 1

T au—bv [1—au B 1—bv} T (I—aw)(1-bv)’ YV Sy

Using q-Euler’s formulas (2.4), (2.5), (2.6), and (2.7), we obtain
) 1 uXy® X1+l &1yl (bv _ au)
Gaqlsing(at+on)l(u,v) = 2 [(1 —aui)(1—bvi)  (1+aui)(l —|—bvi)] T 1+ a2u2)(1 1 b22)’
17T Uy uoc+1voc+1 u(erlvchrl(l _ abuv)
Gagleosqlad+bn)llwv) =5 | G i —ovy T T r a1 + bvi)] T A+t one)’
1T uXy* uoc—!—lvoc—i—l ucx—!—lvoc—l—l (bv 4 au)
inh b =_ — =
Gaqlsinhg(at+bnlwy) =3 | G A =5 " Arawi+ bv)} (1— a2 (1—b22)’
1T Uxy* uoc+1voc+1 uoc+1voc+1(1 4 abuv)
Gaqleoshqlaébnllluv) =3 | T 5T —ow) T A+ awis bv)} T - a)(1-b22)

Theorem 3.2. Let F (&) be a continuous function and assume that F (&) has the q-Taylor expansion

FE)=) an ‘(’n'. (3.3)
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Therefore,

Ga,qlF (K& +M)l(w,v) = (k™G g lF (xE)I(w) — Awu* 1G4l (AE)I(v)),

KU — Av

when k and A\ are constants.

Proof. We have the following

Fixe e @2y S ”q‘“)z > (3) et ) o
k=0 q nJq

n=0

Hence, we can write that

GoqlF (KE+AN)glw,v) = ) (Z (E) Gz,q[(Kg)k(}\n)nk](u,v)> [Tcll]n'
q q!

wotlyatl | 1 0 1
=————— | ) ancw)™ =) an(W)™ (by (3.2)

n=0 n=0
oty o ot
== KuZ an(ku) —AvZan(?\v)n
u v n=0 n=0
= Ku—Av(KuV“HGq[F(KE’mu) AWuSTIG o [F (AE)](v))
Therefore, the proof is completed. O

Theorem 3.3 (Convolution theorem). If F (£,1) = (&n)Y and g(&,m) = (En)P~1,v, B > 0, then

Gaalll *+9)q(E (V) = 5 GaglF (6w V)Gaglale, (),

OCV X
where

EmMm
(F xg)q(&,m) zL JO F(x,y)g(&—qx,n—qy)dqgxdqy. (3.4)

Proof. Using (2.9) and (3.4), we get

&m
gatem) = [ e @08 - av)f daxday.
Changing the variables in the equation above by x = r§, y = hn and using (2.9), results in the following
form:

1

(F *g)q(&m) = av%j .

r—ang 1dT><nV+'3J "(1— qn)fldgh = £V PR (B (y +1, )1

0

We then take q-DLTT in the equation above and using (2.10), we can write that

Gal(F g)a( i v) = By + 187 | | av+ﬁny+ﬁEq( qE’) Eq (—11) dqedqn

= Baly+1, )12 [y + Blq 2wy tBrotlyytptadtl
= [Tq(y + 1)1 [T (B)2wy +BHectlyytptoatl

1
= ——Go,qlF (M)](1,v)Goqlg(&, M) (w, V).

uOCv(X

This completes the proof of the theorem. O
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Theorem 3.4 (Partial q-derivatives order one and two). Let F (&,m) be a continuous function, then we get the

following identities hold:

() Goq |55 (E M) (wv) = —uGqlF (0M)](v) + ﬁGz,q[F(a,nn(u,v);
(i) Gaq [32L(&,m)] (wv) = —v*GglF (£ 0))(w) + LGaqlF (&m)](w,

0
(i) Gaq [ (EM)] (1v) = —u Gl (0,mI(v) —uGq [ 35 On} LGaqlF (Em](wv);
() Goq 52 (E,m)] (u,v):—vafle[F(a,omu)—v“Gq [395(6,0)] (w) + HGaqlF (£, M (w,v);
% GalF (&,0))(w) = %" GqlF (0,M)(v) + & GaqF (&M (w,v)

(V) Gaq [5odiys (E,1)] (w,¥) = uover (0,0)

Proof.
(i) From Definition 3.1 and using g-integrating by parts (2.2), we obtain

0 e [ [ 2ak :
Gog | S (em)] ) —ume [ " S e ey (25 ) g (<31) aqtdgn

o« “ro [—F(O,n) +iJ:oF(£,n)Eq (-f) dqi} Eq <_qj) dgn

=u%*v
0
= Gy lF (O,mIV) + - GaglF (Em)(wv).

(ii) From Definition 3.1 and using g-integrating by parts (2.2), we obtain

duF 00 (00 F
Goq [aqqn(a,n)} (u,v)zu“v“L JO aq?(a n)Eq (—qvﬂ) Eq< qg’) dqEdqn
qé

e[ [—F(a,0)+”wf(a,n)Eq( q”)dq] q<‘u) dqt

0 0

=—v*Gqlr (&,0)](u) + %Gz,q[F(i,ﬂ)](u/V)-

(iif) From Definition 3.1 and using g-integrating by parts (2.2), we obtain

Sl )]( v = [T S e (- ) Eq (~1) dqedgn
Ogq

q&?
e [ [t e () (D)

0
Oq
:—u"‘_le[F(O,n)]() weq[ag( )}(V)-i-usz,q[F(E,ﬂ)](u/V)-

Gzlq

(iv) From Definition 3.1 and using g-integrating by parts (2.2), we obtain

o2 g
Gu | galeom)] fu) =t [ 7790 (e (<25 ) £ (<) agtagn
C[ q
gy O, * 9 af 1 OoaqF _am _i&
—uvn | S0+ | TS ey (<31 g £ (-0 e
= ¥ 1G4[F (&,0)](u) —v*Ggq [aqF(E,O)} (u) + \%Gz,q[F(E,n)](u,V).

(v) From Definition 3.1, the result of (i), and using g-integrating by parts (2.2), we obtain

a2F 00 oo aZF qE, an
q — XL, q _9s Bl
’ [aqaaqn(‘iln)] ) =ty JO Jo aqaaqn(a,n)Eq ( u > Eq ( v )dqadqﬂ
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e St () e ()

0.4 (X 1

=u’v¥r (0,0) — %Gq[F(E,O)](u) - TGq[F(O’n)MV) + EGz,q[F(Em)](u,V)-

Therefore, the proof is completed. O

Theorem 3.5 (Partial q-derivatives of order n). Let f (£,m) be a continuous function, then we get the following
identities hold:

() Goq [t (&,m)] (1w v) = ki GaqlF (&M, v) — TP w16y [ 33 (0,m)] (v);
(i) Gaq [k (£,m)] (wv) = sk Ga g F (Emu,v) — TRTIve ™G [$3E(2,0)] (w).

Proof. We prove Theorem 3.5 by mathematical induction and therefore is omitted. O

4. Application of double g-Laplace-typed integral transform

In this section, we apply the q-DLTT to a family of PDEs and obtain a simple formula for the general
solution. We consider a second order linear partial differential equation in two independent variables ¢
and 1 of the form

62F 62F M dqF
c-4 D E = 4.1
a 52(6, n) + aqn 5 (&) + aqa(a n)+ 3 (E, ) +EF(EM) = w(Em), (4.1)

with the initial conditions

G)
LD

F(&,0)=F1(8), 7(5, ) =F2(&), (4.2)
qnl

Q

and the boundary conditions

(@)
=]

F(O/n) = 91(T1)/ . (Ozﬂ) = 92(T1)/ (43)

£
ipal

where A, B,C,D, E are constants, f (&,1) is the unknown function, and w(§,n) is the source term. The
main idea of this technique is to apply the q-DLTT to (4.1), g-Laplace-typed integral transform to the
initial conditions in (4.2),

Gal (£,0))(w) = GqlF 1(2))(W) = Fi(w), G [gqﬁ(a,oﬂ (W) = GqlF 2(E)](u) = Fa(w),
q

g-Laplace-typed integral transform to the boundary conditions in (4.3),

GalF (0,m))() = Gqlgr M) = Hi(v), Gq B:g(o,n)] (v) = GqlgamI(v) = Ha(v),

and Gy q [w(&,M)] (1, v) = Q(u,v). Now, applying the g-DLTT to (4.1), we have

2

o F Oq
a‘*nz(a,n)] (9) + COag |5

05 F

Tz (&M )] (w,v) +BGa,q

& )](,)

+DGZ,q |:Z;q§(£/n):| ('LL,V) +EG2,q [F(Eﬂ'l)] ('LL,V) = GZ,q [w((t—y/n)] ('LL,V).
q
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Using the derivatives of the q-DLTT and above conditions, we get
A(ﬂﬂ”Hﬂw—uﬂhWH}LQAV@mﬂWNO
+B (—v"‘lﬁ (1) — v*Fp(u) + Vl—zez,q [F(a,n)](u,v)> +C (—u“m (v) + %G;q [F(&nﬂ(um)) (4.4)
D (—V“Fl(u) e, [F(a,nn(u,v)> L EGaqlF (6 m)(wv) = Q).

After simple computations, (4.4) can be written as

Go,qlF (&m)](u,v)
Qu,v) + AUu* TH; (v) + u*Hy(v)) + B(v* 1 (1) + v¥Fy(u)) + Cu®H; (v) + DvEF; (1) (4.5)
A+EBEC4 D4 '

Taking the inverse q-DLTT to both sides of (4.5), we have

O, v) + A(u* THi (v) + u¥Ho (v)) + B(v* 'Fi(w) +v¥Fa(u)) + CuHy (v) + DvF (u)
A+E54+E4D4E

F(Em) =G,y

Now, the examples of some familiar PDEs are solved by applying the q-DLTT such as g-wave equation, q-
Klein-Gordon equation, q-Laplace equation, g-heat equation, and g-telegraph equation. All the following
figures of the selected examples were obtained using MATLAB software.

Example 4.1. Find the solution of the q-wave equation

A 05 F
q _ _4qg

with the initial conditions are F (&,0) = sing(&) and %‘q% (&,0) = 3, and boundary conditions are F (0,1) =

3n and %“T’g (0,1) = cosq(n). Applying gq-Laplace-typed integral transform to initial and boundary condi-
tions, we obtain

ox+2 oa+1

u
C14u?’

v

_ +1 _n,x+2 _
Fo(u) =3u®™, Hp(v) =3v*¥™, and Hy(v)= i

F1(u)

Substituting the values of functions Fi,Fp, Hi,H),A =1,B = -1, and C =D =E = Q = 0 in (4.5) we
obtain

Fux—lyx+2 u"‘v"‘z+1 _ u“*zv‘;‘*l — 3utlyx W&F2y0+1
Ga,qlF (E,m))(u,v) = v L = 3uotlyot2 | . A7)
4 L5 W +1)(V2+1)

Taking the inverse q-DLTT in (4.7), then the solution of (4.6) is

uoc+2voc+l

(U2 +1)(v2+1)

F(&m) = Gz_,cll Fuxtlyxt2 4 =31+ sing(&) cosq(n).

Figure 1 shows the solution of q-wave equation with conditions when we set q = 0.8045, which is shown
in the left side of Figure 1 and we set ¢ — 1, which is shown in the right side of Figure 1.
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q=0.8045 q—1 q=0.85 q—1

2 2
20 20 | \
= 10 = 10 = /":3\ = \
S 5 | AN s S i W
50 5 0 50 {g‘gﬁ\‘i‘(ll"““\\;\wil"’fs\ 50 I\ "’l/"\“\\‘\'«[l"‘*“
5 5 : b i, S A
Z Z 2 WA Z ViV
-20 -20 N |/ \
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Figure 1: Plot illustration for Example 4.1. Figure 2: Plot illustration for Example 4.2.
Example 4.2. Find the solution of the q-Klein-Gordon equation
oG r oG . .
- (&,m) — 315 (&) = 2F (§,m) — 2sing (&) sing (n). (4.8)
0qM 0q&

with the initial conditions £ (&,0) = O, %‘%(E,O) = sing(&) and boundary conditions F(0,n) = 0,

i (0n) =si
oz (0,m) = sing(n).
! Applying g-Laplace-typed integral transform to initial and boundary conditions, we obtain

uxt? Yot2
Fi(u) =0, Fy(u)= T Hi(v) =0, and Hy(v)= T
Substituting the values of functions Fy,F,Hy,Hy,A = =1,B = 1,C = D = 0,E = -2, and Q =
—% in (4.5), we obtain
GoqlF (Em)(u,v) = _ (12;‘5;)2(‘1‘:}) — :1?:;2 + ulv::vza _ zuf"“v"‘;2 ' 19)
Vw2 (W +1)(v*+1)

Taking the inverse q-DLTT in (4.9), then the solution of (4.8) is

. [ ucx+2vcx+2

F(&m) =Gy u2+1)(v2+1)] = sing (&) sing(n).

Figure 2 shows the solution of g-Klein-Gordon equation with conditions when we set q = 0.85, which is
shown in the left side of Figure 2 and we set ¢ — 1, which is shown in the right side of Figure 2.

Example 4.3. Find the solution of the q-Laplace equation

aZF aZF
q q
aqnz(é,nH 3422

(&m) =0, &n>0, (4.10)

with the initial conditions £ (¢,0) = 0, %“T’;(E,O) = cosq(&) and boundary conditions £ (0,1) = sinhq(n),
e (0m) =0.
Applying g-Laplace-typed integral transform to initial and boundary conditions, we obtain

a+1 ox+2

u
14 u?’

v

Fi(u) =0, Fpu) = 12

H;(v) and Hj(v) =0.
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Substituting the values of functions Fy,F», Hi,H),A=1,B=1,and C =D =E = Q = 0in (4.5), we obtain

Gl (i) = T T TRE sty (4.11)
2,qlF &M, V) = I+ T2+ 1)(1—v2) '

Taking the inverse q-DLTT in (4.11), then the solution of (4.10) is

. |: u(x+1v(x+2

F(E./T]) = Gz,q

2a —v2)] = c0sq (&) sinhg ().
Figure 3 shows the solution of g-Klein-Gordon equation with conditions when we set q = 0.85, which is
shown in the left side of Figure 3 and we set ¢ — 1, which is shown in the right side of Figure 3.

q=0.85 q—1 4=0.85 q—1
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Figure 3: Plot illustration for Example 4.3. Figure 4: Plot illustration for Example 4.4.

Example 4.4. Find the solution of the q-heat equation

2
gjg(i,n)—g‘:g(é,n)—3/f(£,n) =-3, &n=0, (4.12)
with the initial conditions f (£,0) = 1+ sing(&) and boundary conditions F (0,n) = 1, a‘;—g(o,n) =
€q (—4n).
Applying q-Laplace-typed integral transform to initial and boundary conditions, we obtain
uoc+2 Voc+1
Fi(u) = u*t! + Tr2 Hi(v) =v**l, and Hy(v) = T i

Substituting the values of functions F;,H;,Hy,A =1,B=C =0,D = —1,E = -3, and Q = 3u**lv**lin
(4.5), we obtain

uotlyetl 4 a—Tyatl 4 uXystl Cu e X2y«
Go,qlF (&), v) = - 1““; Ltw?
wovo (4.13)
_ u0<+1v06+1 uoc+2voc+1
(u2+1)4v+1)
Taking the inverse q-DLTT in (4.13), then the solution of (4.12) is
1|, a+ly,0+1 u 2yt
M) =G, =1+si —4n).

Figure 4 shows the solution of g-Klein-Gordon equation with conditions when we set q = 0.85, which is
shown in the left side of Figure 4 and we set ¢ — 1, which is shown in the right side of Figure 4.
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Example 4.5. Find the solution of the g-telegraph equation

% G M
q q q
&m)— En)—=——EM)+FFEM) =0, En =0, 4.14
aqz?( n) 6qn2( n) aqn( n)+F(&m) n (4.14)
with the initial conditions £ (&,0) = eq(&), %(6’0) = —2eq(&) and boundary conditions f (0,1) =

eq—zﬂ/ %(Ozﬂ) = eq_zn-
Applying g-Laplace-typed integral transform to initial and boundary conditions, we obtain

u(x+1 2ucx+l vtx+1 vcx+1

T 2(u) , Hi(v) T2y and H(v) T2y

Fi(u) —

Substituting the values of functions Fy,H;, Hy,A=1,B=-1,C=0,D =—-1,E=1,and Q =0in (4.5), we
obtain

o+1 (x+1v(x

uocflvowrl u%*v w v u Zu(x+1va u“+1v“+1

_I_ —_—
G 7 7 — 1+2v 1+2v 1—u 1—u 1—u = . 4-15
2,qlF (&M)](w,v) é—é_%"’l (1—uw)(1+42v) (4.15)

Taking the inverse q-DLTT in (4.15), then the solution of (4.14) is

B uoc—l—lvoc—i-l

1_u)(1+2\))] = eq(i)eq(—2n).

Figure 5 shows the solution of g-Klein-Gordon equation with conditions when we set q = 0.85, which is
shown in the left side of Figure 5 and we set ¢ — 1, which is shown in the right side of Figure 5.

q=0.85 q—1

%1024

w S

N
Function (&,7)

Function (&,n)

o
o

0

0

I3 5 5 U &7 Ul

Figure 5: Plot illustration for Example 4.5.

In Table 1, we compare exact solution and g-calculus of PDEs by using infinity norm error (L) with
the value of N from 10,20, and 100, which is a parameter of the convergence of the proposed scheme.
When q = 0.8045, g = 0.95,q = 0.99999, and q — 1 the errors are decreasing when N is a higher. In Table
2, when q = 0.85,q = 0.95,q = 0.99999, and q — 1 the errors are decreasing when N is a higher. In Table
3, when q =0.85,q = 0.95,q = 0.99999, and q — 1 the errors are decreasing when N is a higher. In Table
4, when q = 0.85 and q = 0.95 the errors are increasing when N is greater but q = 0.99999 and q — 1 the
errors are decreasing when N is a higher. In Table 5, when q = 0.85 and q = 0.95 the errors are increasing
when N is a higher but g = 0.99999 and q — 1 the errors are decreasing when N is a higher.
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Table 1: Comparison between the exact solution and quantum calculus of PDE regarding Example 4.1.
Infinity norm error (L)

Number of iteration (N)

q=08045 q=095 q=0.99999 q—1
10 2.7095 x 10*  3.1671 8.66814 x 10~* 5.1558 x 10—*
20 1.1230 x 10*  3.1639  7.3939 x10~% 1.4211 x 10~
100 29.4669 31693  7.3939 x 10~* 14211 x 10~

Table 2: Comparison between the exact solution and g-calculus of PDE regarding Example 4.2.
Infinity norm error (L)

Number of iteration (N)

q=085 q=095 q=0.99999 q—1

10 983967  4.6863 00010 14377 x 102
20 9.3509  4.6038 0.0009  4.5574 x 10~
100 9.3304  4.6038 0.0009  4.5574 x 10~ 14

Table 3: Comparison between the exact solution and g-calculus of PDE regarding Example 4.3.
Infinity norm error (L)

Number of iteration (N)

q=0.85 q=095 q=0.99999 q—1
10 9.0382 x 10° 2.9289 x 102 0.0459 0.0063
20 3.3283 x 10°  2.9211 x 102 0.0398 3.9080 x 1013
100 3.3070 2.9211 x 102 0.0398 3.9080 x 10—13

Table 4: Comparison between the exact solution and g-calculus of PDE regarding Example 4.4.
Infinity norm error (L)

Number of iteration (N)

q=0.85 q=0.95 q = 0.99999 q—1

10 49657 x 10°  6.6311 x 10° 6.7297 x 10°  6.7297 x 10°
20 1.6299 x 10*  1.2514 x 101 2.9971 x 10°  2.9996 x 10°
100 3.0587 x 10°%  3.1791 x 101 6.6324 x 10° 5.0366 x 10~°

Table 5: Comparison between the exact solution and g-calculus of PDE regarding Example 4.5.
Infinity norm error (L)

Number of iteration (N)

q=20.85 q=0.95 q = 0.99999 q—1

10 1.4560 x 105 4.9930 x 10° 3.5141 x 10°  3.5150 x 10°
20 41138 x 1010 4.6663 x 107 1.0741 x 10*  1.3195 x 10*
100 7.1047 x 10%* 51731 x 107 2.4693 x 10> 3.3182 x 10?

5. Conclusion

In this study, we have introduced new extensions of the double Laplace-type integral transform (DLTT)
by utilizing quantum calculus, which we called the double g-Laplace-type integral transform (q-DLLT).
Then, we have derived several basic properties and theorems related to g-Taylor expansion, q-convolution,
partial g-derivatives of order one and two, and partial q-derivatives of order n. After that, we established
the formula that can solve q-PDEs, such as g-wave equation, q-Klein-Gordon equation, q-Laplace equa-
tion, g-heat equation, and g-telegraph equation; and plot 3D using q-DLLT. Also, after we made the
convergence comparison, we discussed changing the value of N; the obtained L, error was reduced up
to a high and acceptable order of convergence when q = 0.99999 and q — 1.
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