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Abstract

This paper explores the global exponential stability (GES) for a class of genetic regulatory networks (GRNs) with distributed
time-varying delays. Firstly, we establish a new class of GRNs with recent-history distributed time-varying delays, which can
be useful for better understanding of GRNs dynamics more precisely. Then, to simplify the complexity of the main results,
a suitable Lyapunov functional is constructed with the help of Lyapunov stability theory, and some new delay-dependent
exponential stability conditions for the considered GRNs are derived. Different from other papers, this paper presents novel
results that are easy to solve and new insights into GES of GRNs. Finally, two standard numerical examples along with their
simulation analysis are presented to illustrate the effectiveness of theoretical results.
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1. Introduction

The concept of GRNs is a collection of molecules that interact with one another and with other
molecules within the cell to regulate gene expression levels, which was first proposed in the 1960s, and
it has received significant attention from numerous researchers [1–8]. The study of GRNs is multidisci-
plinary, involving biology, control science, computing, electronics, and theoretical physics [9–13]. From
a mathematical perspective, there are two classes of GRNs: differential equation model which is a con-
tinuous model [14, 16], and Boolean model which is a discrete model [2, 15]. In the continuous model,
the variables describing the concentrations of both mRNA and proteins are continuous values, which can
provide a detailed explanation of the nonlinear dynamical behavior that is exhibited by GRNs [17–20]. On
the other hand, stability is an important aspect of designing or controlling GRNs; it is of great importance
to study the stability of GRNs. To date, several results on the stability of the GRNs have been published
in the literature by employing Lyapunov functions and inequality techniques [24, 25, 28–32, 34, 35].

In real-life situations, time delay is unavoidable in the process of propagating signals of biological
networks in the context of very large scale integration circuits since the transmission speed of information
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is finite in such circuits [3, 18, 25, 29, 30]. There is also a special nature of NNs, since they consist of many
parallel pathways of different axon lengths and sizes, which is why they can be modeled with distributed
delays because they consist of many parallel pathways [9, 15, 21, 24, 25]. In reality, it is actually more
practical to use a GRN model with distributed delays when dealing with individual molecules, since
movement of mRNA from transcription sites to translation sites is an active process with a wide range
of transport times. The existence of time-delayed signals in networks the dynamics leads to instability in
the networks, resulting in poor performance and a loss of efficiency. As a result of the slow process of
translation, transcription, and translocation in GRNs, there can be a time delay in signal, and in practice,
this delayed signal is a time-varying signal, and it is important to consider the time delays when designing
GRNs. As a results, several studies have been published in the literature which examine the dynamics of
GRNs by considering different time delays [16, 21, 22, 28–30].

In recent years, there are several researchers have conducted studies to investigate the various dynam-
ical behaviors of GRNs including, synchronization, asymptotic stability and exponential stability [21–
24, 26, 27, 33]. Unlike asymptotic stability, exponential stability is particularly advantageous because it
ensures that the system’s state converges to equilibrium at a rate proportional to an exponential function,
which is generally faster and more predictable than other forms of stability [10, 15, 21]. Consequently,
much effort has been spent on studies of the GES of GRNs, and a wide range of scientific results have been
published in the literature regarding the GES of GRNs [2, 10, 15, 21]. For example, in [21], the authors
studied the decentralized event-triggered exponential stability for uncertain delayed GRNs with Markov
jump parameters and distributed delays. In [2], the GES problem of discrete-time GRNs with time delays
has been discussed, and several conditions have been established using the Lyapunov method. In [15],
the authors have studied the GES problem of discrete-time GRNs with time-varying discrete delays and
unbounded distributed delays, and also several conditions have been established. However, there have
been very few studies conducted on the GES of GRNs with distributed time-varying delays. In addition,
there is still a lot of room to explore further in the GES of GRNs with distributed time-varying delays.
This motivates us to investigate the present study.

Motivated by the above discussions, this study mainly focuses on the GES problem of GRNs with with
distributed time-varying delays. This study includes the following significant merites. (i) To represent
more realistic dynamical behaviors of GRNs, we considered a general form of GRNs with distributed
time-varying delays. (ii) By constructing suitable Lyapunov functions, several delay-dependent sufficient
conditions have been derived to ensure the GES of the considered NNs. In addition, the obtained GES
criteria are directly expressed by the system parameters, which is more straightforward and can be easily
verified in practice. (iii) To verify the effectiveness and the correctness of theoretical results, two standard
numerical examples along with their simulation analysis are presented.

This study is structured in the following manner. Section 2 delivers the problem model and pre-
liminaries. Section 3 delivers the GES results; Theorem 3.1, Corollary 3.3, and Corollary 3.5 provide
several suitable conditions for GES. Section 4 delivers two numerical examples and Section 5 delivers the
conclusions of this study.

2. Problem model and preliminaries

2.1. Notations

Throughout this paper, the symbol Rn represents the n-dimensional Euclidean space. Rn×m denotes
the set of all real matrices with n rows and m columns. The matrix A > 0(A < 0) indicates that positive
(negative) definite matrix. The transpose of matrix A is denoted as AT , I represents the identity matrix

and ∥ · ∥1 denotes the 1-norm, ∥α∥1 =
∑n

i=1 |αi|, ∥A∥1 = supα̸=0
∥Aα∥1

∥α∥1
.
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2.2. Problem model
This paper considers a class of GRNs with distributed delays as follows:
dmi(t)

dt
= −dimi(t) +

∑n
j=1 aijgj(pj(t− τ(t))) +

∑n
j=1 bij

∫τ(t)
0 Kij(s)gj(pj(t− s))ds+ Ii,

dpi(t)

dt
= −cipi(t) + ei

∫τ(t)
0 Ki(s)mi(t− s)ds,

(2.1)

where i = 1, 2, . . . ,n; mi(t), pi(t) are the mRNA and protein concentrations of the ith node at time t;
di and ci represent the degradation rates of mRNA and protein, respectively; and ei is the translation
rate; τ(t) is the transcriptional and translational delays, which satisfies 0 ⩽ τ(t) ⩽ τ∗, τ̇(t) ⩽ δ < 1;

gj(pj(·)) =
(pj(·)/νj)

Hj

1+(pj(·)/νj)
Hj

is the feedback regulation of the protein in the transcription process, where Hj is

the Hill coefficient and νj > 0 is a constant; Kij(s) is the delay kernel; Ii =
∑

κi
ϑij is the basal rate, where

κi is the set of all the j which is a repressor of the gene i and ϑij is the dimensionless transcriptional rate
of the transcription factor j to the gene i; aij, bij are coupling matrix of the gene network and denoted by

aij =


ϑij, transcription factor activator of gene i,
0, no connection between j and i,
−ϑij, transcription factor repressor of gene i,

bij =


ϑij, transcription factor activator of gene i,
0, no connection between j and i,
−ϑij, transcription factor repressor of gene i.

The initial condition of GRNs (2.1) is given by

mi(t) = γi(t), t ∈ [−τ, 0], i = 1, 2, . . .n, pi(t) = ζi(t), t ∈ [−τ, 0], i = 1, 2, . . .n,

where γi(t) and ζj(t) are continuous function defined on [−τ, 0].
The following assumption and definitions are crucial to derive the theoretical results presented in this

study.

2.3. Preliminaries
(A1): The activation functions gj (j = 1, 2, . . .n) are Lipschitz continuous on Rn with Lipschitz con-
stants Lgj , that is |gj(α) − gj(β)| ⩽ L

g
j |α− β|, ∀α,β ∈ R. Also we denote L̃g = max1⩽j⩽n L

g
j and K∗ =

max1⩽i⩽n, 1⩽j⩽n

{
maxs∈[τ∗,0] Kji(s)

}
.

(A2): Suppose that (A1) holds, GRNs (2.1) has at least one nonnegative equilibrium point (m∗,p∗)T .
In order to shifting the equilibrium point into the origin, let α(·) = m(·) −m∗, β(·) = p(·) − p∗, then

the GRNs (2.1) becomes
dαi(t)

dt
= −diαi(t) +

∑n
j=1 aijgj(βj(t− τ(t))) +

∑n
j=1 bij

∫τ(t)
0 Kij(s)gj(βj(t− s))ds,

dβi(t)

dt
= −ciβi(t) + ei

∫τ(t)
0 Ki(s)αi(t− s)ds.

(2.2)

The vector matrix form of GRNs (2.2) can also be written as:
dα(t)

dt
= −Dα(t) +Ag(β(t− τ(t))) +B

∫τ(t)
0 K(s)g(β(t− s))ds,

dβ(t)

dt
= −Cβ(t) + E

∫τ(t)
0 K(s)α(t− s)ds,

(2.3)



S. Logeswari, R. Sriraman, J. Math. Computer Sci., 38 (2025), 252–262 255

where

αi(t)) =mi(t) −m
∗
i , βi(t)) = pi(t) − p

∗
i ,

α(t) = [α1(t),α2(t), . . . ,αn(t)]
T , β(t) = [β1(t),β2(t), . . . ,βn(t)]

T ,
gi(βj(·)) = gi(mj(·) +m∗

j + Ii) − gi(m
∗
j + Ii), D = diag{d1,d2, . . . ,dn} ∈ Rn×n,

C = diag{c1, c2, . . . , cn} ∈ Rn×n, E = diag{e1, e2, . . . , en} ∈ Rn×n,
A = (aij)n×n ∈ Rn×n, B = (bij)n×n ∈ Rn×n.

Definition 2.1. The zero equilibrium point Z∗ = [m∗,p∗]T of GRNs (2.1) is said to be GES, if there
exist constants θ > 0 and ϵ > 0 such that for any solution Z(t) = [m(t),p(t)]T with initial conditions
ψ(t) = [γ(t), ζ(t)]T ∈ C([−τ, 0],Rn) satisfies

∥Z(t) −Z∗∥1∆ ⩽ θe−ϵt∥ψ(t) − z∗∥1∆, ∀t ⩾ 0,

where ∥ψ(t) −Z∗∥1∆ =
∑n

i=1 supt∈[−τ∗,0] |γi(t) −m
∗
i |+

∑n
j=1 supt∈[−τ∗,0] |ζj(t) − p

∗
j |.

3. Main results

This section explores the GES for GRNs (2.3) on the basis of Lyapunov stability theory.

Theorem 3.1. Assume that (A1) holds, then the GRNs (2.3) is GES if the subsequent conditions are true:

∥E∥1

1 − δ
K∗τ∗ < ∥D∥1,

∥A∥1

1 − δ
L̃g +

∥B∥1

1 − δ
K∗τ∗L̃g < ∥C∥1. (3.1)

Proof. From (3.1), there exists ϵ > 0, a small positive constant, such that

∥D∥1 − ϵ−
∥E∥1

1 − δ
K∗τ∗eϵτ

∗
⩾ 0, ∥C∥1 − ϵ−

∥A∥1

1 − δ
L̃ge

ϵτ∗
−

∥B∥1

1 − δ
K∗τ∗L̃ge

ϵτ∗
⩾ 0.

To obtain the result, we define the following Lyapunov functional V(t) as follows

V(t) =∥α(t)∥1e
ϵt + ∥β(t)∥1e

ϵt +
∥A∥1

1 − δ

n∑
j=1

∫t
t−τ(t)

|gj(βj(s))|e
ϵ(s+τ∗)ds

+
∥B∥1

1 − δ
K∗

n∑
j=1

∫t
t−τ(t)

(s− t+ τ(t))|gj(βj(s)|e
ϵ(s+τ∗)ds

+
∥E∥1

1 − δ
K∗

n∑
i=1

∫t
t−τ(t)

(s− t+ τ(t)) |αi((s))|e
ϵ(s+τ∗)ds.

By employing the Dini right upper derivative of V(t) of GRNs (2.3) along the trajectories, we have

D+V(t) = ϵ∥α(t)∥1e
ϵt +D+∥α(t)∥1e

ϵt + ϵ∥β(t)∥1e
ϵt +D+∥β(t)∥1e

ϵt +
∥A∥1

1 − δ

n∑
j=1

|gj(βj(t))|e
ϵ(t+τ∗)

−
∥A∥1

1 − δ

n∑
j=1

(1 − τ̇(t))|gj(βj(t− τ(t)))|e
ϵ(t−τ(t)+τ∗) +

∥B∥1

1 − δ
K∗τ(t)

n∑
j=1

|gj(βj(t))|e
ϵ(t+τ∗)

−
∥B∥1

1 − δ
K∗

n∑
j=1

∫t
t−τ(t)

(1 − τ̇(t))|gj(βj(s))|e
ϵ(s+τ∗)ds+

∥E∥1

1 − δ
K∗τ(t)

n∑
i=1

|αi(t)|e
ϵ(s+τ∗)

−
∥E∥1

1 − δ
K∗

n∑
i=1

∫t
t−τ(t)

(1 − τ̇(t))|αi(s)|e
ϵ(s+τ∗)ds
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⩽ −(∥D∥− ϵ)∥α(t)∥1e
ϵt + ∥A∥1∥g(β(t− τ(t)))∥1e

ϵt + ∥B∥1K
∗
∫τ(t)

0
|g(β(t− s))|dseϵt

− (∥C∥− ϵ)∥β(t)∥1e
ϵt + ∥E∥1K

∗
∫τ(t)

0
|α(t− s))|dseϵt +

∥A∥1

1 − δ
L̃ge

ϵτ∗∥β(t)∥1e
ϵt

− ∥A∥1∥g(β(t− τ(t)))∥1e
ϵt +

∥B|1
1 − δ

K∗L̃ge
ϵτ∗∥β(t)∥1e

ϵt − ∥B∥1K
∗
∫τ(t)

0
g(β(t− s))|1dse

ϵt

+
∥E∥1

1 − δ
K∗τ∗eϵτ

∗∥α(t)∥1e
ϵt − ∥E∥1K

∗
∫τ(t)

0
|α((t− s))|dseϵt

⩽ −

(
∥D∥1 − ϵ−

∥E∥1

1 − δ
eϵτ

∗
)
∥α(t)∥1e

ϵt

−

(
∥C∥1 − ϵ−

∥A∥1

1 − δ
L̃ge

ϵτ∗
−

∥B∥1

1 − δ
K∗τ∗L̃ge

ϵτ∗
)
∥β(t)∥1e

ϵt

D+V(t) ⩽ 0.

Then, one can obtain that,

∥α(t)∥1e
ϵt + ∥β(t)∥1e

ϵt

⩽ V(t)

⩽ V(0)

= ∥α(0)∥1 + ∥β(0)∥1 +
∥A∥1

1 − δ

n∑
j=1

∫ 0

−τ(0)
|gj(βj(s)|e

ϵ(s+τ∗)ds

+
∥B∥1

1 − δ
K∗

n∑
j=1

∫ 0

−τ(0)
(s+ τ(0))|gj(βj(s)|e

ϵ(s+τ∗)ds+
∥E∥1

1 − δ
K∗

n∑
i=1

∫ 0

−τ(0)
(s+ τ(0))|αi(s)|e

ϵ(s+τ∗)ds

⩽ ∥α(0)∥1 + ∥β(0)∥1 +
∥A∥1

1 − δ
L̃gτ

∗eϵτ
∗

n∑
j=1

sup
s∈[−τ(0),0]

|ζj(s) − p
∗
j |

+
∥B∥1

1 − δ
L̃gK

∗τ∗2eϵτ
∗

n∑
j=1

sup
s∈[−τ(0),0]

|ζj(s) − p
∗
j |+

∥E∥1

1 − δ
K∗τ∗2eϵτ

∗
n∑

i=1

sup
s∈[−τ(0),0]

|γi(s) −m
∗
i |

⩽

(
1 +

∥E∥1

1 − δ
K∗τ∗2eϵτ

∗
)
∥γ−m∗∥1∆ +

(
1 +

∥A∥1

1 − δ
L̃gτ

∗eϵτ
∗
+

∥B∥1

1 − δ
K∗τ∗2L̃ge

ϵτ∗
)
∥ζ− p∗∥1∆

= θ1∥γ−m∗∥1∆ + θ2∥ζ− p∗∥1∆ ⩽ θ

(
∥γ−m∗∥1∆ + ∥ζ− p∗∥1∆

)
,

where

θ1 = 1 +
∥E∥1

1 − δ
τ∗2eϵτ

∗
, θ2 = 1 +

∥A∥1

1 − δ
L̃gτ

∗eϵτ
∗
+

∥B∥1

1 − δ
K∗τ∗2L̃ge

ϵτ∗
, θ = max

{
θ1, θ2

}
.

Hence, we obtain

∥α(t)∥1 + ∥β(t)∥1 ⩽ θ

(
∥γ(t)∥1∆ + ∥ζ(t)∥1∆

)
e−ϵt.

By Definition 2.1, we obtained that the equilibrium point of (2.3) is GES. The proof is completed.

Remark 3.2. When the time-varying delay τ(t) = τ, then the GRNs (2.3) becomes:
dα(t)

dt
= −Dα(t) +Ag(β(t− τ)) +B

∫τ
0 K(s)g(β(t− s))ds+ I,

dβ(t)

dt
= −Cβi(t) + E

∫τ
0 K(s)α(t− s)ds.

(3.2)
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The following Corollary 3.3 gives the GES criterion for the GRNs.

Corollary 3.3. Assume that (A1) holds, then the GRNs (3.2) is GES if the subsequent conditions are true:

∥E∥1K
∗τ < ∥D∥1, ∥A∥1L̃g + ∥B∥1K

∗τL̃g < ∥C∥1.

Proof. Define the following Lyapunov functional,

V(t) = ∥α(t)∥1e
ϵt + ∥β(t)∥1e

ϵt + ∥A∥1

n∑
j=1

∫t
t−τ

|gj(βj(s))|e
ϵ(s+τ)ds

+ ∥B∥1K
∗

n∑
j=1

∫t
t−τ

(s− t+ τ)|gj(βj(s)|e
ϵ(s+τ)ds+ ∥E∥1K

∗
n∑

i=1

∫t
t−τ

(s− t+ τ)|αi((s))|e
ϵ(s+τ)ds.

By applying the similar procedure of Theorem 3.1, the remaining results can be obtained.

Remark 3.4. When A = 0, then the GRNs (2.3) becomes:
dα(t)

dt
= −Dα(t) +B

∫τ(t)
0 K(s)g(β(t− s))ds,

dβ(t)

dt
= −Cβ(t) + E

∫τ(t)
0 K(s)α(t− s)ds.

(3.3)

By applying the similar procedure of Theorem 3.1, the following Corollary 3.5 can be derived for the
GRNs (3.3).

Corollary 3.5. Assume that (A1) holds, then the GRNs (3.3) is GES if the subsequent conditions are true:

∥E∥1

1 − δ
K∗τ∗ < ∥D∥1,

∥B∥1

1 − δ
K∗τ∗L̃g < ∥C∥1.

Remark 3.6. In recent years, there have been several notable studies have been conducted on the dynamical
analysis of GRNs. For example, in [9], the authors examined GRNs with distributed delay and derived
some sufficient conditions for robust stability by constructing suitable Lyapunov functional. In [13], the
authors considered a class of GRNs with disturbance attenuation and discussed the stochastic stability
analysis of GRNs. In [14], the authors examined Markovian switching uncertain stochastic GRNs with
unbounded time-varying delays and also derived some sufficient conditions for robust µ-stability based
on Lyapunov stability theory. In [16], the authors derived the multistability criteria for delayed GRNs with
multivariable regulation function. It is important to note that there have been only few studies conducted
on the GES of GRNs with distributed time-varying delays by Lyapunov stability theory. Therefore, this
paper aims to fill such gap by investigating GES of GRNs with distributed time-varying delays.

4. Illustrative examples

This section presents two numerical case studies to describe the advantages and applicability of the
theoretical results.

Example 4.1. Consider the following three-neuron GRNs with distributed delays as follows:

dα1(t)

dt
= −d1α1(t) + a11g1(β1(t− τ(t))) + a12g2(β2(t− τ(t))) + a13g3(β3(t− τ(t)))

+ b11

∫τ(t)
0

K1(s)g1(β1(t− s))ds+ b12

∫τ(t)
0

K1(s)g2(β2(t− s))ds

+ b13

∫τ(t)
0

K1(s)g3(β3(t− s))ds+ I1,
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dα2(t)

dt
= −d2α2(t) + a21g1(β1(t− τ(t))) + a22g2(β2(t− τ(t)) + a23g3(β3(t− τ(t))

+ b21

∫τ(t)
0

K2(s)g1(β1(t− s))ds+ b22

∫τ(t)
0

K2(s)g2(β2(t− s))ds

+ b23

∫τ(t)
0

K2(s)g3(β3(t− s))ds+ I2, (4.1)

dα3(t)

dt
= −d3α3(t) + a31g1(β1(t− τ(t))) + a32g2(β2(t− τ(t))) + a33g3(β3(t− τ(t)))

+ b31

∫τ(t)
0

K3(s)g1(β1(t− s))ds+ b32

∫τ
0
K3(s)g2(β2(t− s))ds

+ b33

∫τ(t)
0

K3(s)g3(β3(t− s))ds+ I3,

dβ1(t)

dt
= −c1β1(t) + e1

∫τ(t)
0

K1(s)(α1(t− τ(t)))ds,

dβ2(t)

dt
= −c2β2(t) + e2

∫τ(t)
0

K2(s)(α2(t− τ(t))ds,

dβ3(t)

dt
= −c3β2(t) + e3

∫τ(t)
0

K3(s)(α3(t− τ(t))ds,

where d1 = 1, d2 = 1, d3 = 1, a11 = −0.02, a12 = 0.01, a13 = 0.03, a21 = −0.01, a22 = −0.02, a23 = 0.07,
a31 = 0.1, a32 = 0.03, a33 = −0.02, b11 = −0.03, b12 = 0.02, b13 = 0.01, b21 = −0.02, b22 = −0.04,
b23 = 0.01, b31 = 0.2, b32 = −0.04, b33 = −0.01, c1 = 1, c2 = 1, c3 = 1, e1 = 0.5, e2 = 0.5, e3 = 0.5. The
time-varying delay τ(t) is considered as τ(t) = 0.2 + 0.5 sin(t), which implies that 0 ⩽ τ(t) ⩽ τ∗ = 0.7. It
is observable that 0 ⩽ τ̇(t) ⩽ δ = 0 ⩽ 0.5 cos(t) ⩽ 0.3. The nonlinear neuron activation function is taken
as g1(·) = 0.5 tanh(·), g2(·) = 0.5 tanh(·), g3(·) = 0.5 tanh(·), it is easy to verify that the activation function
is satisfied with L̃g = 1.

Let K1(s) = K2(s) = K3(s) = 0.3(1 − sin(s)), K∗ = 0.3, according to Theorem 3.1, it is not hard to verify
that

∥E∥1

1 − δ
K∗τ∗ < ∥D∥1 ⇒ 0.5

0.5
× 0.3 × 0.7 = 0.21 < 1,

∥A∥1

1 − δ
L̃g +

∥B∥1

1 − δ
K∗τ∗L̃g < ∥C∥1 ⇒ 0.13

0.5
+

0.25
0.5

× 0.3 × 0.7 × 1 = 0.365 < 1,

which implies that all the conditions of Theorem 3.1 is fulfilled with the above values. Therefore, accord-
ing to Theorem 3.1 we can determine that GRNs (4.1) is GES.

Under the initial conditions ζ(t) = [0.4,−0.3, 0.2]T and γ(t) = [−0.3, 0.3,−0.6]T , the time response of
mRNA and proteins are given in Figure 1. The phase plots of mRNA and proteins are shown in Figures
2 and 3. From simulation results in Figures 1-3, it is clear that the GRNs (4.1) is GES.
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Figure 1: Time response of mRNA and protein concentra-
tions α1(t), α2(t), α3(t), β1(t), β2(t), β3(t) of GRNs (4.1).

Figure 2: Phase plot of α1(t), α2(t) and α3(t) of GRNs (4.1).
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Figure 3: Phase plot of β1(t), β2(t), and β3(t) of GRNs (4.1).

Example 4.2. Consider the following two-neuron GRNs with distributed delays as follows:

dα1(t)

dt
= −d1α1(t) + a11g1(β1(t− τ)) + a12g2(β2(t− τ))

+ b11

∫τ
0
K1(s)g1(β1(t− s))ds+ b12

∫τ
0
K1(s)g2(β2(t− s))ds+ I1,

dα2(t)

dt
= −d2α2(t) + a21g1(β1(t− τ) + a22g2(β2(t− τ) (4.2)

+ b21

∫τ
0
K2(s)g1(β1(t− s))ds+ b22

∫τ
0
K2(s)g2(β2(t− s))ds+ I2,

dβ1(t)

dt
= −c1β1(t) + e1

∫τ
0
K1(s)(α1(t− τ))ds,

dβ2(t)

dt
= −c2β2(t) + e2

∫τ
0
K2(s)(α2(t− τ)ds,

where d1 = 1, d2 = 1, a11 = −0.03, a12 = 0.02, a21 = 0.05, a22 = 0.03, b11 = −0.04, b12 = 0.1, b21 = 0.02,
b22 = 0.01, c1 = 1, c2 = 1, e1 = 0.5, e2 = 0.5. The time delay τ is considered as τ = 0.5, and the nonlinear
activation function is taken as g1(·) = 0.5 tanh(·), g2(·) = 0.5 tanh(·). One can obtain that the activation
function is satisfied with L̃g = 1.

Let K∗ = 0.3, according to Corollary 3.3, it is not hard to verify that

∥E∥1K
∗τ < ∥D∥1 ⇒ 0.5 × 0.3 × 0.5 = 0.075 < 1,

∥A∥1L̃g + ∥B∥1K
∗τL̃g < ∥C∥1 ⇒ 0.08 × 1 + 0.11 × 0.3 × 0.5 × 1 = 0.0965 < 1,

which implies that all the conditions of Corollary 3.3 is fulfilled with the above values. Therefore, accord-
ing to Corollary 3.3 we can determine that GRNs 4.2 is GES.

Under randomly selected 10 initial conditions, the trajectories of mRNA and proteins are given Figures
4 and 5. The phase plots of mRNA and proteins are shown in Figures 6 and 7. From simulation results in
Figures 4-7, it is clear that the GRNs (4.2) is GES.

5. Conclusions

This paper explored the GES problem for a class of GRNs with distributed time-varying delays. Firstly,
we establish a new class of GRNs with recent-history distributed time-varying delays, which can be useful
for better understanding of GRNs dynamics more precisely. Then, to simplify the complexity of the
main results, a suitable Lyapunov functional is constructed with the help of Lyapunov stability theory,
and some new delay-dependent exponential stability conditions for the considered GRNs are derived.
Different from other papers, this paper presents novel results that are easy to solve and new insights
into exponential stability of GRNs. Finally, two standard numerical examples along with their simulation
analysis are presented to illustrate the effectiveness of theoretical results.
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Figure 4: Time response of mRNA and protein concentra-
tions α1(t) and β1(t) of GRNs (4.2).
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Figure 5: Time response of mRNA and protein concentra-
tions α2(t) and β2(t) of GRNs (4.2).
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Figure 6: Phase plot of α1(t) and α2(t) of GRNs (4.2).
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Figure 7: Phase plot of β1(t) and β2(t) of GRNs (4.2).
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