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Abstract

The statistical convergence of big data analysis is an essential tool for studying the stability of economic models and many
computer vision and machine learning problems. In this paper, we propose the concepts of asymptotically ideal ¢-statistical
equivalent sequences of order (o, 3) in Wijsman sense by using Musielak-Orlicz function M = (Fr). We also make an effort to
define the concept of asymptotic equivalence, statistical equivalent, ¢-statistical equivalent sequences of order (, 3) in Wijsman
sense. We also define the concept of Cesaro Musielak-Orlicz asymptoticallly ¢-equivalent sequences of order («, 3) in Wijsman
sense and examine some algebraic and topological relationship between these concepts.
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1. Introduction

The statistically Cauchy sequence concept was introduced by Fridy [6], who demonstrated it using
statistical convergence. Kostyrko et al. [9] invented the concept of J-convergence as an extension of
statistical convergence and developed it using an admissible ideal J, also known as the ideal of IN-subsets.
Das et al. [4] proposed the concepts of J-statistical convergence and J-lacunary statistical convergence.
They also looked at some of its consequences. For more details see [7, 15, 26] and references therein.

A family J C P(IN) (where P(IN) is power set) is known to be an ideal if and only if the following
properties holds:
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(i) AUB €7, for each A,B € 7J;
(ii) for each A € J and each B C A, we have B € J.

For following properties, a non-empty family 5 C P(IN) is a filter on IN if

i) e
(i) ANB e F, foreach A,B € F;
(iii) for each A € ¥ and each B D A, we have B € F.

The ideal J is known to be non-trivial ideal if it is non-empty and IN ¢ J. An ideal J is known to be
admissible if and only if {{&} : £ € IN} C J, where (J C P(IN)). Unless otherwise specified, we write J is an
admissible ideal of subsets of IN.

In recent studies, the concept of lacunary sequences has been merged with ideal convergence to
explore new forms of summability theory. By applying ideal-based methods to lacunary sequences,
researchers can explore complex behaviors in sequence spaces, contributing to advancements in fuzzy
number theory and Orlicz functions. J-convergent sequence spaces, a concept introduced to generalize
classical convergence, play a key role in modern summability theory. The idea of J-convergence originates
from ideal theory, where a sequence is said to be J-convergent if the set of indices for which the sequence
deviates from its limit is contained in an ideal. This approach was further extended to different contexts,
including fuzzy numbers and sequences defined by Orlicz functions, as studied by Tripathy and Hazarika
[27], and lacunary sequences by Tripathy and Dutta [25]. Additionally, Tripathy and Mahanta [28] inves-
tigated J-acceleration convergence, enhancing the understanding of sequence behaviors in these spaces.
These works provide a robust theoretical foundation for further research in the field. These developments
offer a rich framework for examining different types of convergence across a variety of sequence spaces.

Pobyvanets [20] was the first to suggest asymptotically regular matrices, which maintain the asymp-
totic equivalence of two nonnegative sequences. Marouf [13] introduced the concept of asymptotically
equivalent and asymptotic regular matrices. Li [12] used summability to propose the idea of asymptotic
equivalent sequences. By providing an analogue of these definitions that is asymptotically statistically
identical and natural consistency for nonnegative summability, Patterson [18] expanded on these ideas.
Patterson and Savas [19] firstly proposed asymptotically lacunary statistical equivalent sequence. The
idea of A™-lacunary statistical sequences was proposed by Braha [2]. Savas [22] developed the idea of
asymptotically lacunary statistical equivalent sequences using ideals. Several authors have expanded the
idea of the convergence of sequences of points to include the convergence of sequences of sets. For more
information about the idea of statistical convergence see [21, 23] and references therein. The idea of Wi-
jsman convergence is one of these expansions that was taken into consideration in this paper. Wijsman
statistical convergence, introduced by Nuray and Rhoades [17], extends the idea of statistical convergence
to sequences of sets. The idea of statistical almost A-convergence for sequences of sets firstly proposed
by Hazarika and Esi [8]. Further information about this we refer to [1, 29] and references therein. Nuray
and Rhoades [17] introduced boundedness for the sequences (A, ) and Wijsman statistical convergence.
Recently, some authors studied sequence spaces of order («, 3), we may refer to [3, 10, 11, 14, 24] and
references therein. We continue in this direction and studied Wijsman asymptotically ideal statistical
sequences of order («, ). Throughout the article we will use «, 3 such that 0 < « < 3 < 1.

Suppose P € IN and P, = {n < m : n € P}. Thus, the natural density P is given by p(P) =
lim, m~!|Pyy,], if limit exists, by vertical bar we mean the elements in set. For a sequence of real numbers,
Fast [5] provided definitions of statistical convergence. The sequence & = (&) is statistically convergent
to L of order («, 3) if for every ¢ > 0, the set P ={n € IN : [£,, — L| > ¢} has natural density zero, that is,

for each ¢ > 0,
1 [& B
{meN:W[Z|an—L\ 25} }:o.
n=1

It is expressed as S —lim & = L or &, — L(S), where S is the set of all statistically convergent sequences.
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Definition 1.1. The nonnegative sequences & = (&) and X = (Xn ) are asymptotically statistical equivalent
to L of order (o, ), for every ¢ > 0,

o st . . . .
we can write it as &4 3) ~ X(«,p) and known to be simply asymptotically statistical equivalent of order

(o, B)if L =1.

Definition 1.2. The nonnegative sequences & = (&,,) and X = (Xn ) are strongly asymptotically J-equivalent
to L of order («, 3), for every € > 0,
B
S [ L' } } e,
Xn
J—[Cylt

1
T]_:
It is denoted by &(43) ~  X(«p) and known to be simply strongly asymptotically J-equivalent of
order (o, B)if L =1.

Definition 1.3. The nonnegative sequences & = (&) and X = (xn) are J-asymptotically statistical equiva-
lent to L of order («, 3), for every ¢ > 0and p > 0,

fmengil 2

B
o 20}
Xn

_ gL
written as (&n) («,p) ~ (Xn)(«,p) and known as simply J-asymptotically statistical equivalent of order
(o, B)if L =1.

Definition 1.4. A real number sequence (&;,) is known to be J-statistical convergent to real number &y of
order (&, 3), for each ¢ > 0 and p > 0,

m B
{mE]N:nio([Zl‘En—éo}>e} >p}ej.

It is represented by J —8 —lim &,, = &p.

Consider a metric space (Z,J). For any point & € Z and A be any non-empty subset of Z, the distance
between & and A is given by

5(&,A) = inf J(&, a).
acA
Definition 1.5. Consider a metric space (Z,J). For A, A,, be any closed subsets of Z, which are non-empty,

then the sequence (A, ) is Wijsman statistical convergent to A of order («, ) if the sequence (8(&, An)) is
statistically convergent to 6(&, A) of order («x, 3), i.e., for ¢ > 0 and for each & € Z,

e £ s o

It is denoted by WS —limn A = A or A, — A(WS).

The sequence (A ) is said to be bounded if sup,, 6(&, A,) < oo for each & € Z. By Lo, we mean the set
of all bounded sequences of sets.
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Definition 1.6. Consider a metric space (Z,d). For A,, By be any closed subsets of Z, which are non-
empty, such that 6(§,A,) > 0 and 6(§,By) > 0 for each & € Z, then the sequences (Ay,) and (B, ) are
known to be asymptotically statistical equivalent of order («, 3) to L, if, for every ¢ > 0 and for each

EcZ, ;
5(E, An) B
5%, B _L’”} }_0'

n=1

It is represented by (An)(«,3) ~ (Bx)(ap) and known to be simply asymptotically statistical equivalent
of order (o, B) if L =1.

2. Wijsman Musielak-Orlicz asymptotically ideal ¢-statistical equivalent sequences of order («, 3)

In this section, we define in Wijsman sense the idea of Cesaro Musielak-Orlicz asymptotically ¢-
statistical equivalent sequences of order (&, 3) and Musielak-Orlicz asymptotically ideal ¢-statistical
equivalent sequences of order («, 3). Also, we make an effort to study some inclusion relation between
these concepts. Throughout the article we will use «, 3 such that 0 < o < < 1.

Consider P as finite collection of distinct positive integers. For any element w of P, by p(w) we mean
the sequence {pm (w)} such that pm(w) =1 for m € w and pm (w) = 0 in otherways. Additionally,

oo
PT:{wGP: > Pm(w)gr},
m=1
i.e., Py is the set of those w whose support has cardinality atmost r, and we have

Y={¢=(dm):0<P1 <P < Py, MPmy1 < (M+1)dPm}.

Consider a metric space (Z,J). For A, be any closed subset of Z, which is non-empty, we define

Tr :d}r Z 6(EuAn)-

Definition 2.1. Consider a metric space (Z,J). For A, A,, be closed subsets of Z, which are non-empty,
then the sequence (Ay,) is known to be strongly ¢-summable to A of order («x, 3) if

new,weP;

B
8(& An) — 5(6,/1\)’] =0,

we write it as W[¢] —limn An(o3) = A OF A (q,p) W—[? ] A, where W[¢] stands for the set of all strongly
¢$-summable Wijsman sequences.

Definition 2.2. For G C IN. The number

1
0¢(G) = rle o {new,weP,.:neqG}
is known as ¢-density of G. Clearly ¢4 (G) < @(G).
Definition 2.3. Consider a metric space (Z,J). For A, Bn be any closed subsets of Z, which are non-
empty, such that 8(&,An) > 0 and 6(&,Bn) > 0 for each & € Z, then the sequences (A, ) and (By,) are
known to be J-asymptotically ¢-statistical equivalent to L of order(«, ) such that, for every ¢ > 0 and

p>0,
B
> p} €,
J—WS'J)

denoted as (An)(ap) ~  (Bn)(ap), and known to be simply Wijsman J-asymptotically ¢-statistical
equivalent of order («, ) if L =1.

{new,wePT:’M—L‘>e}

{T N 5(£, Bn)

1
by
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An Orlicz function is a function M : [0,00) — [0,00), which is continuous, convex, nondecreasing
with M(0) = 0, M(z) > 0 and M(z) — oo as z — oo. If convexity of Orlicz function is replaced by
M(z+y) < M(z) + M(y), thus it is known as modulus function. An Orlicz function M is known to
satisfy Ay-condition for all values of t, if there exists Q > 1 such that M(2t) < QM(t),t > 0. Note that, if
0 <A <1, then M(Az) < AM(z), for all z > 0. A sequence M = (§n) of Orlicz functions is known to be
Musielak-Orlicz function [17]. A sequence N = (9,,) is given by

MNn(v) =sup{t—Fn(t):t >0}, n=12,...,

is known to be complementary function of a Musielak-Orlicz function M. The Musielak-Orlicz sequence
space pyy and its subspace gy are given by

Pm ={z€w:Iy(cz) < oo forsomec >0}, qn ={z€w:Iy(cz) < oo forallc >0}

where Jy is a convex modular given as

Inm(z) = Z Mn(zn), z = (zn) € Pm.

n=1

Definition 2.4. Consider a metric space (Z,J) and M be a Musielak-Orlicz function. Let A,,, B;, be any
closed subsets of Z, which are non-empty, such that (&, A,,) > 0 and 8(&,By) > O for each & € Z. Then
the sequences (A, ) and (B;,) are known to be

(i) Cesaro Musielak-Orlicz asymptotically equivalent to L of order («, 3) provided that
) B
lim s [ 23 ) =o
WIC1]H (M)

denoted as (An)(«,p) ~ (Bn)(a,p) and known as simply Wijsman Cesaro Musielak-Orlicz
asymptotically equivalent of order («, 3) if L =1;
(ii) Cesaro Musielak-Orlicz J-asymptotically equivalent to L of order («, 3) such that, for every p > 0,

B
{me]N [Z%n H 20}63,
—W[Cq]H (M)

J
denoted as (An)(«,p) ~ (Bn)(«,p) and known as simply Wijsman Cesaro Musielak-Orlicz
J-asymptotically equivalent of order («, 3) if L =1;
(iif) Musielak-Orlicz asymptotically ¢p-equivalent to L of order («, 3) provided that

B
1i¥nl“{ Z gné(&’A“)—LH =0,

new,weP;

W]t (M
denoted as (An)(q«,p) oL 0 (Bn)(«,p) and known as simply Wijsman Musielak-Orlicz asymptot-

ically ¢-equivalent of order («, 3) if L =1;
(iv) Musielak-Orlicz J-asymptotically ¢p-equivalent to L of order («, 3) such that, for every p > 0,

B
{re]N (bl[ > % LICZ H 29}61

new,weP, (E' B )

I-WIdI-(m
denoted as (An)(«,p) Lo (Bn)(a,p) and known as simply Wijsman Musielak-Orlicz J- asymp-

totically ¢-equivalent of order («, 3) if L =1;
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(v) Musielak-Orlicz asymptotically ¢-statistical equivalent to L of order («, 3) such that, for every ¢ > 0,

1 5(&, A B
hin—g {nEw,wEPr:Sné((E,B:))—L’>£}' =0,
WS (M)

denoted as (An)(q,p) (Bn)(«,p) and known as simply Wijsman Musielak-Orlicz asymptoti-
cally ¢-statistical equivalent of order (o, ) if L =1;

(vi) Musielak-Orlicz J-asymptotically ¢-statistical equivalent to L of order (o, 3) such that, for every
e>0and p >0,

1 3(&,An) °
X Snlxrwmy L 2 > ,
{rE]N o {nEw,wEPr Sn 5(Z,B.) L' e} preld
was;(M)
denoted as (An) («,p) ~ (Bn)(«,p) and known as simply Wijsman Musielak-Orlicz J- asymp-

totically ¢-statistical equivalent of order («, 3) if L = 1.
Theorem 2.5. Consider a metric space (Z,J) and M be a Musielak-Orlicz function. Let Ay, Brn be any closed
subsets of Z which are non-empty such that 5(&, Ay) > 0and 8(&, Bn) > 0 for each & € Z. Thus we have

" J—WI[C1]H (M) J—wst
() if (An)(ap) ~ (Bn)(a,p) then (An)(ap) ~ (Bn)(ap)s

- L
(i) if M = (Fn) satisfies Ap-condition and (An)(x,p) € Loo(M) such that (An)(«,p) s (Bn) (a,p), then
I—WI[C4]E (M)
(An)(ap) ~ (Bn)(a,B);

(iii) if M = (Fn) satisfies Ay-condition, then I — W[C1]H(M) N Loo (M) = T — WS N Lo (M), where Loo(M) =
{(An) : 3n(0(E,An)) € Lo, E € Z}
Proof.

J—WI[Cq]t (M)

(i) Assume that (An)(«p) (Bn)(«,p)- For given e > 0, we can write

5(5,An) P = 5(8,An) b
. _4] >nw[ 2 Snéﬁﬁnf_q}
B

|deml |5

{ngm:'m_L‘

>Sn&)
5(¢,Bn)

mO(

WV

8(& AR)
{“‘“'\m*l”}

Therefore, (An)(a,p) ~ (Bnl)(ap)-

J—Wst
(i) Assume that (An)sp) ~ (Bn)(ap)- Since M is bounded, so there exists a positive real number

Q such that sup, M(t) < Q. Thus for any ¢ > 0, we have

1 [ ¢ .« [3(&A) ]‘3 1 [ - 5(£,An) "3 - 5(£,An) ﬂ
— AN D DS AN g LA
m“LZf (5, Bn) ' o] BEP I W AR S & ey

e < (St —Li<e
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B
{ngm: ‘2((2@:))—1_‘ >£H + M(e).

Q

\m(x

Now, for any p > 0, we have
(E, )
. |88, AR) P o
g{mEN'maH“<m'\m‘L’>€H > g) <

I-WICiIH (M)
Hence (An)(%ﬁ) ~ (Bn)(%ﬁ)‘

(iif) The proof of (iii) directly follows from (i) and (ii). O

Theorem 2.6. Consider a metric space (Z,d). For Ay,Bn be any closed subsets of Z which are non-empty,

such that §(&,An) > 0 and 8(&,Bn) > 0 for each & € Z and positive non decreasing sequence () of real

_ L
numbers such that oy — oo as v — oo and ¢ < 1, for every v € IN, then (An)(«,p) s (Bn) («,p) implies

wasg,
(An)(ap) ~  (Bn)iap)-

Proof. Since by given sequence (&), it follows that inf; (.= ¢ ) > 1, then there exists q > 0 such that

X
o 1tq
¥ q
. J—wst
Since (An)(a,p) ~ (Bn)(ap), thus forevery e > 0 and for adequately large , we get
1 5(&,An) ' }r
—limew,w € P;: —Ll >
a1 )
1 (£, An) ‘ HB 1 { ’M&Aﬂ ‘ }B
= —. —in<r:|———-L| > ¢ nel{l?2,...,7t—w,weP,:|———L| >¢
e ey e R 5(2,B)
ey -l FealEl
———jn<r Ll >¢ nge{l,2,...,1rt—w,weP: |———=—L| > ¢
q 5(&,Bn) og 1™ <! } " 18(8,By)
B
o e
q 7 5(&, Bn)
Thus, for any n > 0, we get
{relN L {nEw w € Py 5(£,An)_L)>£HB >
(I)T 7 T - (aan) = /T]
1 5(2,An) P
- Lr | —2——<—L|> > 10
cfremsgalinersSemn o} >i¥5) e
This completes the proof. O
Theorem 2.7. Consider a metric space (Z,J). For Ay, Bn be any closed subsets of Z, which are non-empty, such
_ L
that 8(&, An) > 0and 8(&,By) > 0 for each & € Z and M satisfies A, condition, then (An)(«,p) s (Bn)(a,p)

' ' I-W8§ (M)
implies (An) («,p) ~ (Bn)(op)-
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Proof. Since by given sequence (¢r), it follows that inf. (;=7-) > 1, then there exists q > 0 such that

Since (An)(a,p) ~ (Bn)(ap), then for every ¢ > 0 and for adequately large r, we get

3(&, An) _L’ N EHB

{newweP Sn

oF 5(&,Bn)
_Tlocg; {ngr;gnm_L‘>£}‘ﬁ
<I>1T {ne{lz T}_wlweprzgn(m_L‘>€}‘B
B
<1:qu“ {“gr‘gn%%‘%}‘
‘1’1r {noe{lz T}—wfwePrzsnm—L‘>e}ﬁ
1:qu“ {“gr‘gnm%‘%}‘ﬁ_

Since M satisfies A,-condition, it follows that

O(&, An) ’ ‘5(5,/%)
—7 — 1| <0Q.|—FL—=—-14,
Sn 5(&,Bn) R 5(&,Bn)
where Q > 0 is constant in both cases g(é’,g:)) —L’ <1and 2(2{3\:)) —L‘ > 1.

First condition holds by Musielak-Orlicz function, and for second, we have

S5(&,An) —L‘ — 21_(1) —

8(&,Bn)
2212 = ... = 271" such that L") < 1. Since M satisfies A,-condition, we get
6(£zAn) ‘ ( ‘5(£/An)
T L < MLITIM(D) = Q| 2 — L,
|50, Ba) M=Q5 B,
where Q and M are constants. The proof of theorem follows from above inequality. O

Theorem 2.8. Consider a metric space (Z,J). For An,Bn be any closed subsets of Z, which are non-empty,

such that 8(&,Av) > 0 and §(&,Bn) > 0 for each & € Z, suppose that M be a Musielak-Orlicz function and
J—WSL (M)
n € Z such that ¢ < [dF]+n, sup, (([dF]+K)/PF ;) < oo. Then (An)(«,p) 2 (Bn) («,p) implies

J_wsL
(An)(wp)  ~  (Bu)(ap)-

Proof. If sup,(([¢p¥] +n)/dr_1) < oo, then there exists Q > 0 such that (([¢pZ] +n)/d* ;) < Q for all
T > 1. Assume that m be an integer such that ¢ ; < m < ¢. Thus for every ¢ > 0, we have

B
el fiEm -1
B
< L fnemenEA o
me )
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1 [ +n ) P
SErn o, H s ‘ M(E)H
1 (¢ +n | 88 An) g
Sgen o, H“ew’wep“"?‘”“wé(, RRCEECH
B
gQHnEw W € Plpajin Jv[‘ EA“)—L‘>M(5)}‘
(b + Bn)
B
dJQ {nEwwEP M' aAn;—L')M(E)H.
Therefore, for any p > 0, we get
1 L 0(E An)
{melN.m(x[{ngm.Ié(a’Bn)—L'}e}' H

B
_{T‘EN q)er{nEwweP %]t - M' /];\)) L‘)M(s)}‘)é}] el

This completes the proof. O

Theorem 2.9. Consider a metric space (Z,d) and M be a Musielak-Orlicz function. For Ay, By be any closed
subsets of Z, which are non-empty, such that 6(&, An) > 0 and 6(&, By) > 0 for each & € Z, then we have

" - I—WIC4]E (M) . . I—WI[PpIt (M)
1) if (An)(ap) ~ (Bn) (o,p) implies (An) (o) ~ (Bn)(a,p)s
ey I—WIpIt (M) . .
(i) if sup.(dpr/dpr—1) < oo and for every v € IN, then (An)(ap) ~ (Bn)(a,p) implies
I-WICiIH (M)
(An)(a,p) ~ (Bn)(a,p)-
Proof.
(i) By given sequence (¢ ), it follows that inf,(r/(r — ¢+)) > 1. Then there exists 1 > 0 such that
re 1—1—1
bE ST
Now, we have
ol = s
¢$€ new,we”P, )
1 [i ‘6(a,An) ’ b [ ’6(5,/\“) HB
= —.— M —L|| —— Z M —L
berx e n=1 6(5,,311) - gc ne{l,2,..,r}—w,weP; 6(6’ Bn)
1411 [ ’ ’6(&,An) ]'3 1 [ ‘6(6,An) HB
<[> ™ —L| —— > M —L
Lo n=1 B(E"Bn) Tq{ noe{1,2,..,r}—w,weP, 5(&,]371)
1411 [ ¢ (£, An) B
< ——= — :
ST r“[ZM’ (£, Br) L]
n=1
. . I—WI[C]E(M) .
Since M are continuous and (An) () ~ (Bn)(«,p), then for any p > 0 and from last relation

we have

lp B
—1l> "
>

r
{re]N:l[
—rLX
n=1
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1 5(&,An) °
g{rEN‘w{ > M'é(a,Bn)_L‘”H €

new,weP;

I=WIdp]- (M)
Therefore, (An)(«,p) ~ (Bn)(a,p)-

(ii) Suppose that the sequence (¢, ) satisfies the relation that forany set Ve F, U{m: ¢r—1 < m <[], 1 €
V} € J. Assume that sup_($r/dpr_1) < oo, thus there exists Q > 0 such that ¢/p¥ ; < Q forall r > 1.

. I—WIpI= (M)
Since (An)(a,p) ~ (Bn)(«,p)- Thus for every e >0, p > 0, we put

B
V:{TEN:{X[ > M‘W—L‘q}] ,
Cbr new,weP; (E" n)
1 [ o [8(8An) P
= — Sinl .
Y {mEN ma L;M SEBa) | "H
From our supposition it follows that V € J. Also, note that

1 5(£,An) °
vr_d)%[ > M'WL'Q},Wev.

Suppose m be an integer with ¢_1 < m < [¢p,] for some r € V. Thus we have

1 [ . |86 A0 P
m“[zM‘é(aB _LH

new,weP;

- (] B

1 5(&, An)

x 5(&,Bn)

r—1btn—

- (1] B[] B (br] B

B N L7 B N R o, 1

r—1 L =1 6(5/]31’1) [Cbﬂ (EVBTI) d)rfl (E,/Bn)

¢ [1 8(5An) 1%, 42 [1 8(5,An) |17
S o% (41 2 M‘s(a,Bn)LH " “1[432 2 M‘é(a,Bn)LH

=127 new,werP® T ne epP®@)

B B
R dch [1 Z M‘S(E”A“)_LH R b [1 Z M"S(E"AT‘)_[_H
r—1 br new,weP R n) "

¢
<sup Ve, “T < Qg,
rev r—1

where P(9) are the set of integers having more elements than [¢p4] for q € {1,2,...,1}. Selecting p = £/Q
is because of the fact that U{m : ¢—1 < m < [dp;],r € V} C Y, where V € J. Thus, based on supposition
thesetY € 7. 0

Theorem 2.10. Consider a metric space (Z,J) and M be a Musielak-Orlicz function. For Ay, Brn be any closed
subsets of Z, which are non-empty, such that 6(&, An) > 0 and (&, By) > 0 for each & € Z, thus we have

o I—WI[PI" (M) J-wsk
) if (An)(ap) ~ (Bn)(ap) then (An) (o) ~  (Bn)iap)s
J—wsk
(i) if M satisfies Ap-condition and (An), (Bn) € Leo(M) such that (An)(xp) ~ 0 (Bn)(«,p), then
I-WIp]" (M)
(An)(ax,ﬁ) ~ (B“)(%B);

(iii) if M satisfies Ap-condition, then I — WI[d]-(M) N Lo (M) = I — WS&D N Lo (M).

Proof. The proof is on the similar lines of the Theorems 2.5 and 2.9, so we can omit the details. O



M. M. Mohammed et al., ]. Math. Computer Sci., 38 (2025), 330-340 340

Acknowledgements

This work was funded by the University of Jeddah, Jeddah, Saudi Arabia, under grant No. (UJ-23-
DR-127). The authors, therefore, acknowledge with thanks the University of Jeddah for its technical and
financial support.

Authors’ contributions

All authors contributed equally to the writing of this paper. All authors read and approved the final
manuscript.

References

[1] G. Beer, On convergence of closed sets in a metric space and distance functions, Bull. Austral. Math. Soc., 31 (1985),
421-432. 1
[2] N. L. Braha, On asymptotically A™ lacunary statistical equivalent sequences, Appl. Math. Comput., 219 (2012), 280-
288. 1
[3] Q.-B. Cai, S. K. Sharma, M. A. Mursaleen, A note on lacunary sequence spaces of fractional difference operator of order
(, B), J. Funct. Spaces, 2022 (2022), 9 pages. 1
[4] P. Das, E. Savas, S. Kr. Ghosal, On generalizations of certain summability methods using ideals, Appl. Math. Lett., 24
(2011), 1509-1514. 1
[5] H. Fast, Sur la convergence statistique, Colloq. Math., 2 (1951), 241-244. 1
[6] J. A. Fridy, On statistical convergence, Analysis, 5 (1985), 301-313. 1
[7]1 B.Hazarika, Wijsman Orlicz asymptotically ideal ¢-statistical equivalent sequences, J. Funct. Spaces Appl., 2013 (2013),
9 pages. 1
[8] B.Hazarika, A. Esi, Statistically almost A-convergence of sequences of sets, Eur. J. Pure Appl. Math., 6 (2013), 137-146.
1
[9] P. Kostyrko, T. Salat, W. Wilczyniski, J-convergence, Real Anal. Exchange, 26 (2000/01), 669-685. 1
[10] R. Kumar, S. K. Sharma, Asymptotically lacunary statistical equivalence set sequences of order («, 3), Adv. Stud. Euro-
Tbil. Math. J., 16 (2023), 67-75. 1
[11] R.Kumar, S. K. Sharma, A. K. Sharma, Asymptotically Wijsman lacunary sequences of order («, 3), J. Anal., 32 (2024),
2037-2055. 1
[12] J. Li, Asymptotic equivalence of sequences and summability, Int. J. Math. Math. Sci., 20 (1997), 749-757. 1
[13] M. S. Marouf, Asymptotic equivalence and summability, Int. J. Math. Math. Sci., 16 (1993), 755-762. 1
[14] S. A. Mohiuddine, S. K. Sharma, D. A. Abuzaid, Some seminormed difference sequence spaces over n-normed spaces
defined by a Musielak-Orlicz function of order («, 3), J. Funct. Spaces, 2018 (2018), 11 pages. 1
[15] M. Mursaleen, S. A. Mohiuddine, On ideal convergence in probabilistic normed spaces, Math. Slovaca, 62 (2012), 49-62.
1
1 J. Musielak, Orlicz spaces and modular spaces, Springer-Verlag, Berlin, (1983).
1 E Nuray, B. E. Rhoades, Statistical convergence of sequences of sets, Fasc. Math., 49 (2012) 87-99. 1, 2
[18] R. F. Patterson, On asymptotically statistical equivalent sequences, Demonstratio Math., 36 (2003), 149-153. 1
] F. Patterson, E. Savas, On asymptotically lacunary statistical equivalent sequences, Thai J. Math., 4 (2006), 267-272. 1
] L P. Pobyvanets, Asymptotic equivalence of some linear transformations, defined by a nonnegative matrix and reduced to
generalized equivalence in the sense of Cesaro and Abel, Mat. Fiz., 28 (1980), 83-87. 1
[21] T. Salat, On statistically convergent sequences of real numbers, Math. Slovaca, 30 (1980) 139-150. 1
[22] E. Savas, On J-asymptotically lacunary statistical equivalent sequences, Adv. Difference Equ., 2013 (2013), 7 pages. 1
[23] I.]J.Schoenberg, The integrability of certain functions and related summability methods, Amer. Math. Monthly, 66 (1959),
361-375. 1
[24] S. K. Sharma, S. A. Mohiuddine, A. K. Sharma, T. K. Sharma, Sequence spaces over n-normed spaces defined by
Musielak-Orlicz function of order (e, 3), Facta Univ. Ser. Math. Inform., 33 (2018), 721-738. 1
[25] B. C. Tripathy, A.]. Dutta, Lacunary I-convergent sequences of fuzzy real numbers, Proyecciones, 34 (2015), 205-218. 1
[26] B.C. Tripathy, B. Hazarika, I-convergent sequence spaces associated with multiplier sequences, Math. Inequal. Appl., 11
(2008), 543-548. 1
[27] B.C. Tripathy, B. Hazarika, Some I-convergent sequence spaces defined by Orlicz functions, Acta Math. Appl. Sin. Engl.
Ser., 27 (2011), 149-154. 1
[28] B. C. Tripathy, S. Mahanta, On I-acceleration convergence of sequences, J. Franklin Inst., 347 (2010), 591-598. 1
[29] R. A. Wijsman, Convergence of sequences of convex sets, cones and functions, Bull. Amer. Math. Soc., 70 (1964), 186-188.
1


https://doi.org/10.1017/S0004972700009370
https://doi.org/10.1017/S0004972700009370
https://doi.org/10.1016/j.amc.2012.06.016
https://doi.org/10.1016/j.amc.2012.06.016
https://doi.org/10.1155/2022/2779479
https://doi.org/10.1155/2022/2779479
https://doi.org/10.1016/j.aml.2011.03.036
https://doi.org/10.1016/j.aml.2011.03.036
https://doi.org/10.4064/cm-2-3-4-241-244
https://doi.org/10.1524/anly.1985.5.4.301
https://doi.org/10.1155/2013/257181
https://doi.org/10.1155/2013/257181
https://doi.org/10.3923/ajsr.2013.146.156
https://projecteuclid.org/journals/real-analysis-exchange/volume-26/issue-2/I-Convergence/rae/1214571359.full
https://doi.org/10.32513/asetmj/193220082326
https://doi.org/10.32513/asetmj/193220082326
https://doi.org/10.1007/s41478-023-00607-1
https://doi.org/10.1007/s41478-023-00607-1
https://doi.org/10.1155/S0161171297001038
https://doi.org/10.1155/S0161171293000948
https://doi.org/10.1155/2018/4312817
https://doi.org/10.1155/2018/4312817
https://doi.org/10.2478/s12175-011-0071-9
https://doi.org/10.1007/BFb0072210
https://citeseerx.ist.psu.edu/document?repid=rep1&type=pdf&doi=8b9557c6c612666c80d9f69ec3a5008e7357849b
https://www.degruyter.com/document/doi/10.1515/dema-2003-0116/html
https://citeseerx.ist.psu.edu/document?repid=rep1&type=pdf&doi=baeb332c03587f837e14504403fbe1484bf8ea1b
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Asymptotic+equivalence+of+some+linear+transformations%2C+defined+by+a+nonnegative+matrix+and+reduced+to+generalized+equivalence+in+the+sense+of+%7BC%7Des%5C%60aro+and+%7BA%7Dbel&btnG=
https://scholar.google.com/scholar?hl=en&as_sdt=0%2C5&q=Asymptotic+equivalence+of+some+linear+transformations%2C+defined+by+a+nonnegative+matrix+and+reduced+to+generalized+equivalence+in+the+sense+of+%7BC%7Des%5C%60aro+and+%7BA%7Dbel&btnG=
https://dml.cz/bitstream/handle/10338.dmlcz/136236/MathSlov_30-1980-2_6.pdf
https://doi.org/10.1186/1687-1847-2013-111
https://doi.org/10.2307/2308747
https://doi.org/10.2307/2308747
http://casopisi.junis.ni.ac.rs/index.php/FUMathInf/article/view/4447
http://casopisi.junis.ni.ac.rs/index.php/FUMathInf/article/view/4447
https://doi.org/10.4067/S0716-09172015000300001
https://doi.org/10.7153/mia-11-43
https://doi.org/10.7153/mia-11-43
https://doi.org/10.1007/s10255-011-0048-z
https://doi.org/10.1007/s10255-011-0048-z
https://doi.org/10.1016/j.jfranklin.2010.02.001
https://doi.org/10.1090/S0002-9904-1964-11072-7

	Introduction
	Wijsman Musielak-Orlicz asymptotically ideal -statistical equivalent sequences of order (,)

