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Abstract

This article introduces the concept of a generalized fuzzy bipolar metric space which extends the framework of fuzzy
bipolar metric spaces. Within this novel setting, we establish the Ciri¢ quasi-contraction theorem tailored to generalized fuzzy
bipolar metric spaces. To achieve these results, we introduce the notions of covariant and contravariant contractions, which
represent significant advances in this field. To illustrate the applicability of the theoretical findings, detailed examples are
provided. Moreover, the study delves into the well-posedness of the fuzzy fixed point problem, demonstrating the existence and
uniqueness of solutions for multi-order fractional differential equations.
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1. Introduction

Significant progress has been made in the field of fuzzy metric spaces (FMSs), beginning with the
pioneering work of Schweizer and Sklar [23] and continuing through the contributions of George and
Veermani [5], along with other researchers (see [4, 11, 17, 25, 26]). In 2020, Bartwal et al. introduced
a novel generalization of FMSs called the fuzzy bipolar metric space (FBMS), designed to measure the
distance between points from two distinct sets [3]. Many of these spaces have been further developed
within the broader context of FBMSs, see [14, 15, 22]. Ashraf et al. [1] proposed the concept of generalized
fuzzy metric spaces (GFMSs). GFMSs extend several topological spaces, including FMSs, fuzzy b-metric
spaces, and dislocated fuzzy metric spaces.

In 2021, Roy and Saha [21] proposed the sequential bipolar metric space (SBMS), a generalization of
both bipolar metric spaces [18] and bipolar b-metric spaces [20]. In this paper, we introduce a fuzzy inter-
pretation of their work, referred to as the generalized fuzzy bipolar metric space (GFBMS). This concept
extends the FBMS framework, as well as the fuzzy triple-controlled bipolar metric spaces (FTCBMSs)
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introduced in [14]. An example is provided to clarify the definition of a GFBMS, demonstrating that the
category of GFBMSs encompasses both FBMSs and FTCBMSs.

Moreover, several fixed-point results are established within the framework of GFBMS. For a deeper
understanding of these findings, we recommend consulting [7, 8, 16, 19]. The paper also investigates the
well-posedness of the fuzzy fixed-point problem (FFP problem). An application of the main results is pre-
sented to prove the existence and uniqueness of solutions to multi-order fractional differential equations
(M-OFDEs) with integral boundary conditions (IBCs).

To provide context, we now review some fundamental concepts that will be useful later in this paper.

Definition 1.1 ([14]). Let A and B be two nonempty sets. Let A, @, a : A x B — [1, +00) be three noncom-
parable functions. A quadruple (A, B, M, *) is called a FTCBMS, where * is a continuous t-norm (ctn) and
M is a fuzzy set on A x B x (0,+00), if for all p,y,t > 0:

(M1) M(@,v,1) >0 forall (@,v) € AxB;

(M2) M(@,v,\)=1lifand onlyif ® =v for@ € Aand v € B;

(M3) M(@,v,1) =M(v,®,) for all o,v e AN B;

(M4) M(@,v,p+v+1) =>M(®, v, Mco#,vl)) *M(0p,Vv1, m) *M(02, V2, 55557
A x B;

(M5) M(@,v,.): [0,400) — [0,1] is left continuous;

(M6) M(@,v,.) is non-decreasing for all @ € A and v € B.

) forall (@,v1),(v,0,) €

Remark 1.2. If A = « = a in Definition 1.1, we arrive at the definition of a FTCBMS as presented by Mani
et al. [13]. Also, if A = «« = a = 1 we obtain the definition of FBMS, see [3].

Definition 1.3 ([21]). Let A and B be two nonempty sets and D : A x B — [0, +o0] be a function. Define
the following sets:

CLAD,v)={{onlCA: Iim D(@n,v)=0}, Cr(B,D,o)={{vni}CcB: lim D(v,, @) =0}
n—-+oo n—-+o00

where D satisfies the following conditions:

(P1) D(w,v) =0 implies @ =v € ANB;

(D2) D(w,v) =D(v,®) forall ® € Aand v € B;

(D3) there exists some k > 0 such that for all (@1, V1), (@3,Vv2) € A x B we have
D(@1,v2) < klimsup[D(@1,v1) + D(@n, v1)], {dn} € CL(A, D, v2);

n—+oo

®(®1/V2) < khmsup[D(@LVZ) + ®(®21Vn)]/v{vn} € CR(B/ D/ (Dl)-

n—-+4oo

Then D is called a SBM and the triplet (A, B, D) is called a SBMS.

2. GFMS

In this part, we introduce the notion of GFMSs and prove various fixed point theorems in these
domains. Let A and B be two non-empty sets and let F : A x B x (0,4+00) — [0,1] be a function. For
(@,v) € A xB,t >0 let us establish the following sets:

CLAF,v)={{on}CcA: lim F(onv,t)=1}, Cr(B,F@)={valCB: lim F(vn, o, t) =1}
n—-+oo n—+oo

Definition 2.1. Let A and B be two not empty sets and * is a ctn. A mapping F: A x B x (0, +o0) — [0,1]
is called a GFBM if it satisfies the following conditions:

(F1) F(@,v,t) >0;
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(F2) F(w,v,t) =1implies @ =v forall t>0;

(F3) F(@,v,t) =F(v,®,t) for all ®, v € ANB;

(F3) There exists a constant a > 1 such that for (@1,v1), (@2, v2) € A x B, the following condition is
satisfied:

t t
g(@1/‘V2/ t) = lim sup[?(wllvll a) * 9:’((-DTU Vi, a)]/ v{@n} € CL(‘A/ 3:'/ VZ)/

n—+oo

t t
3’(®1/V2/t) = hmsup[?(QZIVZI 7) * SF(ZDZ/‘VTII 7)]1 v{vn} € CR(B/ g:/ (Dl)/
n—+oo0 a a

(F4) F(@,v,.): (0,+00) — [0,1] is continuous and lim¢_, ;. F(@, v, t) = 1.
Then(A, B, F, %) is called a GFBMS.

Example 2.2. Consider a SBMS (A, B, D). Define a mapping J : A x B x (0, +00) — [0, 1] as follows:

D(@,v)

F(@,v,t) :exp_ . ,(@,v) e Ax B, (2.1)

and any t > 0, define the following sets

CLAF,v)={{on}CcA: lim F(on,v,t)=1}, Cr(B,F@)={vatCB: lim F(v,, o, t) =1}
n—-+oo n—+oo

Then (A, B, T, *) is a GFBMS, where "+" is considered as product ctn, i.e,, axb =a-b.

Proof. The conditions (F1), (F2), (33), and (I5) specified in Definition 2.1 seem to be satistied. The
verification is achieved by establishing the validity of (F4). Let (@1,Vv1), (@2,v2) € A x B, {®n} €
CiL(A,F,v2), and {vn} € Cr(B,F,@1). From equation (2.1) it follows that {@n} € Cr(A,D,vz) and
{vn} € Cr(B,Dsb, ;). Given that (D) is a SBMS, by considering condition (D3) of Definition 1.3 and
equation (2.1), we obtain the following:

F(@1,v2 1) = exp—p(at’lf\’z)
S exp_klimsupn_WOO[D(GtDLvl) + D(@n,yl)],k o
P eXp—alimsuPn_)+°°[D(?1/V1) +D(®mv1)],a >landa>k>0
> lim sup exp _[D(wlf\’l)j’@(@nﬂ/ﬂ] > lim sup F(@1, v1, 1) DV, E).
n oo a n—+o0o a a
And,
F(@1,va t) = expw
> exP—klimsupn—>+oo[®(T2f vnl + 9(@2,\/2)]’]< -0
S exp_alimsupn_)+oo[9(?2,vn) +D(®2'V2)],a - landas K0
> lim sup exp _[D(@z,vn)t—i— D(@2,v2)] > lim sup F(@2, v, E) « F(@a,va, E).
n—teo o N— 400 a a

Proposition 2.3. A GFBMS is an extension of the FBMS (A, B, T, *).
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Proof. 1t is evident that conditions (F1), (32), (F3), and (I5) in Definition 2.1 are met. Let @, @2 €
‘AI V1,V2 € B/ {(Dn} € CL(‘A/ gj’ VZ)/ and {VTL} € CR (B/ 3:/ @]), then

t t t
gj((Dl/VZ/t) = gj(mllvll g) * g:I(lelyll g) *?(Qn/VZI g)/

t t t
gj(@l/VZIt) = g(mllvnl g) * ?(@21‘\/1’1/ g) * ?(QZIVZI 5)/ for alln P 1/t > 0.

By taking n — 400, it is seen that (J4) in Definition 2.1 is satisfied for a = 3. O

Remark 2.4. A GFBMS may not always satisfy the conditions of being a FBM. The subsequent example
supports our argument.

Example 2.5. Let A ={0,1,2,...}, B=1{0,1,—-2,...},and F: A x B x (0,400) — [0, 1] be defined by

1, ©=v=0,
exp ﬂ:vlm, ©=0,v#0
exp%, @ #0,v=0,

exp =2, ®#0,v#0,

F(@,v,t) =

for every @ € A,v € B, and t > 0, where “x” is taken as product ctn. Thus, (A, B,J,*) constitutes a
GFBMS; however, it does not qualify as a FBM.

Proof. The conditions (F1), (32), (F3), and (I5) in Definition 2.1 are directly hold. Let (@1, v1), (, @2, V2) €
A x B, {on} € CL(A,F,Vv2) and {vn} € Cr(B,F, @1). Now for condition (F4) we have four cases.
Case I. If @1 = vy =0, then the condition (F4) is evidently content with any@; € A,v; € B.

Case II. Let @1 = 0, vy # 0 and v; be arbitrary . Let {vn} € Cr(B,F,0) such that v, # 0 for all n € IN.
Then two subcases arise.

Subcase I. Let @, = 0. Next, it can be observed that

lim sup[F (@2, vn, t) * F(@2, Vo, 1)]

n——+o0o
—1
= lim sup[F(0, vn, 1) * F(0, v, t)] = 1% F(0, v, t) = exp —— = F(@1, v, at), soa=1.
n—-+oo t(_VZ + 1)
Subcase II. @, # 0, @, # vo. Then we see that
lim sup[?(®21 Vn, t) * 3’(®2/ V2, t)]
n——+oo
—20 —20 —40 -1
< exp P < exp ~ < exp e F(@1,v2, at), where a =1.

Case IlI. Let @; # 0,v, = 0 and @, € A be arbitrary. Let @, € Cr (A, F,0) such that @, # 0 for all
n € IN. Then we have two subcases arise.

Subcase I. If vi =0, then

lim sup[F (@1, v1t) * F(@n, v1,t)
n—-+oo

= limsup[F(@1,0,t) * F(@n,0,t)]

n—-+oo

—1
= limsup[F(@1,0,t) *1 = limsup F(@1,0,t) = exp o F(@®1,v,, at), where a = 1.
1

n—-+oo n—-+oo
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Subcase II. If v{ # 0,v1 # @1,

limsup[F(@1, v1,t) * F(@n, v1, 1)

n—-+o0o
= exp —20 - exp —20_ exp —40 < exp —20 < exp 1 < F(@1,v,t), where a=1.
t t t t to
Case IV. If @1, v, # 0, then it is clear that condition (F4) is satisfied at a point (@, v1) € A x B. Since
CL(A,F,vp) = Cr(B,F,@1) = ¢. Therefore, it can be deduced that (A, B, F, *) forms a GFBMS. However,
it does not qualify as a FBM. Clearly if we choose @1, v, # 0, @1 # v, such that @1 =n, v, = —m, m,n €
N, m#n,and @, =v; =0,

3"(031,\/1%) *?(032,\’1%) *3"(032,\/2,%)
= F@1,v1,5) # 15 5(@, v, 5)
= exp t;l * exp t(—;z—l—l) = exp;—TL -expm —lasm,n — +oo.
Also, F(@1, vy, t) =exp %20 < 1. Therefore, (A, B, F, ) does not qualify as a FBMS. O

Proposition 2.6. A FTCBMS (A, B,Y,x) is also a FFBMS.

Proof. Clearly conditions (F1), (32), (33), and (I5) in Definition 2.1 are satisfied. Let @1, @, € A, @1, V2 €
B, {on} € CL(A,F,v2) and {vn} € Cr(B,F, @1), for all t > 0 we have by (M4) of Definition 1.1,

t t
F(@1,vy,t) = F(@1,v], ——— )« F(@n, V), ———— )+« F(@On, V), —————
(@1,v21) (@1, V1 31/(@1,\/1))* (@n, M1 306(®n,\/1))* (@n,v2 3Y(®n,\'2))
t t t
295(@1,‘\/1,—)*37(@“,‘\/1,—)*gj(@n,\/zl—)
a a a
and
F(@1,va,t) = F(o1,v ;)*f}’(a) v ;)*EF(G) v é)
vz Y 3y (@1, V) >N 3@, Vi) > 3y(@,v2)
t t t
2 35(@1,\/“, a) *9(@2,Vn, E) *35(6)21\/2/ a)/ for alln 2 ]-/t > 0/
where,

a=max{ sup 3A(®,v), sup 3a(®,v), sup 3y(®, V).
oeA,veEB DEA,VEB DEA,VEB

According to (M6) in Definition 1.1, as n — 400, it becomes evident that condition (F4) in Definition 2.1
is satisfied. O]

Definition 2.7. Let (A1, B1) and (Ajy, B) be two pairs of sets.

(i) The function Y : (A1, B1) = (A, By) is called a covariant mapping if V(A1) C A and Y(B;) C B,.
(ii) The function Y : (A1, B1) = (Az, By) is called a contravariant mapping if V(A1) C By and Y(B1) C
As.

Definition 2.8. Let (A, B, F, *) be a GFBMS.

(i) A point @ € AU B is classified as a left point when @ € A, as a right point when @ € B, and as a
central point when both conditions are met.

(ii) A sequence {®n} C A is called a left sequence and a sequence {v,} C B is called a right sequence.
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(iif) A sequence {vn} C AU B is said to converge to a point v if and only if {vy} is a left sequence, v is
a right point and for every € € (0,1) and t > 0 there exists ny € IN such that F(vy,,v,t) > 1 — € for
every n > ng, i.e,, F(vn,v,t) = 1 asn — 400 or {vn} is a right sequence, v is a left point and for
every € € (0,1) and t > 0 there exists ng € IN such that F(v, vy, t) > 1—€ for every n > ny, ie,,
F(v,vn,t) > 1asn — +oo.

Definition 2.9. Let (A, B, T, ) be a GFBMS, then

(i) A sequence {(@n,Vn)} is referred to as a bisequence.
(ii) A sequence (@n,Vn) € A x B is considered convergent if both {®™n} and {vy} converge to the same
central point. In this case, the sequence {(@n, vn)} is termed a biconvergent sequence.

(iif) A bisequence {(@n, vn )} be defined as a Cauchy sequencelf for every € € (0,1) and t > 0, there exists
ang € N such that F(@n,vm,t) > 1 —€ for all n,m > ng. In other words, a bisequence {(@n, vn)}
is considered a Cauchy bisequence if F(@n, Vm,t) = 1 as n, m — +oo0.

Definition 2.10. A GFBMS is considered complete when every Cauchy bisequence converges.

Proposition 2.11. Consider A GFBMS (A, B,J,x*). If F(@,®,t) = 1 for t > 0, then the sequence {(®n, vn)}
converges to a unique limit @, which is a central point.

Proof. Let {®} be a left sequence in (A, B, F, x) which converges to some @ € AN B with F(®,®,t) =1
forall t > 0. If v € B is a limit of this sequence, then we get

F(@,v,t) > limsup(ff(@,@,%) * T (@, On, g)), a>1=1x1=1. (2.2)

n—-+oo

Consequently, (2.2) demonstrates that (@, v, t), meaning that @ = v. Therefore, @ is the unique limit of
the sequence {®}. Likewise, if {v,,} denotes a right sequence in (A, B, F, ). O

Proposition 2.12. Every Cauchy bisequence in a GFBMS (A, B, J, *) that converges also biconverges.

Proof. Let {(@n,vn)} be a Cauchy sequence that converges to (@,v) € A x B. Then, we have

t t
F(@,v,t) > limsup[F(®, Vi, =) * F(@m, vm, =), a>landt>0=1x1=1.
m——+00 a a

Thus, we obtain (@, v,t) = 1, which implies @ € A N B. O

Remark 2.13. From Proposition 2.12, we can deduce that if a Cauchy bisequence biconverges to some
@ € A x B, then F(@,®,t) =1.

3. FFPT results

This section presents the proof of several fuzzy fixed point theorems within the framework of a GF-
BMS.

Definition 3.1. Let (A, B, 7, x) be a GFBMS. A mapping YV : (A, B,TF,x) =2 (A, B, T, ) is a generalized
fuzzy bipolar (GFB) «-contraction of type-I if for all (@,v) € A x B,0 < a < 1, the following inequality
holds forall t >0

FY®,Yv,at) > F(@,v,t). (3.1)

Theorem 3.2. Let (A, B,T,*) be a complete GFBMS and Y : AUB = AU B be a GFB «-contraction of type-I. If
there exists w = (@o, Vo) in A x B, forall t >0, 0¢(F,Y, w) = infs ren (Y @0, YV, t)} > 0. Then Fixy = {@},
@ € AN B (Fixy is defined as the set of fixed points of Y).
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Proof. Let w = (@y, Vo) be any point in A x B that satisfies for any t > 0,

ou(F, Y, w) = inf {F(V®o, V*vo, t)} > 0.

Since Y is a covariant mapping, we have @, = Y"®o,vn, = Y™V and

Ut(gr/YK_'_l/w) = inf {H:(YK_'_T@O/’Y‘K_'_S‘VO/t)}/

s,reIN

for every constant k =0,1,2..., we get that
{?(YK+TG)Q,YK+TV0, t) T, = 1} - {?(Y‘”a)o, YSVO, t) IT,S = 1},

which implies that
o (F, T, (@0, Vo)) = 01 (F, Y, (@0, Vo)) > 0. (3.2)

For every r,s,n € N,

t
FO™ @0, Y Vo, 1) 2 YT @ Y vy, ) > 0 (5,77 w). (33)

R\r'*

It can be deduced from (3.2) and (3.3) that

FOM™ T @o, Y™ Vo, 1) 2 on(F YL ) 2 0 (BT w) 2 0 (FYMVLw) > > 0 (5,7, w). (34)

Ot
2

9\#

Therefore, for every 1 < n < m we use (3.4) to obtain,
F(@n, Vi, t) = F(Y @0, Y v, t) = G%(&”,Y“,w) —1lasn — +oo.

Because of the condition o¢(F, Y™, w) >0 forall t > 0and « € (0,1), as outlined in (F5) within Definition
2.1. Therefore, we obtain limn_, o F(@n,vm,t) = 1. Hence, {(®n,vm)} forms a Cauchy sequence.
Given that (A, B, J, %) is complete, this sequence converges. Consequently, according to Remark 2.13, it
biconverges to some @ € AN B such that F(®, ®,t) = 1. Now

t
Fl@Oni1,Yo,t) > Flon, @, &) — lasn — +oo.
Since {@} converges to the central limit @ € AN B with F(®, @, t) = 1, then by Proposition 2.11 we get

Y® = @. Now, suppose that ¥ € A is an additional fixed point of ¥ with (@, 9,t) > 0. By (3.1), it can be
observed that

t
T(0,@,1) > F(Y9, Y@, =) = F(0,@, ) > (X9, Y@, ~5) >+ > F(Y9, Y@, —) = Las n - +oo.
Then, ¥ = @. The same result applies when 9 belongs to the set B. O
Example 3.3. Let A = {(®,0) € R>: 0 < @ < 1}and B ={(0,v) € R?: 0 < v < 1}. Define
F(@,0),(0,v),1) = —
7 7 7 7 - t _"_ |® —"_ ‘\/|,

forallt >0, (®,0) € A, (0,v) € B. Clearly, (A, B, T, *) is a complete GFBMS, where * is a product ctn. Let
Y:AUB = AUB be defined by

for all (®,0) € A and (0,v) € B.
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Proof. Y is a GFB «-contraction of type-I since Y(A) C A,Y(B) C B so it is a covariant mapping and
contraction, where a = 3 € (0,1). To clear it, suppose that

() v
E! 0)/ (0/ E)/ (Xt)

ot ot t
= @ v 1 = r &
ot + 1T+ 3 at+sle+v t+H|@+V

?(Y((D, O)IY(OIV)I (Xt) = ?(

1
= E > ?((D,'V,t), Yt > 0,

by constructing the bisequences @n+1 = @n and vn41 = vn for all n € N U{0} by taking some (0,0) #
(@0,0) € A,(0,0) # (0,vp) € B, a non-trivial bisequence is derived as

® v ® v
(@n, V) = {((@0,0), (0,v0)), (57, 0), (0, ), (55, 0), (53, 0), - .,
which implies that for any t > 0,
t
3 S T — 3
O—(EF/ Y, ((DO/ VO))t - s,lT’réf]:N{&r(Y (DO/Y Vo, t)} - S,lT‘réI;N t+ |2€SD701 n 2:/31 |/t > 0} > 0.
By Theorem 3.2, we get Fixy ={(0,0)}. O

Definition 3.4. Let (A, B,J,*) be a GFBMS. A contravariant mapping YV : (A, B,V,*) = (A, B, T, *) is a
GFB «-contraction of type-II if for all (@,v) € A x B and for some o € (0,1) and for all t > 0, we have

FY®,Yv,at) > F(v,®,t).

Theorem 3.5. Let (A, B, T, *) be a complete GFBMS and Y be a GFB «-contraction of type-II. If there exists
(@0, Y@o) € A x B such that for all t > 0,

O-t(g'I’Y.I (@01 YQO)) = SlrIéf]N{gj(@T/ (-DSIt)} > 0/

where vy, = Y®n, @n41 = Yvn,n = 0, then {(®n, vn)} biconverges to some @ € AN B with F(@,®,t) =1
and Fixy = {®@}, ® € ANB.

Proof. Let us denote

01(F, T4, (@0, Y@0)) = inf (F(@spx, Vi, t):t>0)

forallk =0,1,2,.... Let (@g, Y@¢) € A x B such that for any t > 0 it holds that

O-t(.rf, T/ ((DO/ YQO)) = . inefN{St(YSQOI YT(YQO)/t)} > 0.

Given that Y is a contravariant function, we can conclude that v;; = Y®n, ®ni1 = Yvn,
{FOr*TT @0, YT (Y@g),t) i 1,8 = 1} C{F (Y @0, Y (Y@p),t) : 1,5 > 1},
for all t > 0, which implies that
ot (F, Y, (@9, Y@9)) = 0¢(F, Y, (@0, Y@o)) > 0. (3.5)
Now, for all s,r € N,
Fl@nts, Vntr, ) =F(Vvnis—1, YOn4r, t)
t (3.6)

= 37(®T1+S/VTI+T‘71/ &) =0 (?/Yn/ ((DO,Y(DO)) for all n = 1.

t
«
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From (3.5) and (3.6) it follows that for anyn > 1,t >0,

= O-t(?r Yn+1/ ((DOI Y(DO))

>0 (T, (@0, Vo)) (3.7)
>0 (F, Y, (@0, Y@o)) = -+ (F,7, (@0, Yo)).

?(YnJrs ((-DO)/ Yn+r(Y@0)/ t)

o

t t
ot s

Therefore, for every 1 < n < m, we use (3.7) to obtain
?(a)nrvm/t) — ?(Tn@O/Y o, ) (g»~ ym (@01 YQO))
Since o (F, Y™, (@g, Y@¢)) >0, for all t >0, «x € (0,1), by (F5) in Definition 2.1 we get

Iim F(@n,vm,t) =1.
n—-+oo

Therefore, {(@n,vm)} is a Cauchy bisequence. Since (A, B,J,*) be a complete, this sequence con-
verges and thus by Proposition 2.12, biconverges to some @ € AN B such that F(@,®,t) = 1. Now
Fl@ni1, Yo,t) = F(VYvy, Yo, t) > F(@,Vn, i) — 1 as n — +o0. Since {®n}, and {vn} converge to the
central limit ® € AN B with F(®, ®,t) = 1, then by Proposition 2.11 we get Yo = @ and @ is a fixed
point of Y.

Let 6 € A represent another fixed point of Y such that F(®, 6,t) > 0. Consequently, according to the
contraction condition (3.1), it can be observed that

t t
F6,®,t) =F(V0,Yo,t) > 9’(@,9,&) = ?(Y(O,YG,&)

>$(e,@,%)> > F(Y0, Yo, t)—)lasn—>+oo
Then 6 = @. The same conclusion applies for any 6 belonging to B. O

Example 3.6. Let A = {(@,v) € R?: @ >0and v > 0}U{(—2,-2)},B ={(®@,v) € R>: @ < 0and v < 0O}
Define for any t > 0, (@1,Vv1) € A, (®2,Vv2) € B,

t
t+ @1 — @2| + [vi — Vol

Clearly, (A, B, T, ) is a complete GFBMS, where * is a product ctn. Let Y : AUB — A U B be defined by
Y(@,v) =( 2@,_") for all (©,v) € A x B.

?((@1,\/1), (@2, VZ)/t) =

Proof. Y is a GFB «-contraction of type-II since Y(A) C B,Y(B) C A, so it is a contravariant mapping and

contraction, where o = % € (0,1). To clear it, suppose that, with t > 0,

—W3y —V3
2 72

-1V
27 2
ot
ot + 5 (| — @2+ @1]+ | — v2 + V1)
ot
ot + 3 (|@1 — @a2f + [v1 — V2l)
t

= 29:’ @,V ’ @l‘v ,t‘
t+ (@1 — @2 +[vi —v2l) ((@2,v2), (@1, v1),1)

?(Y((DZ/ VZ)rY((Dl/Vl)/ O(t) :9:'((

) ( - ), ot)

Now, non-trivial bisequences can be constructed as follows.
®@n41 = ®n and vp 41 = vy for all n € N U{0} by taking some (0,0) # (@o, Y@o) € A x B, i.e,
—Wo —Vo

((-Dnlvn) = {((@OIVO)I (TI T))r ((

o Vo
22702

—®o —Vo

Wi

),
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which implies that for any fixed t > 0,

}>0.

t
F,Y, (@, =D{F (Y ®q, Y vg,t)} = inf
ot (@0, Vo)) {F( 0, Vv, t)} = slrrélN{tH 2:+11a>0 (=1 a>0|+| ) Dol (= 12 vo

According to Theorem 3.2, it follows that Fixy = {(0, 0}. O

Remark 3.7. The fixed point theorems for «-contractions of type-I and type-II can be derived from Theorem
3.2 and Theorem 3.5, similar to the observation made in Proposition 2.3. These fixed-point theorems can
be utilized within the framework of FBMSs.

Definition 3.8. Let (A, B, J, *) be a GFBMS. A covariant mapping Y : (A, B,F,x) = (A, B,TF,*) is a GFB
a-quasi contraction of type-I for every (@,v) € A x B, for any t > 0, and for a certain « € (0, 1), it holds
true that

FY®,Yv,at) > min{F(o,v,t), F(®,Vv,t),Fv,Yo,t)} (3.8)

Theorem 3.9. Let (A, B,T,*) be a complete GFBMS and Y : (A, B,JF,*) = (A, B,T,*) be a GFB «-quasi
contraction of type-I. If there exists (@g, Vo) € A x B,Vt >0, 0¢(F,Y, (@0, Vo)) = infs ren{TF(Y@0, YT vp, t)} >
0, then Fixy = {@}, ® €¢ AN B.

Proof. Let (@, Vo) € A x B satisfies for any t > 0,

0.‘t(i}ri/ Y/ (CDO/ VO)) = Sirréf]N{St(’Y‘SCDO/ TTVO/ t)} > 0.

Since Y is a covariant mapping, so we have @, = Y"®@g ,vn ¥ = Y™V and

Gt(gl YK+1/ (QOI VO)) = Sirréf]N{gj(’Y‘K_'_s@O/’Y‘K_'_T‘VO/ t)/t > 0}/

for every constant k =0,1,2,..., we obtain
[(F(Y*T5@0, Y Tvg,t) 5,7 > 1,t > 0} C{F(Y @0, Y vp,t) : 5,7 € N, t > 0},
which implies that
o (F, Y (@0, v0)) = 0o (F, Y, (@0, Vo)) > 0. 3.9)
Now, for all s,r € N,

. _ _ t _ t
9:(’Y‘TL_'_S{DOI Y‘n—’_.r-v()/ t)} p mln{?(vn_._s 16)0/ Y‘TL—O—T‘ 1V0/ &)/?(Yn+s 1®O/ Yn+TVOr &)/

t
?(Tn+8_1V0, YTL—!—T‘@O’ &)}

For every s,r > 1, it holds that

min{F (Y™ @q, Y™ vy, 1)}

t

t
e ), ?(Yn+s—1®0/ YTH_TVO,
o4

> min{min{F (Y™ 1oy, YLy, =) FY™rs—lyy, YT, &)}} (3.10)

= o(F, Y, (@0, vo)) > min{o . (F, 7", (@0, vo)) o (F, V™, (@0, Vvo))o e (F, YT, (vo, Y@0))).
It follows from (3.9) and (3.10) that
o (F, Y™, (@0, v0)) 2 o (F,7, (@0, v0)).
It follows that foralln > 1,t > 0,
FOY™ @9, Y v, 1) = 0 (F, Y™, (@, o))
> 0 (T, (@0,%0)) 2 04, (5,7 (@0,%0) 2+ > 0.4 (5,7, (@0, v0)).
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Therefore, for every 1 < n < m we use (3.11) to obtain
SU((Dn,Vm; ) ?YH(DO,YmVO, ) (3' A (@0,‘\/0)) —lasn — +oo,
since o (F, Y™, (@o, Vo)) >0, forall t >0, x € (0,1), by (F4) in Definition 2.1 we get

Iim F(@n, v, t) =1
n—+oo

Hence, the sequence {(@n, vm )} is a Cauchy bisequence. Given that (A, B, J, *) is complete, this sequence
converges. Therefore, according to Proposition 2.12, it biconverges to a certain ( € AN 3B such that
F(¢, ¢, t) =1. Now
t t
?(®n+1/YC1 ) mln{f}'(@n, C/ (X)l (QTLIYCI &)I?(CIY@T\.I )}
t t

=min{F(®n, {, — ) F@n, Y, =), F(C,@nt1,—)}
o o

| R et

= mln{l, ?(Con,YC/ &)/1)}

x

t

> - > min{JF (@, ¢, n+1)

F(@0,YC, F(,Yog, —=)} — 1asn — +oo.

on+1 ) o1 )

Also we have by (F4) of Definition 2.1,

t t
?(C/YC/t) 2 St(a)m—O—]JTC/ a) * ?(®m+1rvnr a)/ a 2 1

Letting n — 400 we get 3((, Y'(,t) > 1% 1. So by (32) of Definition 2.1 we have ( = V(. Let 6 € B satisfies
Y0 = 0 such that F((,0,t) > 0. Then, due to the (3.8) it is evident that

F(0,,t) > min{F(6, ¢, ) F(Ye, c,i),s"(e,vc%)}
= min{EF(G,C,&) > > ?(Q,C,%) —lasn — +oo.

That is 6 = . The same conclusion applies whenever 0 € A. O

Example 3.10. Let A ={U = (uy,up,...,un) € [0,1"}and B ={V = (v1,vy,...,vn) € ([-1,00U{1})™}. Let
F:AxBx(0,+00) = [0,1], defined by
n
— Y (lus| +vs)?
F(U,V,1) = exp —="

t

for all U € A,V € B. The conditions (F1), (32), (33), and (I5) in Definition 2.1 directly hold. Let
u, W € A, V,D € Bif D # (0,0,...,0)1xn, then CL(A,F,D) = ¢. If D = (0,0,...,0)1xn and {Uy =
(U.S )S 1} € CL(A, F,V), then

L 2 & (1 (K) 2
— 2 [(fusl+Ivs)) =2 (hus I+ 1vsl)
FU,V, 1)« F(Uy, V,t) =exp s=1 n -exp s=1 n
Thus,
o 2 - 2 - (k) 2
=2 (luslh) — 2 [(hus| +Ivs]) = 2 [(us™ [+ vs)?]
F(U,D,t) =exp % > lim sup exp —= " cexp —=1 n

k—+o0



N. Hussain, N. Alharbi, G. Basendwah, ]J. Math. Computer Sci., 39 (2025), 71-89 82

Also, if U # (0,0,...,0), then Cg(B,F,U) = ¢ and {V}, = (V)1 } € Cr(B, 5, 1),
F(U,D,t) > limsup F(W, D, t) « F(W, Vi, t),

k——+o0

(A, B,T, %) is a GFBMS, where “+” is a product ctn. Clearly, (A, B, T, %) is a complete GFBMS, where * is
a product ctn. Let Y : AU B — A U B be defined by

Y((us)?:l) = (% + %)?:1/ if (us)?zl €A,
Y((vs)ieq) =(0,0,...,0), if (vs)i 4 € B.
n times

Y: (A BT, *x) = (A BT, x)is a GFB x-quasi contraction of type-I, since Y(A) C A,Y(B) C B so it is
covariant and quasi contraction, where o = 411' To clear it, let U = (us) € A and V = (vg) € B, then

-3 i
FOYW, YV, at) =exp ——+——
( at) =exp o
n
- Z lus + 1|2
—exp —=1 _1!
doct ’ 4
— > [us + vs[? — > [huslli? — > 15 + 31+ vsll
> min{exp s=1 , exp s=1 , exp s=1 }

t t

Now, we can construct the bisequences @11 = @n and vn11 = vy for all n € INU{0} by taking some
A = (as)y, € A, B = (bs)}_; € B, we obtain a non-trivial sequence as

n as 1 n ag n as 3 n
(a)nlvn) = {((as)/ (bs))szlr ((? + E)/ ( 5)5:1/ ((? + 1)/ (OS))szll ((273 + E)/ (OS))S:]/ .. }/
which implies that for any fixed t > 0,
: s T . _Z;l:luz(sljl %|
o (F,Y,(A,B)) = 1an{fr‘"(T A, Y'B,t),t >0} = 1réf]N{exp 1> 0.
s,TE s, T

t

Thus, Y satisfies all the requirements stated in Theorem 3.9 and Fixy ={(1,1,...,1)}.
H—/

n times

Definition 3.11. Let (A, B, J, *) be a GFBMS. A contravariant mapping Y : (A, B,J,%) = (A, B,F,*) is a
GFB «-a-quasi contraction of type-II if for all (@,v) € A x B, for all t > 0 and for some « < %, where
a > 1is a constant in Definition 2.1, we have

F(Yo,Yv,at) > min{F(@,v,t), F(o,Yo,t), F(v,Yv,t)}. (3.12)

Theorem 3.12. Let (A, B, T, *) be a complete GFBMS and Y be a GFB «-a-quasi contraction of type-II. If there
exists (@g, Y@o) € A X B, 0¢(F,Y, (@, Y@0)) = infs reN{TF (D5, Vr, 1) : Vn = VYOn and @n41 = Yvp,n >
0} > 0,Vt > 0, then (®n, vn) biconverges to some @ € ANB with F(@, ®,t) =1 and Fixy = {@}.

Proof. Let @ € A satisfies

ot (F,Y, (@9, YDq)) = SirréfN{SF(Ysa)o,Yrvo,t)} >0,Vt > 0.

The bisequence is constructed by (@, vn), where @n+1 =Y @0, Vi = Y™vo,n > 0, and Vt > 0,

O-t(gl YK+1/ (QOI YQO)) = inf]I\I{?(YK+S®0/YK+TV0/ t)}/

s,TE
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for every fixed k =0,1,2..., it holds that
[(F(reTS@, Y v, 1);s,1 = 1} C{F(YS@0, YT v, t),s,1 € N},

which implies that
Gt(grl YK+1/ ((DO/ Y(DO)rt) > 0—‘((3:1 Y\/ ((DOI YQO)) > 0. (313)

Now, for all s,r € IN,

FY™ S @, Y™ vy, t) = F(Vvats—1, YOnir t)}

. t t t
= mln{gr(@n+rf Y.VnJrrflz &)/ ?(@njtrfl/ Y‘fDnJrrflr &)/ g:(anrsfl/ Y‘VnJrsflr &)}

For every s,r > 1, it holds that

min{F (Y™ S@g, Y™ v, 1)}

. . t t t
= mln{mln{?(®n+r, Yvnqtrfl/ &)/ Sr(wnJrrfl/ ’Y‘antrfl/ &)/ 97(\/“+S,1, YVH+S,1, &)}} (3 14)
= O—t(EF/ Yn+l/ (QOI TQO))

>min{0—i(i}d/’Y‘n/(®0/\/0))o— (?/Yn/(QO/YQO))G (?/Yn/(QOIYQO))}'

t t
Combining (3.13) and (3.14), it can be deduced that

Gt(?/Yn+1/ (QO,VO),t) Z0 (?/Yn/ (QO/VO))/

R+

soforalln >1,t >0, we have

FY @0, Y v, t) >0 (F, YL, (@0, Yo))
0. (F,7, (@0, Y@0)) (3.15)

=
> (F, Y @, YD) = --- = 0.« (F,Y, (@0, Y@0)).

Ot _t
«2 «™

Therefore, for every 1 < n < m we use (3.15) to obtain
Fl@n, vm, t) = F(Y @0, Y™V, t) = 0 (F, T, (@0, Y0)),
since o (JF, Y™, (@g, Y@p)) >0, forallt > 0,x € (0,1), by (I5) in Definition 2.1 we get

Im F(@n,vm,t) =1
n—-+oo

Therefore, {(@n, vim )} is a Cauchy bisequence. As result, by completeness of (A, B, F, ) and Proposition
2.12, biconverges to some @ € AN B such that F(@, ®,t) = 1. Suppose that @ # Y@ which implies that
F(o,Yo,t) < 1. Now we have

F(@nt1, Yo, at) = F(Vvy, Yo,t) > min{F(vn, @,t), F(vn, Vv, t), Fl@, Yo, t}

3.16
— min{F(vn, @, ), F(vn, D1, 1), F(@, YO, ) o € (0,1). 0

Taking n — +o0 in (3.16) we get

limsup F(@n4+1, Y@, at) > min{l, 1, F(@, Yo, t)} = F(®, Yo, t),t > 0. (3.17)

n—+oo

Also we have

t t
gj(mi YQI t) > ?(@erl,'vn, a) * ?(@m+1/Y®/ a)/ a 2 1/ (318)
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letting n — 400 in (3.18) and by (3.17) we get

F(@,Yo,t) > 1*?(@,\(@,%)@ > 1.

Since ¥(@,Y®,t) < 1 and JF(®,v,.) is non-decreasing and « < %, a > 1 we get a contradiction. Hence
@ = Y®. Now let 8 € A satisfy Y0 = 0 such that F(@,0,t) > 0. Then by (3.12) we see that

t t t
9:1(6/ (D/ t) 2 mln{f’t(e, wl 7)/ ‘F:F(Ye/ (D/ 7)/ 3.“(6, Y@/ 7)}
104 104 x
t t
=90,®,-)>->7(6,®,—) > lasn — +oo.
x x
That is 6 = @. A similar conclusion holds whenever v € B. O
Example 3.13. In Example 3.10, let Y : AUB — A U B be defined by

), ifU= (1) €A,
), if U= ({is) € B.

=

£

I
——
e

Proof. We find that all conditions of Theorem 3.12 are satisfied with « = % and the fixed point of Fixy =
{(0,0,...,0)} O
~——

n times

Remark 3.14. As consequences of Theorems 3.9 and 3.12, as before Proposition 2.3, fixed point theorems
for contractions for Ciri¢ quasi- can be derived within the framework of FBMSs.

4. Well-posedness of FFP problem in GFBMS

The investigation of the well-posedness of the FPP is an intriguing area of research in fixed point
theory [9, 10, 19, 27].

In the setting of a GFBMS, the upcoming section presents the definitions of well-posedness concerning
FFP problems.

Definition 4.1. Let (A, B,J, x) be a GFBMS and Y : (A, B,J) = (A, B, F) be a mapping. The FFP problem
of Y is said to be well-posed if

(i) Y has a unique fixed point @ € AN B;

(ii) for any sequence {(@n,vn)}in A x B with F(@n, Vv, t) - 1 and F(Y@n, vn,t) = 1 forall t > 0,
asn — +oo, we have, forallt > 0, F(@,,®,t) - 1 and F(®,vn,t) - 1asn — +oo.

Definition 4.2. Let (A, B,J, x) be a GFBMS and Y : (A, B,J) = (A, B, J) be a mapping. The FFP problem
of Y is said to be well-posed if

(i) Y has a unique fixed point @ € AN B;

(ii) for any sequence {(@n,vn)}in A x B with F(@n, Y@n,t) = 1 and for all t > 0, F(Vvy, v, t) = 1
as n — +oo, we have F(@,,, ®,t) - 1 and F(®,vn,t) = 1asn — +oo.

Theorem 4.3. Let (A, B, F, x) be a complete GFBMS and Y be a GFB «-contraction of type-1. If for some (@, Vo) €
A x B, 0(F, Y, (@9, Vo)) = infs ren{TF (Y @0, Y Vo, t),t > 0} > O, then the function ¥ : AUB — AU B has
a fixed point @ € ANB. Furthermore, if © € A such that (6, @,t) > 0 forall t > 0, or © € B such that
F(®,0,t) > 0 forall t > 0, then the fixed point problem of Y is well-posed.
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Proof. From Theorem 3.2 it follows that ¥ has a unique fixed point @ € AN B. Let {(®n, Vn)}in A X B
with F(@n, Yvn,t) = 1 and F(Y @, Vvn,t) = 1asn — +oo, for all t > 0. Then

F(@n, @,t) = F(on, Yvn, t) « F(@, v, t) « F(@, @, t)

t 4.1
=F(@n, Vv, t) *F(YD, Vv, t) x1 > F(on, Vv, t) *?(@,vn,&),oc e (0,1). @D

Also,

St’(@/ VTLI t) 2 EF(QI (DI t) * ?(Ymﬂ/ @I t) * E’(Tmﬂ./ VTLI t)

t 4.2
=1xF(Yo., Yo,t)*F(Yon, vn,t) > F(on, @,&) * F(YOn, v, t),x e (0,1). 42

Therefore, from (4.1) and (4.2) we get
t t t
gj(wn/ a)/t) 2 i}i(a)Tl/’Y\-vn/‘t) * i}i(a)/‘vn/ &) 2 ?(Qn/YVn/t) * 9:(Q‘ﬂ/ , @) * ?(Ya)n/\’nr &)/ o c (0/ 1)
Continuing the above steps we get

Iim JF(on, @,t) > lim Flo, o, —

n—-+oo n——+oo o )

-1,

it follows that limy, _, oo F(@n, @,t) = 1 for all t > 0. Hence due to Definition 4.1 we see that the fixed
point problem of Y is well-posed. 0

Remark 4.4. Theorem 4.3 is applicable when Y is a GFB «-contraction of type-II.

Theorem 4.5. Let (A, B, F, x) be a complete GFBMS and Y be a GFB o-quasi contraction of type-II. If for some
(@0, Y@g) € A X B, forall t >0,

Ut(?z Y, (@g, Y@o)) = s%ﬁ%&\{{?(@s,vrzt) i Vn = Y@ and DOnt1 = Yvn,n =0} >0,

then (@n, vn) biconverges to some @ € AN B with F(®,®,t) = 1. Then @ will be a fixed point of v. Moreover,
if 0 € AwithF(0,®,t) >0 forallt>0or0 e Bwith F(@,0,t) > 0 forall t > 0, then the fixed point problem
is well-posed.

Proof. From Theorem 3.12 it follows that Y has a unique fixed point @ € AN B. Let {(Yvn, vn)}in (A, B)
with F(@n, Yon,t) > 1 and F(Y®n,vn,t) = 1asn — +oo, for all t > 0. Then

?(a)n/ Co/ t) 2 i}d(a)n/ Ya)n/ t) * SL“(G)’ Ya)n/ t)
=F(@On, Yo, t) *F(Y®, Yo, t)
i t t t (4.3)
2 ?(wnIYQNIt) * mln{?(ml wn/ cx)/:}'(mnzywn/ Cx),?(@,yw, O()}
t
= ?(a)n/Ya)n/t) * Sl“(a)’ @n/ &)/ x e (011)

(4.3) shows after n-steps F(@n, @, t) > F(®, ®n, %), x € (0,1). So, F(@n, ®,t) 1 asn — +oo. Also,

‘rf(a)/ Vn/ t) 2 ?(Y‘Vn/ a)/ t) * ?(Y‘Vn/ VT‘L/ t)
=F(Yvn, YY®,t) « F(Y®n, va, t)

> min{F(vn, @, f;), F(va, YVn, i), Fo, Yo, &)} « F (T, Vi )

t
2 ?(Vn; ml &) * ?(Yvnlvnrt)/o‘ E (0/1)‘
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Continuing the above steps we get

t
lim F(®,vn,t) > lim ?(vn,a),—n):l,
Iod

n—-+oo n—-+oo

it follows that limy, oo F(@, v, t) = 1 for all t > 0. Hence due to Definition 4.2 we see that the fixed
point problem of Y is well-posed. O

Remark 4.6. Theorem 4.5 is applicable when Y is a GFB x-quasi contraction of type-I.

5. Application to M-OFDEs with IBCs

Initially, we revisit certain definitions and lemmas pertaining to the Riemann-Liouville fractional in-
tegral (RLFIs) and fractional derivatives (RLFds), as well as the Caputo fractional derivatives, within a
limited interval on the real number line.

Definition 5.1 ([12]). The RLFIs Iy and I}’ of order p on [0, 1] are specified as

T 1
(I w(r) = r(lp) L (T“_(Sg)‘lli — and (I} w)(1) = r(lu) L (su_(sT)ﬁfu,

respectively, where I'(i) = faL P sHhlemsds.

Definition 5.2 ([10]). The RLFDs D& and DY of order p on [0,1] are defined by

dy\m _ 1 d\n (T  u(s)ds
O = ()" 0500 = 5 (3) |, e
and
d\m . 1 dyn (b u(s)ds
(DY w)(T) ::(—a) (I ”u)('r)zm(—a) L (s —q)u—n+1’

respectively, where n = [u] 41, where [] is the integer part of the number p and T is the Euler gamma
function.

We use the classical space C[0, 1] with the norm ||X|| 00 = maxTe[Ol %(T). Given p > 0and N = [u] +1,
a linear space can be defined as CH[0,1] := {u(7) : u(t) = Ioﬂx + ZS:1 cst™ 5,1 € [0,1]}, where
xeCl0,1andcs € R,s=1,...,N—1 By means of the linear functional analysis theory, we can prove

that with the norm |Ju/|cx = HDg‘+ oo+ -+ IDET ™V oo + 1]l oo, CHI0, 1] is a Banach space.
Consider the following M-OFDEs with IBCs (for more details see [2, 6, 24])
(CD§w) (1) + I As(1)(CDFsw)(t) + X7y i (1) (CDgIru) (1))
+ 3 ko1 @x(D)(CDFFW) (1) 1w1 )(CDgtu)(t) + 6(t)u(t) + f(t,u(t)) = 0,7 € [0,1], (5.1)
u'(0)=u"(0)=0, u'(0) =v; fo s)ds, u(l) = v, fo s)ds.

vﬁ

Throughout this paper, we always assume that 0 < 01 < 0 < - <0 <1< P < P2 < - <P <2<
D <D< - <P <3< <D< <V <d<4,vi+2(1—v2) #0,Aq, fir, D, D1, 6: [0,1] - R
and f:[0,1] x R — R are continuous funct1ons Let A={x € C[0,1] : ||a]| <7,vr>0}and B ={§ € C[0,1] :
|G| > 0}. Consider F: A x B x [0,400) — [0, 1] defined by

) exp 28,

~/ ~It
RACAY "

Then (A, B, T, *) is a complete GFBMS, * is product t-norm.
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Lemma 5.3 ([24]). If § € CI[0, 1] is a solution of the equation

1 m

g(T):f(T,LG(ng as) = Y Ay Zur (12 %rg) (1)
K q
A~ 9— @k o1 2'\/1
_Zla’k( - ; L ([ e Gy

1

)1 - I G+ o) | Glmsglsids Te 0,1,
0

then u(t fo s)ds, T € [0,1] is a solution of the BVP (5.1) in C®[0, 1], where G(7, s) be defined by

Glrs) = (2t —Dvi+29(1 =) T —2[(r—Dvi + vl (1 —5)° { NCI g

1
Vi +2(1=v2)IT (¥ +1) 1.
Theorem 5.4. Consider the M-OFDEs with IBCs (5.1). Suppose the following assertions are satisfied.
1. G(7,s) is continuous on [0, 1]?;
2. max ¢ z)eo1)x (M mi [F(Tx)] < (1—@)r, where

n K

_ As(T [t (T |@ (7]
®=rH_ s+1 Z Fo— (pr+1)+](Z_119 =

R 1 1 ©+2
* ;”“"(T)”{r(@ ot D) T2y Te+2)

(t,%1) — f(t,%2)| < LI%1 —

3. forallte[0,1],%,X
Then, the M-OFDE with INBCs (5.1) has a unique solution in AN B.

Proof. Define a covariant operator ¥ : AUB = AUB by

1 m n
(o)) = 9%) = (1, | Glms)p(s)as) - PRIGTEATE WER R
r=1
: 2 IﬁfCOk~ . A I(P*UL~ 2V1

—kZ_lavkm( 0 y)m—éwlm{( L T Be oy

1
Haﬂg)(l)—I“’“y)(l)hl*“l} —i—f)‘(T)J G(t,5)g(s)ds, T € [0,1].

0

Note that for some ({j1,72) € A x B, we have for any fixed t > 0,

- . R . Y591 —Y'g
0u(T, Y, (§1,82)) = inf [T(775, 752, 1)) = inf fexp— 102l g

Now, we only have to show that Y is a GFB «-contraction of type-I. For any {j; € A and {j; € B we have

1 1

G(T,s)gl(s)ds) —f(t,J G(T,s)gz(s)ds’

(rgn) (0 - (vl < (e | O

0

+\ZA )15 (51 = 920)(3)| | 2 e (1) (0 (51— 02)) (1)
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i +20=v)IF2—01)

1
o) | G(t,s)(gl—gzxs)ds\

+
0
<2|| 6l s)mls) ~als ds]+Z\ %19 - Bal)(0)
n
+ ) It (DI ®T 151 — Gl +Z|a>k (I ®*Ig1 — G2l) (7)
r=1
e —~])(T)+\ 2
— Y2 [Vvi+2(1—=v)]IT(2—0y)
15— 32000 + 1715 5D} + 1000 || 6t )01~ )
m EN n K A
. e e |@ ()]
<
\{LMJrgr(a 95 +1) Z Mo (pr—|—1)+kZ_18—a)k+1
q
1 1 ¢ +2 -
+ (T + : + [[6(T)||M |1 — T
S N =y * oy g 42+ 1917 }191 %l
< (LM + @) 51 — 9ol < o||G1 — §2||, where x = LM+ @ < 1.
This implies
Y(G1) - V(g — 91— 1
?(T(gl),Y(gz),oct):exp—H (Ul)at (G2) > exp Hylt o

Therefore, all the conditions stated in Theorem 3.2 are satisfied. Hence, (5.1) possesses a unique solution
within A N B. O

6. Conclusions

Building upon the recent findings by Ashraf et al. [1], we have introduced the concept of a GFBMS.
Within this framework, several fixed point results have been established, which significantly expand and
generalize the existing results in the literature. Additionally, we have applied these results to prove the
existence of a unique solution for M-OFDEs with IBCs. The examples provided illustrate and validate the
theoretical findings. Looking ahead, we are eager to explore the potential of extending this research to
more generalized spaces, such as rectangular fuzzy metric spaces and ultrametric metric spaces, which
may open new avenues for further investigation.
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