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Abstract
Yang local fractional calculus is very effective tools to investigate the non-differentiable functions. Moreover, local fractional

calculus generalize the classical results and provide more general framework to investigate various problems. This study intends
to construct new versions of Maclaurin’s inequality for generalized fractional calculus. The study introduces a fresh equation
for first-order local differentiable mappings. We develop new error estimates of Maclaurin’s inequality incorporated with newly
proposed identity, local fractional (L.F) variants of Hölder’s type inequalities and generalized convexity. Additionally, we discuss
some potential consequences of our primary findings to ensure the worth of our findings. We establish some interesting relations
between generalized means, error boundaries of composite quadrature schemes within fractal space and probability distribution.
We justify the accuracy of proposed results through visual analysis. The bounds obtained in our study are the better bounds as
compared to previously established results. Also, for different values of σ ∈ (0, 1], blend of inequalities can be obtained.
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1. Introduction and preliminaries

In the literature, various methods are used to analyze errors in numerical integral techniques. One
common challenge occurs when dealing with functions that are first- or second-order differentiable, mak-
ing it difficult to precisely formulate the error terms for open and closed methods, like Simpson’s schemes.
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Integral inequalities are used to establish error bounds for first-order differentiable convex functions. An-
other problem is how to find the reminder terms of quadrature rules for non-differentiable mapping. In
the following scenarios, quantum calculus and Yang’s L.F calculus are beneficial to tackle such problems.
In addition to this, specific integral inequalities have been developed for non-convex functions with prop-
erties similar to convex functions to address these challenges. The notion of convex functions is defined
as

Ψ((1 − ℓ)µ+ ℓy) ⩽ (1 − ℓ)Ψ(µ) + ℓΨ(y), ∀µ,y ∈ [ϑ, ρ],

where ℓ ∈ [0, 1]. One of extensively investigated results pertaining to the convex functions in the theory
of inequalities is Hermite-Hadamard’s inequality. It reads as follows. Suppose Ψ : I = [ϑ, ρ] ⊂ R → R is a
convex function, then

Ψ

(
ϑ+ ρ

2

)
⩽

1
ρ− ϑ

∫ρ
ϑ

Ψ(µ)dµ ⩽
Ψ(ϑ) +Ψ(ρ)

2
.

It is worth mentioning here the analysis of Hermite-Hadamard’s inequality from both the right and left
sides provide us the bounds for the remainder terms of trapezoidal and midpoint rules used for numerical
integration, see [3]. Simpson’s rule is also one of the most commonly used three-point approximation
integration rule. We now discuss Simpson’s 1

8 -formula and its corresponding error inequality:∫ρ
ϑ

Ψ(µ)dµ =
1
6

[
Ψ(ϑ) + 4Ψ

(
ϑ+ ρ

2

)
+Ψ(ρ)

]
.

Theorem 1.1 ([2]). Suppose Ψ : [ϑ, ρ] → R ia a fourth-order continuously differentiable function on (ϑ, ρ) and
||Ψ(4)||∞ = supµ∈(ϑ,ρ) |Ψ

(4)| < ∞, then∣∣∣∣16
[
Ψ(ϑ) + 4Ψ

(
ϑ+ ρ

2

)
+Ψ(ρ)

]
−

1
ρ− ϑ

∫ρ
ϑ

Ψ(µ)dµ
∣∣∣∣ ⩽ 1

2880
||Ψ(4)||∞(ρ− ϑ)5.

The Maclaurin method is used to address the limitations of Simpson’s approach as it does not incor-
porate with any boundary points in its quadrature method. We introduce the Maclaurin-type inequality,
expressed as:∣∣∣∣18

(
3Ψ
(

5ϑ+ ρ

6

)
+ 2Ψ

(
ϑ+ ρ

2

)
+ 3Ψ

(
ϑ+ 5ρ

6

))
−

1
ρ− ϑ

∫ρ
ϑ

Ψ(µ)dµ
∣∣∣∣ ⩽ 7(ρ− ϑ)2

51840
∥Ψ(4)∥∞.

The concept of fractals has been utilized in various scientific fields for over a century, but its importance
in mathematics has significantly increased in recent years. Mandelbrot authored several monographs on
this subject and put forward the conception of a fractal set, defined as a set with Hausdorff dimensions
greater than its topological dimensions. This has led to numerous studies on the subject. In [24], Yang
developed certain σ-level sets based on the assertion that σ represents the fractal set dimension. The
concept of fractional calculus emerged alongside classical concepts to calculate fractional order derivatives
and integrals. It has gained significant attention for its utility in mathematical modelling. Continuity is
typically required for functions to be differentiable. When functions are not differentiable, L.F calculus
becomes essential. Mo et al. [10] came up with the theory of convexity over Rσ and analyzed aspects of
this class of functions, including fundamental inequalities over fractal set.

In [15] authors investigated Ostrowski-type inequalities from the perspective of generalized convexity.
In 2018, Noor et al. [11] explored the harmonic convex functions to derive weighted Hadamard-like
inequalities. Authors in [13] presented a stronger version of convex functions defined over Rσ and its
characterization. By utilizing this class of convexity, new bounds of Jensen’s like were acquired. Luo et al.
[8] analyzed the weighted form of Hadamard-like inequalities related to h-convex functions defined over
Rσ. Sun et al. [21] established Hadamard-like inequalities considering harmonic convex functions and
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their connection with generalized fractional calculus. In 2021, Weibing Sun [20] used generalized convex
functions to derive new Ostrowski’s bounds with applications to information theory. Vivas-Cortez et al.
[23] examined some novel extended forms of Bullen’s like inequalities along with applications to non-
linear analysis. Sarikaya and Budak [14] analyzed the weighted Hadamard’s like inequalities by utilizing
the concepts of Yang calculus. Du et al. [4] constructed several integral inequalities incorporated with
m-convexity within fractal space. Du and Yuan [5] studied the unified integral inequalities by means of
parametric identity and generalized convexity along with applications. In [22] authors discussed some
new improved forms of fractal Ostrowsli’s inequality pertaining to generalized convexity.

In 2013 [1], Alomari and Dragomir proposed the unified kernel and derived error inequalities for
several Newton-Cotes formulas, including the trapezoidal, midpoint, Simpson’s, Milne, and Maclaurin’s
inequalities. Meftah et al. [9] constructed error bounds for Maclaurin’s method by using the concept
of generalized convexity in the fractal domain, supported with applications. In 2023, Hezenci et al.
[7] analyzed the fractional analogues of Maclaurin’s-like inequalities via convex functions, with results
verified by numerical and visual analysis. In [18], authors explored Maclaurin’s type inequalities in the
framework of quantum calculus. Penga and Duo [12] used multiplicative calculus to propose new error
estimations concerning Milne’s formula. For more detail, see [6, 16, 17, 19].

The motivation of this research is to acquire new versions of Maclaurin’s inequality using generalized
fractional calculus and a generalized concept of convexity. To provide new error estimates for Maclaurin’s
schemes, we establish a new identity that allows us to determine bounds on the remainder in the open
methods we are investigating. We derive several new estimates and their specific cases, which have
proven to be very beneficial. By selecting certain values of σ ∈ (0, 1], we can obtain several Maclaurin’s
like inequalities. In addition, we validate our main results through numerical and visual analysis as well
as through interesting applications involving probability distributions, quadrature schemes, and special
means.

1.1. Local fractional calculus
We now present the facts of local calculus introduced by Yang [24]. First, we provide the σ type set of

element sets:

1. Zσ := {±0σ,±1σ,±2σ, . . .};

2. Qσ := {vσ =
(
p
q

)σ
: p,q ∈ Z,q ̸= 0};

3. Q
′σ

:= {vσ ̸=
(
p
q

)σ
: p,q ∈ Z,q ̸= 0};

4. Rσ := Qσ
⋃

Q ′σ.

We discuss operations + and ∗ (multiplication) on the σ-set Rσ of real numbers

cσ + dσ := (c+ d)σ and cσ ∗ dσ = cσdσ := (cd)σ,

and both cσ + dσ, cσdσ ∈ Rσ.
• Also (Rσ,+) is a commutative group. For any cσ,dσ, eσ ∈ Rσ, cσ + dσ = dσ + cσ and (cσ + dσ) + eσ =
cσ + (dσ + eσ). Also 0σ is the additive identity of Rσ, 0σ + cσ = cσ + 0σ, ∀cσ ∈ Rσ. For any cσ, there
exists (−c)σ ∈ Rσ such that cσ + (−c)σ = 0σ.
• Also (Rσ, ∗) − {0} is a commutative group. For any cσ,dσ, eσ ∈ Rσ, cσdσ = dσcσ and (cσdσ)eσ =
cσ(dσeσ). 1σ ∈ Rσ, then for each cσ ∈ Rσ such that 1σcσ = cσ1σ = cσ. For each cσ ∈ Rσ there exists( 1
c

)σ
such that cσ

( 1
c

)σ
=
(
c 1
c

)σ
= 1σ.

Local fractional continuity is demonstrated as follows.

Definition 1.2 ([24]). Any function Ψ : R → Rσ, µ → Ψ(µ) is considered to be L.F continuous at µ0, if for
any ϵ > 0, ∃δ > 0 such that |Ψ(µ) −Ψ(µ0)| < ϵσ, |µ− µ0| < δ. If Ψ(µ) is local continuous at (a, ρ), then
Ψ(µ) ∈ Cσ(ϑ, ρ).
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Now we revisit the differentiability of functions defined by Yang [24].

Definition 1.3 ([24]). The L.F derivative of Ψ(µ) of order σ at µ = µ0 is described as:

Ψσ(µ) = µ0D
σ
µΨ(µ) =

∣∣∣∣dσΨ(µ)

(dµ)σ

∣∣∣∣
µ=µ0

= lim
µ→µ0

△σ(Ψ(µ) −Ψ(µ0))

(µ− µ0)σ
,

where △σ(Ψ(µ) −Ψ(µ0)) = Γ(1 + σ)(Ψ(µ) −Ψ(µ0)).

Let Ψσ(µ) = Dσ
µΨ(µ). If there exists Ψ(k+1)σ(µ) =

(k+1)times︷ ︸︸ ︷
Dσ

µΨ(µ).D
σ
µΨ(µ) . . .Dσ

µΨ(µ) for any µ ∈ [ϑ, ρ], then it is
specified by Ψ ∈ D(k+1)σ, where k = 1, 2, 3, . . ..

Now, we report the L.F integration of Ψ(µ) ∈ Cσ(ϑ, ρ).

Definition 1.4. Let △ = {µ0,µ1,µ2, . . . ,µγ} where γ ∈ N be a division of [ϑ, ρ] such that µ0 < µ1 < µ2 <

· · · < µγ. Then L.F integral of Ψ on [ϑ, ρ] is explored as

ϑI
σ
ρΨ(µ) =

1
Γ(1 + σ)

∫ρ
ϑ

Ψ(µ)(dµ)σ =
1

Γ(1 + σ)
lim

△µi→0

γ∑
i=1

Ψ(µi(△µi)
σ,

where △µi = µi − µi−1 for i = 1, 2, 3, . . . ,γ.
The above statement is evident that ϑI

σ
ρΨ(µ) = 0 if ϑ = ρ and ϑI

σ
ρΨ(µ) = − ρI

σ
ϑΨ(µ), when ϑ < ρ. For

any µ ∈ [ϑ, ρ], if there exists ϑI
σ
ρΨ(µ), then it is denoted by Ψ(µ) ∈ Iσµ[ϑ, ρ].

Lemma 1.5. The subsequent equations are satisfied.

1. If Ψ(µ) = rσ(µ) ∈ Cσ[ϑ, ρ], then ϑI
σ
ρr

σ(µ) = r(ρ) − r(ϑ) (L.F integration).
2. L.F derivative of µkσ is such that

dσµkσ

(dµ)σ
=

Γ(1 + kσ)

Γ(1 + (k− 1)σ)
µ(k−1)σ.

3. L.F integration of µkσ is such that:

1
Γ(1 + σ)

∫ρ
ϑ

µkσ(dµ)σ =
Γ(1 + kσ)

Γ(1 + (k+ 1)σ)
(ρ(k+1)σ − ϑ(k+1)σ).

In 2014 Mo et al. [10] explored the idea of convex functions in fractal domain, and is demonstrated as
follows.

Definition 1.6. Any function Ψ : [ϑ, ρ] → Rσ is said to be generalized convex functions, if

Ψ(ℓϑ+ (1 − ℓ)ρ) ⩽ ℓσΨ(ϑ) + (1 − ℓ)σΨ(ρ),

ℓ ∈ [0, 1] and 0 < σ ⩽ 1.

The trapezium inequality for the fractal set is given as follows.

Theorem 1.7. If Ψ : [ϑ, ρ] → Rσ (0 < σ ⩽ 1) is a generalized convex function, then

Ψ

(
ϑ+ ρ

2

)
⩽

Γ(1 + σ)

(ρ− ϑ)σ
ϑI

σ
ρΨ(µ) ⩽

Ψ(ϑ) +Ψ(ρ)

2σ
,

where 0 < σ ⩽ 1.

For more detail see [10]. We have organized our investigations in the following segments. In the very
first, we discuss the background of the problem and some essential facts about convexity and inequalities
both in the classical and fractal domains. The second part contains the principle findings regarding
Maclaurin’s inequality. The third section contains the applicable and visual analysis of primary outcomes.
Finally, the concluding remarks are added.
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2. Main results

In this part, we demonstrate our key findings.

Lemma 2.1. Assume that Ψ : I → Rσ be a differentiable function on Io, ϑ, ρ ∈ Io with ϑ < ρ and Ψσ ∈ Cσ[ϑ, ρ],
then

1
8σ

(
3σΨ

(
5ϑ+ ρ

6

)
+ 2σΨ

(
ϑ+ ρ

2

)
+ 3σΨ

(
ϑ+ 5ρ

6

))
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑIρ

σΨ(u)

= (ρ− ϑ)σ

(
1

Γ(1 + σ)

∫ 1
6

0
ℓσΨσ((1 − ℓ)ϑ+ ℓρ)(dℓ)σ +

1
Γ(1 + σ)

∫ 1
2

1
6

(
ℓ−

3
8

)σ

Ψσ((1 − ℓ)ϑ+ ℓρ)(dℓ)σ

+
1

Γ(1 + σ)

∫ 5
6

1
2

(
ℓ−

5
8

)σ

Ψσ((1 − ℓ)ϑ+ ℓρ)(dℓ)σ +
1

Γ(1 + σ)

∫ 1

5
6

(ℓ− 1)σΨσ((1 − ℓ)ϑ+ ℓρ)(dℓ)σ
)

.

(2.1)

Proof. Consider

I1 =
1

Γ(1 + σ)

∫ 1
6

0
ℓσΨσ((1 − ℓ)ϑ+ ℓρ)(dℓ)σ, I2 =

1
Γ(1 + σ)

∫ 1
2

1
6

(
ℓ−

3
8

)σ

Ψσ((1 − ℓ)ϑ+ ℓρ)(dℓ)σ,

I3 =
1

Γ(1 + σ)

∫ 5
6

1
2

(
ℓ−

5
8

)σ

Ψσ((1 − ℓ)ϑ+ ℓρ)(dℓ)σ, I4 =
1

Γ(1 + σ)

∫ 1

5
6

(ℓ− 1)σΨσ((1 − ℓ)ϑ+ ℓρ)(dℓ)σ.

Implementing the integration by parts, we have

I1 = ℓσ
(
Ψ((1 − ℓ)ϑ+ ℓρ)

(ρ− ϑ)σ

)∣∣∣∣ 1
6

0
−

1
Γ(1 + σ)

∫ 1
6

0
Γ(1 + σ)

Ψ((1 − ℓ)ϑ+ ℓρ)

(ρ− ϑ)σ
(dℓ)σ

=
1

(ρ− ϑ)σ

[
1

6σ
Ψ

(
5ϑ+ ρ

6

)
−

∫ 1
6

0

Γ(1 + σ)

Γ(1 + σ)
Ψ((1 − ℓ)ϑ+ ℓρ)(dℓ)σ

]

=
1

(ρ− ϑ)σ

[
1

6σ
Ψ

(
5ϑ+ ρ

6

)
−

Γ(1 + σ)

(ρ− ϑ)σ
aI

σ
5ϑ+ρ

6
Ψ(u)

]
.

(2.2)

Similarly, we obtain

I2 =

(
ℓ−

3
8

)σ
Ψ((1 − ℓ)ϑ+ ℓρ)

(ρ− ϑ)σ

∣∣∣∣ 1
2

1
6

−
1

Γ(1 + σ)

∫ 1
2

1
6

Γ(1 + σ)
Ψ((1 − ℓ)ϑ+ ℓρ)

(ρ− ϑ)σ
(dℓ)σ

=
1

(ρ− ϑ)σ

[
1

8σ
Ψ

(
ϑ+ ρ

2

)
+

(
5
24

)σ

Ψ

(
5ϑ+ ρ

6

)
−

Γ(1 + σ)

(ρ− ϑ)σ
5ϑ+ρ

6
Iσϑ+ρ

2
Ψ(u)

]
,

(2.3)

I3 =

(
ℓ−

5
8

)σ
Ψ((1 − ℓ)ϑ+ ℓρ)

(ρ− ϑ)σ

∣∣∣∣ 5
6

1
2

−
1

Γ(1 + σ)

∫ 5
6

1
2

Γ(1 + σ)
Ψ((1 − ℓ)ϑ+ ℓρ)

(ρ− ϑ)σ
(dℓ)σ

=
1

(ρ− ϑ)σ

[
1

8σ
Ψ

(
ϑ+ ρ

2

)
+

(
5
24

)σ

Ψ

(
ϑ+ 5ρ

6

)
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑ+ρ

2
Iσ5ϑ+ρ

6
Ψ(u)

]
,

(2.4)

I4 = (ℓ− 1)σ
Ψ((1 − ℓ)ϑ+ ℓρ)

(ρ− ϑ)σ

∣∣∣∣1
5
6

−
1

Γ(1 + σ)

∫ 1

5
6

Γ(1 + σ)
Ψ((1 − ℓ)ϑ+ ℓρ)

(ρ− ϑ)σ
(dℓ)σ

=
1

(ρ− ϑ)σ

[
1
6
Ψ

(
ϑ+ 5ρ

6

)
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑ+5ρ

6
IσρΨ(u)

]
.

(2.5)

Adding (2.2)-(2.5) and then taking the product of resulting equality by (ρ− ϑ)σ, we get (2.1).
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Theorem 2.2. Suppose that all the conditions of Lemma 2.1 are admitted. If |Ψσ| is a generalized convex function
on [ϑ, ρ], then for all ℓ ∈ [0, 1], we have∣∣∣∣ 1

8σ

(
3σΨ

(
5ϑ+ ρ

6

)
+ 2σΨ

(
ϑ+ ρ

2

)
+ 3σΨ

(
ϑ+ 5ρ

6

))
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑIρ

σΨ(u)

∣∣∣∣
⩽

(ρ− ϑ)σΓ(1 + σ)

Γ(1 + 2σ)

(
25
288

)σ

(|Ψσ(ϑ)|+ |Ψσ(ρ)|).

Proof. Through Lemma 2.1 and taking into account the generalized convexity of |Ψσ|, we have∣∣∣∣ 1
8σ

(
3σΨ

(
5ϑ+ ρ

6

)
+ 2σΨ

(
ϑ+ ρ

2

)
+ 3σΨ

(
ϑ+ 5ρ

6

))
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑIρ

σΨ(u)

∣∣∣∣
⩽ (ρ− ϑ)σ

(
1

Γ(1 + σ)

∫ 1
6

0
ℓσ|Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ +

1
Γ(1 + σ)

∫ 1
2

1
6

∣∣∣∣ℓ− 3
8

∣∣∣∣σ |Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ

+
1

Γ(1 + σ)

∫ 5
6

1
2

∣∣∣∣ℓ− 5
8

∣∣∣∣σ |Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ +
1

Γ(1 + σ)

∫ 1

5
6

|ℓ− 1|σ|Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ
)

⩽ (ρ− ϑ)σ

(
1

Γ(1 + σ)

∫ 1
6

0
ℓσ((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ

+
1

Γ(1 + σ)

∫ 1
2

1
6

∣∣∣∣ℓ− 3
8

∣∣∣∣σ ((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψ ′(ρ)|)(dℓ)σ

+
1

Γ(1 + σ)

∫ 5
6

1
2

∣∣∣∣ℓ− 5
8

∣∣∣∣σ ((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ

+
1

Γ(1 + σ)

∫ 1

5
6

|ℓ− 1|σ((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ
)

= (ρ− ϑ)σ

[
1

Γ(1 + σ)

∫ 1
6

0
ℓσ((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ

+
1

Γ(1 + σ)

(∫ 3
8

1
6

(
3
8
− ℓ

)σ

+

∫ 1
2

3
8

(
ℓ−

3
8

)σ
)
((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ

+
1

Γ(1 + σ)

(∫ 5
8

1
2

(
5
8
− ℓ

)σ

+

∫ 5
6

5
8

(
ℓ−

5
8

)σ
)
((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ

+
1

Γ(1 + σ)

∫ 1

5
6

|ℓ− 1|σ((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ
]

=
(ρ− ϑ)σΓ(1 + σ)

Γ(1 + 2σ)

(
25

288

)σ

(|Ψσ(ϑ)|+ |Ψσ(ρ)|).

The proof is completed.

Now we give special case of Theorem 2.2.
• Substituting σ = 1 in Theorem 2.2, we obtain the following inequality∣∣∣∣∣18

(
3Ψ
(

5ϑ+ ρ

6

)
+ 2Ψ

(
ϑ+ ρ

2

)
+ 3Ψ

(
ϑ+ 5ρ

6

))
−

1
ρ− ϑ

∫b
ϑ

f(x)dx

∣∣∣∣∣ ⩽ 25(ρ− ϑ)

576
(|Ψ ′(ϑ)|+ |Ψ ′(ρ)|).

Remark 2.3. By different values of α ∈ (0, 1], we can generate blend of new Maclaurin’s like inequalities.
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Theorem 2.4. Suppose that all the conditions of Lemma 2.1 are admitted. If |Ψσ|q is a generalized convex function
on [ϑ, ρ], then for all ℓ ∈ [0, 1] and q > 1 with 1

r +
1
q = 1, we have∣∣∣∣ 1

8σ

(
3σΨ

(
5ϑ+ ρ

6

)
+ 2σΨ

(
ϑ+ ρ

2

)
+ 3σΨ

(
ϑ+ 5ρ

6

))
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑIρ

σΨ(u)

∣∣∣∣
⩽ (ρ− ϑ)σ

[(
Γ(1 + rσ)

6(r+1)σΓ(1 + (r+ 1)σ)

) 1
r
(

Γ(1 + σ)

Γ(1 + 2σ)

((
11
36

)σ

|Ψσ(ϑ)|q +

(
1
36

)σ

|Ψσ(ρ)|q
)) 1

q

+

(
Γ(1 + rσ)

Γ(1 + (r+ 1)σ)

((
5
24

)(r+1)σ

+

(
1
8

)(r+1)σ
)) 1

r

×
(

Γ(1 + σ)

Γ(1 + 2σ)

((
4
9

)σ

|Ψσ(ϑ)|q +

(
2
9

)σ

|Ψσ(ρ)|q
)) 1

q

+

(
Γ(1 + rσ)

Γ(1 + (r+ 1)σ)

((
1
8

)(r+1)σ

+

(
5
24

)(r+1)σ
)) 1

r

×
(

Γ(1 + σ)

Γ(1 + 2σ)

((
2
9

)σ

|Ψσ(ϑ)|q +

(
4
9

)σ

|Ψσ(ρ)|q
)) 1

q

+

(
Γ(1 + rσ)

6(r+1)σΓ(1 + (r+ 1)σ)

) 1
r
(

Γ(1 + σ)

Γ(1 + 2σ)

((
1

36

)σ

|Ψσ(ϑ)|q +

(
11
36

)σ

|Ψσ(ρ)|q
)) 1

q

]
.

Proof. Through Lemma 2.1 and taking into account Hölder integral inequality and generalized convexity
of |Ψσ|, we have∣∣∣∣ 1

8σ

(
3σΨ

(
5ϑ+ ρ

6

)
+ 2σΨ

(
ϑ+ ρ

2

)
+ 3σΨ

(
ϑ+ 5ρ

6

))
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑIρ

σΨ(u)

∣∣∣∣
⩽ (ρ− ϑ)σ

(
1

Γ(1 + σ)

∫ 1
6

0
ℓσ|Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ +

1
Γ(1 + σ)

∫ 1
2

1
6

∣∣∣∣ℓ− 3
8

∣∣∣∣σ |Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ

+
1

Γ(1 + σ)

∫ 5
6

1
2

∣∣∣∣ℓ− 5
8

∣∣∣∣σ |Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ +
1

Γ(1 + σ)

∫ 1

5
6

|ℓ− 1|σ|Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ
)

⩽ (ρ− ϑ)σ

( 1
Γ(1 + σ)

∫ 1
6

0
ℓrσ(dℓ)σ

) 1
r
(

1
Γ(1 + σ)

∫ 1
6

0
|Ψσ((1 − ℓ)ϑ+ ℓρ)|q(dℓ)σ

) 1
q

+

(
1

Γ(1 + σ)

∫ 1
2

1
6

∣∣∣∣ℓ− 3
8

∣∣∣∣rσ (dℓ)σ
) 1

r
(

1
Γ(1 + σ)

∫ 1
2

1
6

|Ψσ((1 − ℓ)ϑ+ ℓρ)|q(dℓ)σ
) 1

q

+

(
1

Γ(1 + σ)

∫ 5
6

1
2

∣∣∣∣ℓ− 5
8

∣∣∣∣rσ (dℓ)σ
) 1

r
(

1
Γ(1 + σ)

∫ 5
6

1
2

|Ψσ((1 − ℓ)ϑ+ ℓρ)|q(dℓ)σ
) 1

q

+

(
1

Γ(1 + σ)

∫ 1

5
6

|ℓ− 1|rσ(dℓ)σ
) 1

r
(

1
Γ(1 + σ)

∫ 1

5
6

|Ψσ((1 − ℓ)ϑ+ ℓρ)|q(dℓ)σ
) 1

q


⩽ (ρ− ϑ)σ

( 1
Γ(1 + σ)

∫ 1
6

0
ℓrσ(dℓ)σ

) 1
r
(

1
Γ(1 + σ)

∫ 1
6

0
((1 − ℓ)σ|Ψσ(ϑ)|q + ℓσ|Ψσ(ρ)|q)(dℓ)σ

) 1
q

+

(
1

Γ(1 + σ)

∫ 1
2

1
6

∣∣∣∣ℓ− 3
8

∣∣∣∣rσ (dℓ)σ
) 1

r
(

1
Γ(1 + σ)

∫ 1
2

1
6

((1 − ℓ)σ|Ψσ(ϑ)|q + ℓσ|Ψσ(ρ)|q)(dℓ)σ
) 1

q
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+

(
1

Γ(1 + σ)

∫ 5
6

1
2

∣∣∣∣ℓ− 5
8

∣∣∣∣rσ (dℓ)σ
) 1

r
(

1
Γ(1 + σ)

∫ 5
6

1
2

((1 − ℓ)σ|Ψσ(ϑ)|q + ℓσ|Ψσ(ρ)|q)(dℓ)σ
) 1

q

+

(
1

Γ(1 + σ)

∫ 1

5
6

|ℓ− 1|rσ(dℓ)σ
) 1

r
(

1
Γ(1 + σ)

∫ 1

5
6

((1 − ℓ)σ|Ψσ(ϑ)|q + ℓσ|Ψσ(ρ)|q)(dℓ)σ
) 1

q


= (ρ− ϑ)σ

[(
Γ(1 + rσ)

6(r+1)σΓ(1 + (r+ 1)σ)

) 1
r
(

Γ(1 + σ)

Γ(1 + 2σ)

((
11
36

)σ

|Ψσ(ϑ)|q +

(
1
36

)σ

|Ψσ(ρ)|q
)) 1

q

+

(
Γ(1 + rσ)

Γ(1 + (r+ 1)σ)

((
5
24

)(r+1)σ

+

(
1
8

)(r+1)σ
)) 1

r

×
(

Γ(1 + σ)

Γ(1 + 2σ)

((
4
9

)σ

|Ψσ(ϑ)|q +

(
2
9

)σ

|Ψσ(ρ)|q
)) 1

q

+

(
Γ(1 + rσ)

Γ(1 + (r+ 1)σ)

((
1
8

)(r+1)σ

+

(
5
24

)(r+1)σ
)) 1

r

×
(

Γ(1 + σ)

Γ(1 + 2σ)

((
2
9

)σ

|Ψσ(ϑ)|q +

(
4
9

)σ

|Ψσ(ρ)|q
)) 1

q

+

(
Γ(1 + rσ)

6(r+1)σΓ(1 + (r+ 1)σ)

) 1
r
(

Γ(1 + σ)

Γ(1 + 2σ)

((
1

36

)σ

|Ψσ(ϑ)|q +

(
11
36

)σ

|Ψσ(ρ)|q
)) 1

q

]
,

which ends the proof.

• By substituting σ = 1 in Theorem 2.4, we obtain following bound:∣∣∣∣∣18
(

3Ψ
(

5ϑ+ ρ

6

)
+ 2Ψ

(
ϑ+ ρ

2

)
+ 3Ψ

(
ϑ+ 5ρ

6

))
−

1
ρ− ϑ

∫b
ϑ

f(x)dx

∣∣∣∣∣
⩽ (ρ− ϑ)

[(
1

6r+1(r+ 1)

) 1
r
(

11
72

|Ψ ′(ϑ)|q +
1
72

|Ψ ′(ρ)|q
) 1

q

+

(
1

r+ 1

((
5
24

)r+1

+

(
1
8

)r+1
)) 1

r (2
9
|Ψ ′(ϑ)|q +

1
9
|Ψ ′(ρ)q

) 1
q

+

(
1

r+ 1

((
1
8

)r+1

+

(
5
24

)r+1
)) 1

r (1
9
|Ψ ′(ϑ)|q +

2
9
|Ψ ′(ρ)q

) 1
q

+

(
1

6r+1(r+ 1)

) 1
r
(

1
72

|Ψ ′(ϑ)|q +
11
72

|Ψ ′(ρ)q
) 1

q

]
.

Theorem 2.5. Assume that all the hypothesises of the Lemma 2.1 are fulfilled. If |Ψ ′|q is generalized convex function
on [ϑ, ρ],q ⩾ 1, then∣∣∣∣ 1

8σ

(
3σΨ

(
5ϑ+ ρ

6

)
+ 2σΨ

(
ϑ+ ρ

2

)
+ 3σΨ

(
ϑ+ 5ρ

6

))
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑIρ

σΨ(u)

∣∣∣∣
⩽ (ρ− ϑ)σ

{(
Γ(1 + σ)

36σΓ(1 + 2σ)

)1− 1
q
((

Γ(1 + σ)

36σΓ(1 + 2σ)
−

Γ(1 + 2σ)
216σΓ(1 + 3σ)

)
|Ψσ(ϑ)|q +

Γ(1 + 2σ)
216σΓ(1 + 3σ)

|Ψσ(ρ)|q
) 1

q
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+

(
Γ(1 + σ)

Γ(1 + 2σ)

(
17

288

)σ)1− 1
q
[(

Γ(1 + σ)

Γ(1 + 2σ)

(
133
2304

)σ

−
Γ(1 + 2σ)
Γ(1 + 3σ)

(
167

6912

)σ)
|Ψσ(ϑ)|q

+

(
Γ(1 + σ)

Γ(1 + 2σ)

(
1

768

)σ

+
Γ(1 + 2σ)
Γ(1 + 3σ)

(
167
6912

)σ)
|Ψσ(ρ)|q

] 1
q

+

(
Γ(1 + σ)

Γ(1 + 2σ)

(
17

288

)σ)1− 1
q
[(

Γ(1 + σ)

Γ(1 + 2σ)

(
1

768

)σ

+
Γ(1 + 2σ)
Γ(1 + 3σ)

(
167
6912

)σ)
|Ψσ(ϑ)|q

+

(
Γ(1 + σ)

Γ(1 + 2σ)

(
133
2304

)σ

−
Γ(1 + 2σ)
Γ(1 + 3σ)

(
167
6912

)σ)
|Ψσ(ρ)|q

] 1
q

+

(
Γ(1 + σ)

36σΓ(1 + 2σ)

)1− 1
q
(

Γ(1 + 2σ)
216σΓ(1 + 3σ)

|Ψσ(ϑ)|q +

(
Γ(1 + σ)

36σΓ(1 + 2σ)
−

Γ(1 + 2σ)
216σΓ(1 + 3σ)

)
|Ψσ(ρ)|q

) 1
q

}
,

satisfies for ℓ ∈ [0, 1], where 1
r +

1
q = 1.

Proof. Suppose that q ⩾ 1. From Lemma 2.1, by using the power-mean integral inequality and the
convexity of |f ′|q, we obtain∣∣∣∣ 1

8σ

(
3σΨ

(
5ϑ+ ρ

6

)
+ 2σΨ

(
ϑ+ ρ

2

)
+ 3σΨ

(
ϑ+ 5ρ

6

))
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑIρ

σΨ(u)

∣∣∣∣
⩽ (ρ− ϑ)σ

(
1

Γ(1 + σ)

∫ 1
6

0
ℓσ|Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ +

1
Γ(1 + σ)

∫ 1
2

1
6

∣∣∣∣ℓ− 3
8

∣∣∣∣σ |Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ

+
1

Γ(1 + σ)

∫ 5
6

1
2

∣∣∣∣ℓ− 5
8

∣∣∣∣σ |Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ +
1

Γ(1 + σ)

∫ 1

5
6

|ℓ− 1|σ|Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ
)

⩽ (ρ− ϑ)σ

( 1
Γ(1 + σ)

∫ 1
6

0
ℓσ(dℓ)σ

)1− 1
q
(

1
Γ(1 + σ)

∫ 1
6

0
ℓσ((1 − ℓ)σ|Ψσ(ϑ)|q + ℓσ|Ψσ(ρ)|q)(dℓ)σ

) 1
q

+

(
1

Γ(1 + σ)

∫ 1
2

1
6

∣∣∣∣ℓ− 3
8

∣∣∣∣σ (dℓ)σ
)1− 1

q
(

1
Γ(1 + σ)

∫ 1
2

1
6

∣∣∣∣ℓ− 3
8

∣∣∣∣σ ((1 − ℓ)σ|Ψσ(ϑ)|q + ℓσ|Ψσ(ρ)|q)(dℓ)σ
) 1

q

+

(
1

Γ(1 + σ)

∫ 5
6

1
2

∣∣∣∣ℓ− 5
8

∣∣∣∣σ (dℓ)σ
)1− 1

q
(

1
Γ(1 + σ)

∫ 5
6

1
2

∣∣∣∣ℓ− 5
8

∣∣∣∣σ ((1 − ℓ)σ|Ψσ(ϑ)|q + ℓσ|Ψσ(ρ)|q)(dℓ)σ
) 1

q

+

(
1

Γ(1 + σ)

∫ 1

5
6

|ℓ− 1|σ(dℓ)σ
)1− 1

q
(

1
Γ(1 + σ)

∫ 1

5
6

|ℓ− 1|σ((1 − ℓ)σ|Ψσ(ϑ)|q + ℓσ|Ψσ(ρ)|q)(dℓ)σ
) 1

q


= (ρ− ϑ)σ

{(
Γ(1 + σ)

36σΓ(1 + 2σ)

)1− 1
q
((

Γ(1 + σ)

36σΓ(1 + 2σ)
−

Γ(1 + 2σ)
216σΓ(1 + 3σ)

)
|Ψσ(ϑ)|q +

Γ(1 + 2σ)
216σΓ(1 + 3σ)

|Ψσ(ρ)|q
) 1

q

+

(
Γ(1 + σ)

Γ(1 + 2σ)

(
17
288

)σ)1− 1
q
[(

Γ(1 + σ)

Γ(1 + 2σ)

(
133
2304

)σ

−
Γ(1 + 2σ)
Γ(1 + 3σ)

(
167
6912

)σ)
|Ψσ(ϑ)|q

+

(
Γ(1 + σ)

Γ(1 + 2σ)

(
1

768

)σ

+
Γ(1 + 2σ)
Γ(1 + 3σ)

(
167

6912

)σ)
|Ψσ(ρ)|q

] 1
q

+

(
Γ(1 + σ)

Γ(1 + 2σ)

(
17
288

)σ)1− 1
q
[(

Γ(1 + σ)

Γ(1 + 2σ)

(
1

768

)σ

+
Γ(1 + 2σ)
Γ(1 + 3σ)

(
167
6912

)σ)
|Ψσ(ϑ)|q

+

(
Γ(1 + σ)

Γ(1 + 2σ)

(
133
2304

)σ

−
Γ(1 + 2σ)
Γ(1 + 3σ)

(
167
6912

)σ)
|Ψσ(ρ)|q

] 1
q
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+

(
Γ(1 + σ)

36σΓ(1 + 2σ)

)1− 1
q
(

Γ(1 + 2σ)
216σΓ(1 + 3σ)

|Ψσ(ϑ)|q +

(
Γ(1 + σ)

36σΓ(1 + 2σ)
−

Γ(1 + 2σ)
216σΓ(1 + 3σ)

)
|Ψσ(ρ)|q

) 1
q

}
.

Hence, we achieve our desired finding.

Theorem 2.6. Suppose that all the hypothesises of the Lemma 2.1 are admitted. If |Ψ ′| ⩽ M, M > 0 is generalized
convex function on [ϑ, ρ], then∣∣∣∣ 1

8σ

(
3σΨ

(
5ϑ+ ρ

6

)
+ 2σΨ

(
ϑ+ ρ

2

)
+ 3σΨ

(
ϑ+ 5ρ

6

))
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑIρ

σΨ(u)

∣∣∣∣
⩽

2σMΓ(1 + σ)(ρ− ϑ)σ

Γ(1 + 2σ)

(
25
288

)σ

.

Proof. Using Lemma 2.1, and utilizing that |Ψ ′|⩽M, we have∣∣∣∣ 1
8σ

(
3σΨ

(
5ϑ+ ρ

6

)
+ 2σΨ

(
ϑ+ ρ

2

)
+ 3σΨ

(
ϑ+ 5ρ

6

))
−

Γ(1 + σ)

(ρ− ϑ)σ
ϑIρ

σΨ(u)

∣∣∣∣
⩽ (ρ− ϑ)σ

(∫ 1
6

0
ℓσ|Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ +

∫ 1
2

1
6

∣∣∣∣ℓ− 3
8

∣∣∣∣σ |Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ

+

∫ 5
6

1
2

∣∣∣∣ℓ− 5
8

∣∣∣∣σ |Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ +

∫ 1

5
6

|ℓ− 1|σ|Ψσ((1 − ℓ)ϑ+ ℓρ)|(dℓ)σ
)

⩽ (ρ− ϑ)σ

(∫ 1
6

0
ℓσ((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ +

∫ 1
2

1
6

∣∣∣∣ℓ− 3
8

∣∣∣∣σ ((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ

+

∫ 5
6

1
2

∣∣∣∣ℓ− 5
8

∣∣∣∣σ ((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ +

∫ 1

5
6

|ℓ− 1|σ((1 − ℓ)σ|Ψσ(ϑ)|+ ℓσ|Ψσ(ρ)|)(dℓ)σ
)

⩽ M(ρ− ϑ)σ

(∫ 1
6

0
ℓσ(dℓ)σ +

(∫ 3
8

1
6

(
3
8
− ℓ

)σ

+

∫ 1
2

3
8

(
ℓ−

3
8

)σ
)
(dℓ)σ

+

(∫ 5
8

1
2

(
5
8
− ℓ

)σ

+

∫ 5
6

5
8

(
ℓ−

5
8

)σ
)
(dℓ)σ +

∫ 1

5
6

|ℓ− 1|σ(dℓ)σ
)

=
2gMΓ(1 + σ)(ρ− ϑ)σ

Γ(1 + 2σ)

(
25
288

)σ

.

The proof is completed.

3. Applications

We now explore various applications of our main results. Initially, we establish connections between
different methods, considering the findings from the previous section. This section also features numerical
and graphical demonstrations of our main results.

3.1. The quadrature formula
If a partition P : ϑ = µ0 < µ1 < · · · < µγ−1 < µγ = ρ is found by subdividing the [ϑ, ρ] into γ

subintervals µi,µi+1 with i = 0, 1, . . . ,γ− 1, then

aI
σ
ρΨ(u) =

1
Γ(1 + σ)

∫ρ
ϑ

Ψ(u)(d(u))σ = T(µ) + R(µ).

Here

T(µ) =
(ρ− ϑ)σ

8σΓ(1 + σ)

(
3σΨ

(
5ϑ+ ρ

6

)
+ 2σΨ

(
ϑ+ ρ

2

)
+ 3σΨ

(
ϑ+ 5ρ

6

))
and R(µ) denotes the remainder of quadrature rule.
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Proposition 3.1. Suppose that all the hypothesises of Theorem 2.2 are held, then

|R(µ)| ⩽
θ1−1∑
i=0

Γ(1 + σ)(µi+1 − µi)

Γ(1 + 2σ)

(
25
288

)σ

(|Ψ ′(µi)|+ |Ψ ′(µi+1)|).

Proof. The claim arises straight away by employing the sum from i = 0 to i = θ1 − 1 across subinterval
[µi,µi+1] in Theorem 2.2.

Proposition 3.2. Suppose that the hypothesises of Theorem 2.4 are held, then

|R(µ)| ⩽
θ1−1∑
i=0

(µi+1 − µi)
σ

[(
Γ(1 + rσ)

6(r+1)σΓ(1 + (r+ 1)σ)

) 1
r

×
(

Γ(1 + σ)

Γ(1 + 2σ)

((
11
36

)σ

|Ψσ(µi)|
q +

(
1

36

)σ

|Ψσ(µi+1)|
q

)) 1
q

+

(
Γ(1 + rσ)

Γ(1 + (r+ 1)σ)

((
5
24

)(r+1)σ

+

(
1
8

)(r+1)σ
)) 1

r

×
(

Γ(1 + σ)

Γ(1 + 2σ)

((
4
9

)σ

|Ψσ(µi)|
q +

(
2
9

)σ

|Ψσ(µi+1)|
q

)) 1
q

+

(
Γ(1 + rσ)

Γ(1 + (r+ 1)σ)

((
1
8

)(r+1)σ

+

(
5
24

)(r+1)σ
)) 1

r

×
(

Γ(1 + σ)

Γ(1 + 2σ)

((
2
9

)σ

|Ψσ(µi)|
q +

(
4
9

)σ

|Ψσ(µi+1)|
q

)) 1
q

+

(
Γ(1 + rσ)

6(r+1)σΓ(1 + (r+ 1)σ)

) 1
r
(

Γ(1 + σ)

Γ(1 + 2σ)

((
1
36

)σ

|Ψσ(µi)|
q +

(
11
36

)σ

|Ψσ(µi+1)|
q

)) 1
q

]
.

Proof. The claim arises straight away by employing the sum from i = 0 to i = θ1 − 1 across subinterval
[µi,µi+1] in Theorem 2.4.

3.2. Generalized special means
Here, we recreate the well-known generalized binary mean ω3

σ,ω4
σ ∈ Rσ.

1. The generalized arithmetic mean:

Aσ(ω3,ω4) =
ω3

σ +ω4
σ

2σ
=

(
ω3 +ω4

2

)σ

.

2. The generalized weighted arithmetic mean:

ωAσ(ω3,ω4;m1,m2) =
mσ

1 ω3
σ +mσ

2 ω
σ
4

(m1 +m2)σ
.

3. The generalized log-r-mean:

Lσ,r(ω3,ω4) =

[
Γ(1 + rσ)

Γ(1 + (1 + r)σ)

ω4
σ −ω3

(r+1)σ

(r+ 1)(ω4 −ω3)σ

] 1
r

, r ∈ R \ {−1, 0}.
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Proposition 3.3. Suppose that all the hypothesises of Theorem 2.2 are fulfilled, then:∣∣∣∣18
(

3σ ωA3
σ

(
ϑ, ρ,

5
6

,
1
6

)
+ 2σA3

σ (ϑ, ρ) + 3σ ωA3
σ

(
ϑ, ρ,

1
6

,
5
6

))
− Γ(1 + σ)L3

σ,3(ϑ, ρ)
∣∣∣∣

⩽
(ρ− ϑ)σΓ(1 + σ)Γ(1 + 3σ)

(Γ(1 + 2σ))2

(
25

144

)g

a2
σ(|ϑ

2|, |ρ2|).

Proof. The statement of claim is directly followed by substitution Ψ(µ) = µ3σ in Theorem 2.2.

Proposition 3.4. Suppose that all the suppositions of Theorem 2.4 are fulfilled, then∣∣∣∣18
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,
1
6

)
+ 2σA3
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σ

(
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1
6

,
5
6

))
− Γ(1 + σ)L3

σ,3(ϑ, ρ)
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6(r+1)σΓ(1 + (r+ 1)σ)

) 1
r
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(
1
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) 1
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 .

Proof. By substituting Ψ(µ) = µ3σ in Theorem 2.4, we attain our desired result.

3.3. Probability density mappings
Suppose that X is generalized convex with respect to generalized probability density function r :

[ϑ, ρ] → [0σ, 1σ], and the notion of cumulative distribution functions is explored as follows:

Prσ(X ⩽ ρ) = Fσ(ρ) :=
1

Γ(1 + σ)

∫b
ϑ

p(σ)(dσ)σ.

We take advantage of the fact that

Eσ(X) =
1

Γ(1 + σ)

∫ρ
ϑ

σσr(σ)(dσ)σ =
1

Γ(1 + σ)

∫ρ
ϑ

σσdFσ(σ) = ρσ −
1

Γ(1 + σ)

∫ρ
ϑ

Γ(1 + σ)Fσ(σ)(dσ)σ.

Now we give a relation between probability distribution and expectation in generalized framework.

Proposition 3.5. From Theorem 2.2, we acquire∣∣∣∣ 1
8σ

(
3gPrσ

(
X ⩽

5ϑ+ ρ

6

)
+ 2gPrσ

(
X ⩽

ϑ+ ρ

2

)
+ 3gPrσ

(
X ⩽

ϑ+ 5ρ
6

))
−

Γ(1 + σ)

(ρ− ϑ)σ
(ρσ − Eσ(X))

∣∣∣∣
⩽

(ρ− ϑ)σΓ(1 + σ)

Γ(1 + 2σ)

(
25
288

)σ

(|r(ϑ)|+ |r(ρ)|).

3.4. Visual analysis
In this section, we present a graphical analysis of our main results.
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Example 3.1. Suppose all the hypothesises of Theorem 2.2 are admitted. Consider Ψ(µ) = µγσ+ωgx
γσ
2σ +1σ

ωσ+2σ
defined on R+ with σ = 1, γ ⩾ 4, and ω ⩾ 1 be a generalized convex function, then∣∣∣∣∣18
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2(2γ +ω2
γ
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−
1
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+ 2

)∣∣∣∣∣ ⩽ 50γ
576

[
1
2
+

1
ω+ 2

(
3γ−1 +

ω3
γ−2

2

2

)]
.

Selecting γ = 4 and ω = 2 in aforementioned inequality, we achieve 0.0130 < 2.7779. Under similar
conditions of Theorem 3.2 proved in [9], we get 0.0130 < 2.5187. One can easily visualize that our results
provides upper bounds of previously established results.
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Figure 1: Visuals analysis of Theorem 2.2.

• For Figure 1 (a) we use γ ∈ [4, 10] and ω ∈ [1, 10] as variables to demonstrate the validity of Theorem
2.2.

• For Figure 1 (b) we use γ ∈ [4, 10] as variable to depict a visual that describe the precision of Theorem
2.2.

• For Figure 1 (c) we use ω ∈ [1, 10] as variable to construct a visual that ensure the reliability of
Theorem 2.2.

All figures clearly describe that the left hand of side is less than right hand side of Theorem 2.2.

Example 3.2. Suppose all the hypothesises of Theorem 2.4 are admitted. Consider Ψ(µ) = µγσ+ωgx
γσ
2σ +1σ

ωσ+2σ
defined on R+ with σ = 1, γ ⩾ 4, and ω ⩾ 1 be a generalized convex function, then∣∣∣∣∣18
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+
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Selecting γ = 4 and ω = 2 in aforementioned inequality, we achieve 0.0130 < 4.1364.
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Figure 2: Visuals analysis of Theorem 2.4.

• For Figure 2 (a) we use γ ∈ [4, 10] and ω ∈ [1, 10] as variables to demonstrate the validity of Theorem
2.4.

• For Figure 2 (b) we use γ ∈ [4, 10] as variable to depict a visual that describe the precision of Theorem
2.4.

• For Figure 2(c) we use ω ∈ [1, 10] as variable to construct a visual that ensure the reliability of
Theorem 2.4.

All figures clearly describe that the left hand of side is less than right hand side of Theorem 2.4.

Example 3.3. Suppose all the hypothesises of Theorem 2.5 are admitted. Consider Ψ(µ) = µγσ+ωgx
γσ
2σ +1σ

ωσ+2σ
defined on R+ with σ = 1, γ ⩾ 4, and ω ⩾ 1 be a generalized convex function, then∣∣∣∣∣18

[
3

ω+ 2

((
4
3

)γ

+ω

(
4
3

)γ
2

+ 2 +

(
8
3

)γ

+ω

(
8
3

)γ
2
)
+

2(2γ +ω2
γ
2 + 1)

ω+ 2

]

−
1

2(ω+ 2)

(
3γ+1 − 1
γ+ 1

+
2ω(3

γ+2
2 − 1)

γ+ 2
+ 2

)∣∣∣∣∣
⩽ 2

√ 1
648

√ 1
81

(
γ

ω+ 2

(
1 +

ω

2

))2

+
1

648

(
γ

ω+ 2

(
3γ−1 +

ω

2
3

γ−2
2

)2
)

+

√
19

5184

√ 863
41472

(
γ

ω+ 2

(
1 +

ω

2

))2

+
361

41472

(
γ

ω+ 2

(
3γ−1 +

ω

2
3

γ−2
2

)2
)

+

√
19

5184

√ 361
41472

(
γ

ω+ 2

(
1 +

ω

2

))2

+
863

41472

(
γ

ω+ 2

(
3γ−1 +

ω

2
3

γ−2
2

)2
)

+

√
1

648

√ 1
648

(
γ

ω+ 2

(
1 +

ω

2

))2

+
1
81

(
γ

ω+ 2

(
3γ−1 +

ω

2
3

γ−2
2

)2
) .



Y. Wang, et al., J. Math. Computer Sci., 38 (2025), 281–297 295

Selecting γ = 4 and ω = 2 in aforementioned inequality, we achieve 0.0130 < 3.5402.
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Figure 3: Visuals analysis of Theorem 2.5.

• For Figure 3 (a) we use γ ∈ [4, 10] and ω ∈ [1, 10] as variables to demonstrate the validity of Theorem
2.5.

• For Figure 3 (b) we use γ ∈ [4, 10] as variable to depict a visual that describe the precision of Theorem
2.5.

• For Figure 3 (c) we use ω ∈ [1, 10] as variable to construct a visual that ensure the reliability of
Theorem 2.5.

All figures clearly describe that the left hand of side is less than right hand side of Theorem 2.5.

Example 3.4. Suppose all the hypothesises of Theorem 2.6 are admitted. Consider Ψ(µ) = µγσ+ωgx
γσ
2σ +1σ

ωσ+2σ
defined on R+ with σ = 1, γ ⩾ 4, and ω ⩾ 1 be a generalized convex function, then∣∣∣∣∣18
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Selecting γ = 4 and ω = 2 in aforementioned inequality, we achieve 0.0130 < 5.2083.
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Figure 4: Visuals analysis of Theorem 2.6.

• For Figure 4 (a) we use γ ∈ [4, 10] and ω ∈ [1, 10] as variables to demonstrate the validity of Theorem
2.6.
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• For Figure 4 (b) we use γ ∈ [4, 10] as variable to depict a visual that describe the precision of Theorem
2.6.

• For Figure 4 (c) we use ω ∈ [1, 10] as variable to construct a visual that ensure the reliability of
Theorem 2.6.

All figures clearly describe that the left hand of side is less than right hand side of Theorem 2.6.

4. Conclusion

Inequalities are studied from various aspects by implementing different techniques in different frame-
works. L.F calculus plays a vital role in the advancement of convex analysis. Various classes of convexity
have been introduced and investigated within fractal concepts. It is known fact that inequalities heavily
rely on convexity and its generalizations. In this article, we studied the Maclaurin’s inequality incorpo-
rated with first order local differentiable generalized mappings. We have proved four different estimates
of Maclaurin’s inequality and its special cases. Moreover, the results are also new in classical sense. Later
on, we provided the validity of primary outcomes through applicable and visual analysis. It is worth
to mention that this inequality will serve as base point for further investigation on Maclaurin’s like in-
equalities for different functions classes. In future, we will try to explore these results to find applications
in information theory and will try to develop the quantum and fractional variants of these kinds of in-
equalities. Another interesting problem is that how can we develop the Riemann-Liouville L.F versions
of Maclaurin’s like inequalities. By using similar strategies, we can derive the bounds for Euler-corrected
Maclaurin’s inequality, Bools inequality, etc. We hope this study will increase the interest of researchers.
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