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Abstract

The primary aim of this investigation is to examine the quantum symmetric differentiability and anti-derivative charac-
teristics of interval-valued (I.V.) mappings utilizing generalized Hukuhara differences. Initially, we present the concepts of the
LV. left quantum symmetric derivative operator and offer its characterization. We present the left quantum symmetric integral
operator and its essential properties, grounded in the newly proposed derivative operator. Subsequently, we examine their
various essential properties. Finally, we present the applications of our proposed operators to integral inequalities concerning
L.V. convex mappings and totally ordered convex mappings. Moreover, the validity of our results is corroborated by numerical
and graphical representations.
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1. Introduction and preliminaries
Let us recall the notion of convex mapping.

Definition 1.1. Any mapping @ : [p3, p4] — R is referred to be a convex mapping if

(1—-&)(p3) + ED(ps) = D((1—&)p3 + Epa),

where & € [0, 1].
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Convex mappings are well-known in mathematical analysis due to their distinctive properties. Espe-
cially their role in the development of inequalities is very crucial. Several fundamental inequalities are
celebrated by the notion of convex mapping like Jensen’s inequality, Young’s inequality and its related
inequalities and Hermite-Hadamard (H-H) type inequalities. Here, we provide the trapezium inequality
involving convex mappings. Let @ : [p3, p4] — R be a convex mapping, then

® <p3+94> < 1 Jp2®(31)d31 < CD(P3)+(D(P4)‘
2 P4 —P3 Jp, 2

This inequality is one of the interesting characteristics of convex mappings because it is often reported
as the criteria for convex mappings. Moreover, by implementing the convex mappings on Hermite-
Hadamard’s inequality, we can restore the relations between means and special mappings. Also, this
inequality predicts the lower and upper bounds of the average mean integral. Numerous works have
been carried out about (H-H) inequality, consult [15, 28]. Now we recollect some essential concepts
related to interval analysis. Suppose that the set of all non-empty compact intervals on real line R is
represented by R;. For any X1, X, € Ry such that X1 = [p3,, p3*] and X, = [p4,, p4*] and A € R, then

X1+ X2 = [p3,, P37] + [Pay, P4™] = [P35 + P4y, P3" +pa”],
and

[)\93*/ 7\93*]/ A > Or
Alps,, p3"] = ¢ Ap3*, Aps,), A <O,
0, A=0.

The generalized Hukuhara (gh) difference between intervals was introduced in [32]. Let X, X, € Ry, then
gh difference is described as follows:

X19¢X2 = [min{ps, — pa,, 3" — P4™}, max{p3, — Pa., P3" — P4 }1.

Also for X1 € Ry, the length of interval is computed by w(p3) = p3* — p3,. Then for all X1, X, € Ry, we
have

(34 — Pas, P3* —pa*], W(Xy) 2
<

(X2),
[p3* — 4™, P3. — P4asl, WI(X1) -

w
118gX2 = { w(Xy)

Some properties linked with gh-difference are described as follows:

1. 104X = {0}, X4 Sg {0} = X4, {0}@9 X1 =—Xy;
X109 X2 = (=X2) ©g (=X1) = (X204 X1);
X1 0g (X)) = X204 (X)) = (X2 09 X1);
X+ X)) eg X = Xy;

5. AX; Og AXp = A(Xq SF Xo).

= W N

Any mapping @ : [ps3, ps] — Rp is said to be interval-valued (I.V.) mapping if ®(31) = [®.(31), ©*(31)]
such that @, (31) < ®*(31),V31 € [p3, p4l. Itis important to note that lims, , 3, ®(31) exists < lims, 3, .(31)
and lim3,_,3, ®*(31). More specifically, an I.V. mapping ® is continuous < both @, and ®* are continu-
ous. Suppose that @,V : [p3, ps] = Ry, then (O 64 ¥)(31) = ©(31) ©¢ Y(31) : [p3, pal = R; as:

lim (PogV¥ =X164X
31_&0( g ¥)(31) 109 X2
exists, if lims, _,3, ®(31) = X; and lim3, ,3 ¥(31) = X2. One can observe that ®,¥ : [p3, p4] — R are
continuous mappings, then ® ©4 ¥ is also continuous mapping.
Now let us provide the differentiability concepts based on the ©4 difference.
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Definition 1.2. Suppose O : [p3, ps] — R is an L.V. mapping, then

is known as ©4 derivative at 31 € [p3, p4]. @ is differentiable on (p3, p4) if it is differentiable at all the
interior points of the domain.

Next, we present the I.V. convex mappings.

Definition 1.3. Let @ : [p3, ps] — R be an LV. mapping, such that ®(3;) = [D,(31), ®*(31)]. Then it is
referred to be a I.V. convex mapping if

O((1—-&)p3+&pg) 2 (1-E)Q(p3) +ED(py), E€0,1].
Now we present the criteria to assess the convexity of an I.V. mapping.

Theorem 1.4. Let @ : [p3, psa] — R be an L.V. mapping, such that ®(31) = [D«(31), ©*(31)]. Then ® is LV.
convex mapping < @, is convex mapping and O* is concave mapping.

Now, we present the L.V. variant of (H-H) inequality. Let @ : [p3, p4s] — R be an L.V. convex mapping,
then

® <P3+p4> 5 1 Jp2®(31)d31 5 ®(93)+®(P4)‘
2 P4 —P3 Jp, 2

For comprehensive review, see [26].

g-symmetric calculus. Throughout the paper, I = [p3, p4] is any arbitrary subset of R containing 0 and
q € (0,1]. Then the g-geometric set is described as: I; = {q31 : 31 € I}. Based on this set the classical
symmetric quantum difference operator, left and right quantum symmetric derivatives are explained as
follows.

Definition 1.5 ([19]). Let ® : I — R be an I.V. mapping. Then symmetric g-derivative operator is described
as:

—1gy
D3®(&) = q)(q(q_‘?_ q?éqa), £E#0,

and D3®(0) = ®’(0), & = 0 provided that @ is differentiable at & = 0. If @ is differentiable mapping at
£ € Iy, then limg 1 D§® (&) = @'(&).

—n

Also, the g-symmetric number is given as ngs = qq,qun. Moreover, in [5] was explored the concept

of left g-symmetric derivatives and integrals over finite intervals. Following the reasoning from [5], let’s
assume that | = [p3,p4) C R, 0 € ], and 0 < q < 1, then the left g-symmetric derivative is described as
follows.

Definition 1.6 ([5]). Let @ : ] — R be a continuous mapping, then

Qg e+ (1—g Yps) — D(q&+ (1—q)p3)
(g7t —q)(&—p3) ’

and psDgCD(p3) = limg_ pngd)(E), if limit exist. If p3 =0, then 0;Dq@ = Dg®.

0sDSD(E) =

& # p3,

In [5] the corresponding g-symmetric integral was also investigated, stated as follows.
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Definition 1.7. Suppose @ : ] — R be a continuous mapping, then

P1 o0
J D(E)p,d5E = (pa—p3)(a ' —a) D_ g D(" s+ (1—q""")p3)
p3 n=0

=(pa—p3)(1—a%) ) g™ ®(q™ oy + (1—g*™*)p3).
n=0

If p3 = 0, it reduces to the classical symmetric g-integrals given in [19]. For more information about g-
symmetric differences one can consult [38]. It is important to note that these symmetric operators cannot
be reduced to Jackson g-operators. By applying q — 1, classical symmetric concepts can be restored.

For the purpose of studying impulsive difference equations, Tariboon and Ntouyas [34] introduced
the terms g-derivative and integral operator over finite intervals in 2013. The g-analogues of classical
inequalities defined over finite intervals were created using them. The g-counterparts of multiple known
inequalities were computed by the authors in [33] using the left g-derivative. The corrected version
of trapezium inequality, taking differentiable mappings into account, was studied by Alp et al. (2018)
[3]. Within the framework of qq-calculus, the authors created Milne-Mercer type inequalities in [8]. A
few estimates for Ostrowski’s inequality were established by Nosheen et al. [27] using the concept of left
symmetric g-derivative, integral operators, and s-convexity. Kunt et al. [22] investigated and characterized
right-sided g-operators in 2022. See [1, 16, 18, 23, 24, 30, 35] for detailed information.

The error bounds for Ostrowski’s quadrature rule were determined in [12, 13] by means of I.V. map-
pings and applications to numerical integration, respectively. Additionally, the method used in this paper
opened the door to new discoveries in the fields, as Costa and Roman Flores [14] demonstrated in 2017
using fuzzy mappings, which led to some intriguing inequalities. Trapezoid type inequalities were stud-
ied by Sharma et al. [31] using generalized convexity based on an invex set. Research on Jensen and
Hadamard type inequalities through unified I.V. convex mappings and L.V. of Chebyshev type inequal-
ities, respectively, was conducted in 2018 by Zhao and colleagues [36, 37]. In order to find new fuzzy
versions of (H-H)-type inequality, Khan et al. [21] investigated new viewpoints on coordinated convexity
in fuzzy sense. In order to report new generic inequalities within a fractional framework, the author [10]
presented a unified class of convexity. Budak et al. [11] investigated fractional (H-H) type containments
using I.V. convex mappings. The authors of [6] discussed the concept of coordinated harmonic convex
mappings and used Raina’s mapping as the kernel to derive some double fractional integral inequalities.
The concept of I.V. quantum derivatives and integrals involving gh-differences was introduced by Lou et
al. [25], who also obtained new versions of the (H-H) inequality. On the other hand, the post g-derivative
and integral operators in the I.V. sense were studied by Kalsoom et al. [20], who gave the (H-H)-type
inclusions. Amir et al. [2] expanded the idea of quantum calculus and presented the L.V. (p, q)-(H-H)
type inequalities. Working on bi-convex sets, Bin-Mohsin et al. [9] presented a new class of mappings
and examined their potential uses in proving (H-H) type inequalities. Using convex mappings and inte-
gral operators with an exponential mapping as the kernel, Duo and Zhou derived the two-dimensional
inequalities in 2022 [17]. The new general fractional operators in the AB sense and their application to
derive Trapezium type inequalities were discussed in [7].

The primary objective of the present study is to investigate the symmetric g-derivative and integral
operators within the context of interval analysis. Initially, we revisit fundamental concepts pertaining
to interval analysis and symmetric calculus. In the following segment of the investigation, we present
the concept of I.V. left quantum symmetric derivative and integral operators over finite intervals that
incorporate gh-differences, along with several essential properties.

2. Main results

2.1. o,d} c-operator and its properties
The current study focusses on I.V. quantum symmetric operators using ©4 differences. We first discuss
left I.V. quantum symmetric difference and integral operators and their properties. The left g-symmetric
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differentiable operators are represented by ,, d;/s.

Definition 2.1. Suppose @ : I — R be continuous I.V. mapping, then the left I.V. g-symmetric difference
operator is defined as:

(a71—q) (31—p3) ’
D(q131)04P(q31)

Dy =
P3™—q,s . ;
hm31—>93 PaD}],s = 3.9 1—q) , 31=p3.

o) —1 1— —1 ) 1—
{ (a7'31+(1—¢q )93)(99 (931+(1—q)p3) 31 £ pa,

Example 2.2. Assume that ® : [0,1] — Ry be an LV. mapping such that ®(3;) = [—231,23;], then we
compute p3D;,S<D(31) by implementing Definition 2.1,

i 207131 —2(1—q Yps, 297131 +2(1 — g ) ps) ©4 (2931 —2(1 — q)p3, 2931 +2(1 — q)ps]
PaDq,sq)(31) = —1
(' —q)(31—p3)
(297131 —2(1 — q Yp3 +2931 +2(1 —q)ps, 29131 +2(1 —q 1)ps — 2931 — 2(1 —q)p3]
(g7t —q)(31—p3)
[—2(q7 ' —q)(31—p3), 2(a7 1 — q)(31 — p3)]

- (T —a)(31—p3) =22

Theorem 2.3. A mapping @ : [p3, pa] — Ry is a left I.V. q-symmetric differentiable at 31 € [p3, pa] < D@, and O
are q-symmetric differentiable at 31 € [p3, p4] and

p3D;,s(D(31) = [min{me,s(D*(Sl)/ p3Dq,s®*(31)}/ max{pqu,s(D*(Sl)/ pqu,S(D*(Sl)H . (2.1)

Proof. Assume that @ is L.V. g-symmetric differentiable mapping, then there exists ¥, and ¥* such that
p3DLI],S(D(Bl) = [¥,, ¥*], then by considering the Definition 2.1, we have

Ou(q 131+ (1—q Yp3) — @ul(q31+ (1 —q)p3) @*(q 131+ (1—q Hp3) —D*(q31 + (1 —q)p3) }

Y. (31) :min{ 01— q) (31— p3) ’ (a7 —q)(31 —p3)

and

Q.(q 131+ (1—q Yp3) — @u(q31+ (1 —q)ps) @*(q 131+ (1—q p3) — @*(q31 + (1 —q)p3) }
(a1 —a)(31—p3) ’ (a1 —q)(31 —p3) ’

exist. Then ,,Dqs®.(31) and ,,Dq,sP*(31) exist and (2.1) is straight forward. Conversely, suppose @,
and ®* are left g-symmetric differentiable at 3;. If ;,Dq s®+(31) < p,Dq,sP*(31), then

W (3,) = max{

[p3Dq,s(D*(31)/ pqu,s(D*(sl)]
_ [(D*(q‘lm +(1—q"ps) —@ula31+ (1 —a)ps) P*(q '3+ (1—g "ps) —P*(q31+ (1 - q)pg)}
(971 —q)(31—p3) ' (971 —q)(31 — pa)
_ a3+ (1—q )p3) &g P(a31+(1—q)ps)
(@' —a)(31— p3) '

Simﬂarly/ if p3Dq,s(D*(31) < p3Dq,s(D*(31)/ then p3D;,s(D(31) = [pqu,sq)*(31)/ p3Dq,s(D*(31)]- O

Example 2.4. Suppose that ®[ps, ps] — ]RfL is given by [— |31/, [31l], then, for p3 < 0,

[—(1—q Yps, (1—gYps] ©4 [(1—q)p3, (1 —q)ps]
—(q7 1 —q)ps
. [2g—1—-¢* —(29—1—¢*) 2q—1—¢* —(2q—1—-¢%)
:mm{ - 1= , Mmax = I

:min{q_l,l_q},max{q_l,1_q}:[q_l,l_q].
1+q 1+4+g¢ 1+q 1+4+¢ 14+q 14¢q

p3D1—é‘,s(D(31) =
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Similarly, for p3 > 0,

[(1—gYps, —(1—q ps] ©g [=(1—q)ps, (1 — q)p3]

esP(31) =

—(q7 1 —q)p3
:mm{(l—q1)ps+(1—q)p3/—(1—q )ps— 1—q }
—(a7 1 —q)p3 —(q~
max{(l—q_l)p3+(1—cﬂp3’—(1—CI )93— 1—Cl }

—(g7t—q)p3 —(g7t—q)p3

1— _ _ _ _
:mim{q,cl 1},max{1 q,q 1}:[q ,].
1+q 14¢q 1+q 1+4¢q 1+q 14¢q

Similarly, for p3 = 0, one can easily obtain.

Now we provide another characterization of left g-symmetric derivative based on the monotonic prop-
erty of mappings.

Theorem 2.5. Let @ : [p3, pa] — Ry be a left 1.V. q-symmetric differentiable on (ps, pa), then

1. ;D) ®(31) = [p3Dg,s P (31), p3Dq,s ©*(31)], if @ is l-increasing;
2. 0,05 @(31) = [p;Dq,s®*(31), p;Dq,s @ (31)], if © is l-decreasing.

Proof. Suppose that @ is l-increasing and left g-symmetric differentiable mapping on [p3, p4], and we
observe that 131 + (1 —q')p3 > q31 + (1 —q)p3 for q € (0,1). Since (D) = O* — D, is increasing, so

[@*(q7'31+ (1 —q Yp3) — Dulq 31+ (1—q Hp3)] — [@*(g31 + (1 —q)p3) — Pu(q31 + (1 —q)p3)] >0,
O*(q' 31+ (1—q V)ps3) — @*(q31 + (1 —q)p3) > Dul(q 131+ (1 —q ps) — Dul(q31 + (1 —q)p3)-

Thus

D(31)
_ [[(D*(q‘lsl +(1—q Yp3), ©*(q7 131+ (1—q Hp3)] ©g [@u(q31 + (1 —q)p3) — D*(q31 + (1 — Cl)p3)]]

(a7t —q)(31 — p3)
_ [®*(q‘131 +(1—q p3) — @u(a31 + (1—a)ps) @*(q'31+(1—q ps) — P*(q31 +(1— Q)p:a)]
(a7t —q) (31— pa) ’ (a7t —q) (31— p3)
= [p3Dq,s(D*(31)/ p3Dq,sCD*(31)]-

Hence the required result is achieved. By a similar process, we can prove the second result. O

Remark 2.6. If ¢ € (p3, p4) and @ is l-increasing on [p3, ¢) and l-decreasing on (c, p4], then

psDhs@(31) = [0,Dgs @+ (31), 5, Da,s @ (31)],
n [p3, c) and
0 s@(31) = [p;Dg,sP*(31), p;Dq,s P« (31)],
n (c, pal.
Example 2.7. Let @ : [0,1] — R; be a L.V. mapping such that ®(31) = [-31% — 1, 31> — 23] and 1(3;) =

23,2 —23; + 1. It is clear that 1(3;) is decreasing on (0,3) and increasing on (1,1], so

(@' +a)31, (@' +9)31—-2], 31€(0, %),
L0(3) =< 1 1 1 31=1,
[~ a3 - R (g @+ 25 -2, e (3,1].
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Theorem 2.8. Let @ : [p3, ps] — Ry be a left symmetric q-differentiable mapping. Then for any ¢ = [c4, c*] € Ry
and « € R, then mappings ® + c and x® are also left q-symmetric differentiable on [p3, p4]. Then

1. p3Di(i,s((D +C)(31) = p3D;,s®(31);
2. p3Di|,s((x(D)(31) = (Xp3D}|,5(D(31)'

Proof. For 31 € [p3, pa] and from Definition 2.1, we have

Qg 131+ (1—g1)p3) +cOg (431 + (1 —q)ps3) +¢

iPas (@) @ a3 —p)
D(q 31+ (1—q ")ps) ©g (931 + (1 —q)p3) -
= = o,,DL ®(3)).
CRETEErS Pas0131)
We left the second proof for interested readers. O

Theorem 2.9. Let @ : [p3, ps] — Ry be a left q-symmetric differentiable mapping. For any ¢ = [c,,c*] € Ry,
if {®) — U(c) have constant sign over [p3, pal, then @ ©g c is left q-symmetric differentiable and pSD}LS(d) Og

¢)(31) = p; D} s @(31).

Proof. Take 31 € [p3, p4l, then

i C(@(q7 131+ (1—g p3) ©gc) ©g (D(q314 (1 —q)p3) ©g C)
0sDqs (D Sg €)31) = @ —q) (31— p3)

) —1 1— —1 o 1— i
_ Qa7 31+ (1—-9")p3) ©g P(ad1 + ( q)p3):p3D;,SCD(31)-

(71 —q)(31—p3)

Hence the proof is completed. O

Theorem 2.10. Let ®,VY : [p3, ps] — R are left q-symmetric differentiable mappings, then sum ® + Y is a left
q-symmetric differentiable, if one of the following cases holds.

1. If ®,Y are equally 1-monotonic on [ps, p4l, then p3D}],s((D(31) +V¥(31)) = pSD;,Sd)(Sl) + p3Dg,S\P(31).
2. If ©,V are differently l-monotonic on [p3, p4l, then

0sD8 ¢ (@(31) +¥(31)) = p, D} s @(31) ©g (—1)p, D} (W(31).
Moreover, in both cases, p3D;,S((D(31) +V¥(3;)) 2 psD;,sq)(:)’l) + pSD;,S‘P(Sl).

Proof. Suppose @,V are LV. left g-symmetric differentiable and l-increasing on [p3, p4]. Then @, ©*, ¥,
and ¥* are left g-symmetric differentiable, and ,, D s (31) < p,Dq,s P*(31), p;Dq,s ¥« (31) < p;Dgq,s ¥ (31).
Then ©, +V¥, and ®* +¥* are g-symmetric and

1D} (®(31) +¥(31)) = [min{p,Dy,s = (31) + 5, D W (31), 0,Dgs®"(31) 4, D s¥* (31)),
maX{P3Dq,S(D*(31) + p3Dq,s\y*(31)/ p3Dq,s (D*(Sl) + p3Dq,5W*(31)}]
= [p3Dq,s(D*(31) + pqu,sW* (31); pqu,s(D*(Sl) + pqu,s\y* (31)]
= 0, DL (D (31) + o, D} W(31).
By similar proceedings, we can obtain the result for both ® and V¥ are l-decreasing. Now, suppose that

® is l increasing and V¥ is l-decreasing, then ,, D s®4(31) < p;Dq,sP*(31), p;Dq,s ¥*(31) < p;Dgq,s ¥ (31)-
Also,

p3D;,s(®(31) —|—1}/(31)) = [min{pqu,sq)*(Sl) + p3Dq,sq]* (31)/ pqu,s(D*(-?)l) + p3Dq,sql* (31)}/

2.2
max{me,sq)*(Bl) + pqu,s‘y*(:})l)r pqu,s(D*(Bl) + p3Dq,s‘y* (31)}] ’ @2)
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and

oD% (@ (31) &g (—1)p, D W(31)

05Dq,s @ (31), 0,Dq,s@*(31)] ©g (—1) [p,Dg,s¥*(31), o DcI Wi (31)]
Dy,s@+(31), psDa,s @ (31)] ©g [ps D s¥s (31), —psDa,s¥*(31)]

= [min{p,Dq,s @+ (31) + p;Dq,s ¥ (31)}, max{p, Dy <D( )+p3Dqs\P*(3l)}]

(2.3)

By comparing (2.2) and (2.3), we concluded that ,,D i ( (31) +V¥(31)) = a D(31)Sg (— 1)p3D}IIS‘1’(31).
Since @ + VY is l-increasing and decreasing, we have 03D g5 (@(31) +¥(31 )) - D D(31) + psDé,s‘l’(Bl).
Hence the required results are achieved. O

Theorem 2.11. Let @,V : [p3, psa] — R are left q-symmetric differentiable mappings and 1(®) — (V) has constant
sign over domain, then ® ©g4 ¥ is a left q-symmetric differentiable, if one of the case holds:

1. If ®,Y are equally 1-monotonic on [ps, p4l, then p3D}],s((D(31) 6g¥(31)) = p3D;,S(D(31) Oy pSD;,S\P(Sl).
2. If @,V are differently l-monotonic on [p3, pal, then

D! (®(31) 89 ¥(31)) = p, D5 @(31) + (—1), D} (¥(31).

Proof. Assume that L(®) > (V) and ® o4V = [D, —V,, ®* —¥*]. Suppose O,V are L.V. left g-symmetric
differentiable and l-increasing on [p3, p4]. Then @, ®*, ¥, and V* are left g-symmetric differentiable, and
03D4,s P (31) < p;Dq,sP*(31), p;Dg,s¥4(31) < p;Dq,s¥*(31). Then @, — V¥, and O* —V¥* are g-symmetric
differentiable, thus ® ©4 ¥ is left g-symmetric differentiable mapping such that

0:D4 s (P (31) ©g ¥(31))
= [min{p,Dq,s P«(31) — p;Dq,s¥«(31), 03D q,sP*(31) — p;Dq,s ¥ (31)},
max{p,Dq,s P« (31) — p;Dq,sV«(31), 0;Dq,sP*(31) — p;Dq,s ¥ (31)}]
= [p;Dq,sDP«(31) — p;Dq,s¥Y«(31), 0;Dq,sP"(31) — p;Dq,s ¥ (31)]
= [0;Dq,sDP«(31), 0:Dq,sP*(31)] ©g [p;Dq,s ¥« (31), p;Dq,s ¥*(31)]
= 0, D} @ (31) ©g , D} (W(31).
By similar proceedings, we can obtain the result for both ® and V¥ are l-decreasing. Now, suppose that

® is | increasing and V¥ is l-decreasing, then (., Dg s®.(31) < 0;Dq,sP*(31), p;Dq,s ¥ (31) < p;Dg,sV«(31).
Also,

PaDi{,s((D(g)l) 6g W(Bl)) - [min{p3Dq,s®*(31) - pqu,s‘y*(Bl)/ pqu,s(D*(?)l) - pqu,sly*(Bl)}/
max{p3Dq,s(D*(31) - pqu,s‘y* (31), pqu,sCD*(31) - pqu,sW* (31)}] (2.4)
= [p3Dq,S(D*(31) - p3Dq,sW* (31)1 p3Dq,s(D*(31) - pqu,sw* (31)]

and

®(31) + (1), Dy, %3)

= [psDq,sP+(31), p;Dq,s P (31)] + (—1) [p;Dq,s ¥ (31), p;Da,s¥s(31)]

[psDg,s D (51), 0sDq,s D" (31)] + [—p;Dg,s Wi (31), —p;Dg,s ¥ (31)] (2.5)
[mln{pqu s Dy (31) D Y. (31)} max{p3Dq,s® (31)_p3Dq,s\P*(31)}]
[p3Dq,s(D>k(31)_p3D \y (3 )/ p3Dq,s(D*(31)_pqu,sW*(3l)]~

Comparison of (2.4) and (2.5) yields the required result. O]
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2.2. p3qu,s—integral operator and its properties
In the following part of the study, we present the concept of L.V. left g-symmetric integral operator and
its essential characterization. For our convenience, we specify the space of I.V. left g-symmetric integrable

mappings and space of all continuous 1.V. mappings by ,,I} ¢ and C([ps, p4], IR1), respectively.

Definition 2.12. Let ® € C([p3, p4], R1). Then ,,I} .-integral operator is described as:

P3tq,s
o4 1 - 2 1 2 1 2 1
J ®(31)d531=(q" —a)(pa—p3) ) ™" D(¢™ s+ (1— "™ )p3)
P3 n=0
[o0]
=(1—a*)(psa—p3) D g (™ s+ (1— "™ )p3).
n=0

One can easily observe that a mapping is considered to be ILV. left g-symmetric integrable if
> % o P (g2 oy + (1 — 1) p3) converges.

n=0

Theorem 2.13. Let ® € C([p3, p4l, Ry) and ¢ € (p3,31) C [p3, p4). Then

31 c 31
|Towae=| omaes | o
P3 P3 [
Proof. From Definition 2.12, we can write
c 31
| o+ [ oz
P3 c
=(1—q*)(c—p3) )_ g™ ®(g" e+ (1—g® pg) + (1—g?)(31—c) ) g®™D(¢™ 31+ (1—g*™ 1))
n=0 n=0
= |(1=q*)(c—p3) D " Du(d™ e+ (1—g"Np3), (1—q*)(c—p3) D ¢ 0" (g™ e+ (1- qz““)ps)l
n=0 n=0
+11=a)(B1—¢) ) g 0u(@™ '3+ (1—¢"")e), (1—")(31—¢) D_ g™ 0% (" 13 + (1 qz““)c)]
n=0 n=0
= [(1=a®)(31—p3) D_ ™ Ou(@®™ 31+ (1—q"" " )p3), (1—0?)(31—p3) D_ ™0 (g™ 31 + (1 q2“+1)p3)]
n=0 n=0
31
— | o)ase.
P3
Hence, the result is proved. O

Theorem 2.14. Let ® € C([p3, p4l,R1) and (p3,31) C [p3, pal. Then O €, I}LS < both @, and O* are left
q-symmetric integrable mappings. Also

31 31
| "o wase, |

P3

Fl D(£)d3E =

P3

@*(a)d;a] .

P3

Proof. Consider @ €, I! ., then

q,8”

31 o
J O(E)dSE=(1-q")(31—p3) D" O(a®™ 31+ (1— g™ )p3)
P3 n=0

= [(1 — ) (31— p3) )_ 0™ 31+ (1— g™ )ps)
n=0
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(1—a*)(31—p3) )_ q"®* (™' 31+ (1—g*™*)p3) | .

n=0

This implies that both @, and ®* are g-symmetric integrable mappings. Conversely, suppose that ©,
and ®* are g-symmetric integrable mappings and @, < @*, then the result is obvious. So, the result is
proven. O

Example 2.15. Let © : [0,2] — R} such that (&) = [2£2 3&], then

0

2 2 2
J D(E)d5E = U 2azd;a,J 3&d§,&]
0 0

_ [4(1 _qZ) Z q2n(2q2n+1)2/ 6(1 - qZ) Z q2n(2q2n+l)

n=0 n=0
o0 °° 164> 12q

= 161 - ¢))? Y ¢, 1201 —¢*)g ) q4“] = [ T 2] :
! = — 14+9¢*+q* 1+9q

Theorem 2.16. Let ©,V € C([p3, pal, R1) and (p3,31) C [p3, pal. Then for « € Ry,

1 [P0 (E) + W(E) pydSE = [0 D(E)pydSE+ [* W(E)p,dSEs

P3
2. [PHa®)(E)p,d5E = o [P} D(E)pd5E.

Proof. From Definition of 2.12, we have

P4
J (©(E) + W(E)] o, d3E
P3

=(1—*)(pa—p3) D a"" [@. (" Tps+ (1— g )p3) + Wula™ s+ (1—*)p3),
n=0

O*(¢*" g+ (1—g*)p3) + W (¢ ps + (1 — ¢*™ 1) p3)]

=(1—aM)(pa—p3) D ¢ [@ulg™ M ps+ (1— g™ )p3), @* (" s+ (1— g™ )p3)]
n=0
+ (1= (pa—p3) ) ™™ [Wald®™ ps+ (1—q™)p3), W (g™ ps+ (1— g*™1)p3)]
n=0

P4 4
= [T otepdze+ | wendse

P3 P3

Hence the first prove is obtained. The proof of second result is obvious. O

Theorem 2.17. Let ®, ¥ € C([ps, pal, R1) and (p3, 31) C [p3, pal, then

4 P4

Y(E)pd5E C | O(E) 0 WIE) e

P3

P4
| otendzee, |

P3 P3

Furthermore, L(®) — (V) has constant sign on [p3, p4], then

P4 4 P4
J @(E)deging ‘P(&)psdgézj D(£) S W(E)prdSE.

P3 P3 P3
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Proof. We observe that

P4 P4
J min{®, —VY,, 0" — ¥}, di& < minJ (O, =V, 0" —¥'},,d3&
P3 P3

P4
< maxJ {0, -V, O* —‘P*}p3d;£ (2.6)
P3

P4
< J max{®, —V¥,, ®* —‘P*}p3d;£.
P3

Also, we have
4

P4
|Motendzens [ vieae

P3 P3

P4 P4
:[min{J (CD*—‘P*)de;E,J (q)*_\y*)mdga},

p P
943 1043
max{J (0.~ )i | 00 —w*)pgd;aH @7)
P3 P3
Ps P4
- U min{(®, —V¥,), ®* — ¥}, di&, J max{(®, —V¥,), ®* —W¥},.dgé
P3 P3

P4
R CENGR

P3

Comparison of (2.6) and (2.7) results desired containment. By the notion of generalized Hukuhara dif-
ference, if 1(®) > L(¥), then D o4 ¥ = [D, —V¥,, O* —¥*] and if (D) < L(V¥), then [O* —V*, D, —V,].
We suppose that (@) > (V) on [p3, p4] such that DoV = [0, —V,, ®* —W¥*]. This implies that

PHD, — W, )y d5E < [0H(D* —W¥),,d5E. Now

P4 P4
J D OgVp,dsE = J min{®, —V¥,, ®* —y*}, J
P3 LJp3

P4
max{®, —V¥,, O* —\P*}]
P3

Ps P4 P4 P4
- J (D*psd;a,J q)*p3d;a} Sg U ‘P*mdéaj W*psdéﬁ]
P3

- P3 P3 P3
(P4 P4
= @(a)pad;a@gj W(E) 3,
7 P3 P3
Hence, the desired result is obtained. 0

Theorem 2.18. Let @ : [p3, p4] — R be left q-symmetric differentiable mapping on (p3, p4) and p3D;,S(GD(:’H) €
C(lp3, pal, Ry). If @ is l-monotone on [s, &], then

P4 .
®(py) S B(c) =j oDb D(E)p dSE, € (03 p4). 2.8)

C

Proof. 1f @ is left I.V. g-symmetric differentiable mapping, then @, and ®* are left g-symmetric differ-
entiable mappings, so ,,Dq,s®. and ,,DqsP* are left g-symmetric integrable mappings. Therefore @
is alsp left I.V. q-s.,ymmetric integrable mapping. If @ is l-increasing on [ps, p4], then p3D}1,S(CD(£) =
(03D} s @ (E), o, D} @*(£)], then

P4 P4
©.(p1) = 0u(0) = | Das®(Elpdits ©7(p0) = 07(c) = | o Dae®(Epdit  29)

C C
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Since @, < ®* and from (2.9), we acquire
P4 )
O(pa) = Olc) + | D}, O(E)pdit.

C

Now from the notion of gh-difference, then
P4

O(31) 09 Olc) = | 0D (E)pudi

Cc

If @ is l-decreasing on [p3, p4], then p3D}LS(CD(E,) = [psDE,sq)*(‘i)/ paDE,s(D*(‘E)]/ then

P4 . P4
Jc p3DE|,s pa q U Dqsq) )Psdz‘i L PaDq,S(D*(E')psd;Ev
= [@( @7 (c), *(psa) — D *x(c)]
= [D. (3 ) Q*(31)] ©g [@s(c), D (c)] = ©(31) ©g O(c).

Hence, the required result is acquired. O

Remark 2.19. If @ is l-increasing, then (2.8) can be interpreted as:
P4
O(31) = ®lc) + | 0D (E)pudi.
C
If @ is l-decreasing, then (2.8) can be interpreted as:
P4
O(31) = ®(c) O (1) | 0,DacD(E)pudi.

C

It is interesting to observe that the above result does not hold, if @ is not l-monotone.

2.3. Applications to Hermite-Hadamard's inequality

In the subsequent part, we utilize the L.V. left g-symmetric integral operator for the development of
(H-H) type inequalities.

Theorem 2.20. Suppose @ : [p3, ps] — Ry be LV. left q-symmetric differentiable mapping, then

2 B . 2
q)(psq +p4>_(1 q) (P4 pg)pqu,S(D(psq +p4>

1+ q2 1+ qZ 1+ q2
! 1+q* —q)®(p3) +qP
. J @ (31)p,dq(31) 2 (1+q”—q) (93) q (94)
P4 —P3 1+ CI
Proof. Since @ is I.V. left g-symmetric differentiable mapping on (ps, p4), then there exist two tangents at
%:294 and given as:

2 2 2
P3q9” + P4 P3q” + P4 P39~ + P4
h*(Sl) :®*< 1+q2 )+p3Dq,s®*< 1+C|2 ) <31_ 1+q2 >

and

2 2 2
* « [ P39°+ P4 « [ P39°+ P4 P39” + P4

h*(3;) = @ [ 2L ™ D, @* (21 M S cLERE < 3
(31) < 1 T q2 ) + p3q,s < 1 T qz > (51 )
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Since ® is I.V. convex mapping, then Hi(31) O ®(31) and then applying the left I.V. g-symmetric integra-
tion, we have

P4
J Hi1(p3, P4)p,dq(31)
P3
04 2 2 2
P39° + P4 P39” + P4 P39” + P41
= O =) 4+ D, 0 21— S h B i d
LS[ ( 1+ 2 ) Pa s < 1+ ¢ ><31 1+ 2 )]"3 a(31)
(04— 03)® pa0®+ps) o (P Fps be d.(31)— (p _p)psq2+p4
4 3 1+q2 pP3-q,s 1+C|2 o p3glol 4 3 1+q2
2 2
P3q” + P4 P39” + P4
— (o120 (L) (o1 ) D ()
o0 2
+ P4
1— o2 2n g 2n+1 1 — g2+l _ P3q
X (( q )nz_oq (a7 pa+(1—q"" " ps)) T
2 2 2 2
P39 + P4 P39 +ps\ [q(pa—p3) +p3(1+97) p39°+ P4
= (pg — o=t = D, @ -
(P4 93)[ 1142 )+Ps as < P >< 1+ 1+
2 2
P39~ + P4 (1—q)(ps—p3) P39 + P4 J‘”
= (pg— ) - D@ (2" )V 5] o d )
(p4 p3)|: ( 1+q2 ) 1+q2 p3q,s 1+q2 = o (31)93 q(31)

Now we establish the prove of second containment. Moreover, the secant line through (p3, ®(p3)) and
(P4, P(p4)) can be expressed as:

D, (pg) — Du(p3)
P4 — P3

Yi(31) = Qu(p3) + (&—p3)

and

O*(pg) — O*(p3)
P4 —P3

Since ®(31) = [D4(31), ©*(31)] is L.V. convex mappings and Y(31) C ®(31), then

O(pg) — D(p3)
Pa—pP3

Y*(31) = @*(p3) + (&—p3).

P4

[ vi31pma30 = |

[@(p3)+
03

(5—93)] .da(31)

P3

_ P4
— (ps— p3) @ (py) + 2102 = Dles) (J E0rdy(31) — (01— pg)p3>

= (P4 — p3)D(p3) + (©(ps) — D(p3)) ((1 —?) ) (@ oy + (1—g*™p3)) — 93)
n=0

_ 2

— (s — p3)D(ps) + (D) — D(pg)) (APE—PIT (L a)es
1+4¢2

(1+Cl2—CI)‘D(Ps)+CI‘D(P4)} QJ

1+4¢2

P4
D(31)p,dq(31)-

P3

= (p4 — p3) [

This completes the proof. O

Example 2.21. Let © : [0,2] — R; be LV. right g-symmetric differentiable mapping such that ®(3;) =
2312, —2312 +20]. Then from Theorem 2.20, we obtain

2
P39° + P4 2 8 8
o= = )l=((— | = , — 20| .
< 1+q2 > <1+q2> [(1+q2)2 Arq2 "
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Next, LV. left g-symmetric derivative of @ is given as ¢Dg,s® (ﬁ) = [;4 4}. Moreover, L.V. left g-

symmetric integral of @ is given as:

2 2
3 || @i = [ 23 232+ 200 - |
0 0

8q2 8¢
1+ +q* 1+4¢>+¢q*

+ 20} . (2.10)

From above computations, we have following containment

[ 8  8(1—q) 8 n 8(1—q) ]
(1+9%)2  q(1+4q%)’ (1+92)?  q*(1+q?)
2 2 2 _
5 { 8q 20 8q } 5 [ 8q , 20q° + 20 Sq]‘ 2.11)
1+q2+q* 1+q>+q* 1+ g2 1+ ¢2

For q = % in (2.11), we have
[—7.92,27.92] D [0.791209,19.2088] D [2.4,17.6].

For graphical validation, we take q € (0,1) in (2.11) shown in Figure 1.

=(a)

40

LUF
20 M.U.F
R.UF
R.LF
————————— M.LF

0.2 - 0.6 0.8
LLF
—20+

Figure 1: Validating the accuracy of Theorem 2.20.

Theorem 2.22. Suppose @ : [p3, p4] — Ry be LV. left q-symmetric differentiable mapping, then

p3+040°\  q(1—q)(ps—p3) p3 + pag?
@ psDas® | —— 5
1+ q? 1+ ¢2 ’ 1+¢?
1 Jp“‘ (1+¢%—q)®(p3) +qP(ps)
2 D(31)p,dq(31) 2
. (31)p5dq(31) T+

Proof. Since @ is I.V. left g-symmetric differentiable mapping on (p3, p4), then there exist two tangents at

P3+paq?

[ and given as:

p3 + p1q? p3 + p1q? p3 + Paq?
h, =0, ———— DOy (| ——————— -
2 (31) < 1 + q2 > + Pzt q,s < 1 4 q2 31 1 i q2

and

" . [ P3+ pag? . [ P3+ pag? p3 + p1q°
h =% | =——— D, ;0| ——— - .
2 (31) ( 1 +q2 ) tpsDas ( 1+C|2 31 1 +q2
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Since ® is I.V. convex mapping, thus Hy(31) 2 ®(31) and then applying the left I.V. g-symmetric integra-
tion, we have

P4
J Ha(p3, 04) pady (31)

P3
P4 2 5 5
P3 + Paq P3 + P4q 03 + Pag
LJ ( 1+q? >+p3 o ( 1+q? )(31 1+q? >]p3 a3

= (ps —p3)D <pgp4q> + 0;Dg,s® (W) (J Xp,dq(31) — (pa — 03)3742q

1+q2 1+gq 05 1+gq
= (pa —p3) @ <W> + (P4 —P3)p;Dq,s @ <p314;p:12q2>
( (11— g (@ oy + (1 2V Hpg) - 931124;2)
(04— p3) [ ( 314;9:q ) D@ <9314J—rf;42q2> (q(p4— psl)qus(lJrqz) B 931124;2)}
papa) [0 (51240 ) 4 S0DN0 ) b o (2208 5 ™ 00130
This completes the proof. O

Example 2.23. Let ® : [0,2] — R; be LV. right g-symmetric differentiable mapping such that ®(3;) =
2312, —23;2 + 20]. Then from Theorem 2.22, we obtain:

03 + pag? 2q? ) [ 8q* 8q* ]
O(=——— | =00 = , — + 201 . 2.12
< 1+ 2 ) <1+q2 T+ (1+ap (212)

From (2.10) and (2.12), we have following containment

[ 8¢  8(1-gq ., 8 +8(1—q)]
(1+9¢2)2 (1+q%)’ (1+4¢%)2  (1+49?)
84> 8q> } [ 8 20q2+20—8q]
> , 20— D ) . 2.13
[1+q2+q4 1+g*+qt 1+¢? 1+¢? 213)

For g = 3 in (2.13), we have
[(—4.72,24.72] D [0.791209,19.2088] D [2.4,17.6].

For graphical validation, we take q € (0,1) in (2.13) shown in Figure 2.

=(a)

401
LUF
20 M.UF
0.2 - 0.6

RUF
RLF
q M.L.F
LLF

Figure 2: Validating the accuracy of Theorem 2.22.
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Theorem 2.24. Suppose @ : [p3, p4] — Ry be LV. left q-symmetric differentiable mapping, then

p3+pa) | (29—1—q%)(ps— p3) 3+ P4
o (*7%) T A N
1 (™ (149> —q)@(p3) + q@(pa)
) D(31)p,dq(31) 2 .
pm—me (31) padq(31) =

Proof. Since @ is L.V. left g-symmetric differentiable mapping on (p3, p4), then there exist two tangents at

23704 and given as:
+ n N
3hi(31) = D, <p3 5 p4> + pqu,s(D* <p3 ) p4> (31 — p32$)4>

and

x * + x + +
(3, = O <p32p4>+p3Dq,s® <pszp4> <31_pazp4>_

Since @ is L.V. convex mapping, then Hz(31) C ®(31) and then applying the left I.V. g-symmetric integra-
tion, we have

P4
J Ha (03, 04) padlq (31)

P3
P4
:J [(D <93+P4> Dy <93;p4> <31_ 9342rp4>] .dy(31)
P3

2
- - b -
mywmm(m2“)+me®(m2“)<Jx%%@n—mrmgmzm)
P3

p3+p P3 + P4
34) + (ps— p3)p3Dq,s(D ( 5 )

2 - 2n 2n+1 n+1 P3 + P4
— 1— L A
X ((1 q°) z 9" (q Ppa+(1—q 03)) 5 )

n=0
03+ P4 p3+ s\ (qlpa—p3) +p3(1+9%)  p3s+ps
(P4 P3)[< > )+P3 as ( 5 >< 1+ 2 >
p3+ps) | (20—1—a%)(ps—p3) P3+ P4 J‘“
= — )] Dys® | —— D) ) d .
(ps—p3) [ < > >+ 2(1+q2) o3Uq,s > =, (31)93 q(31)
O
Example 2.25. Let ® : [0,2] — R; be LV. right g-symmetric differentiable mapping such that ®(3;) =
2312, —2372 + 20]. Then from Theorem 2.24, we obtain
@ <p3 ; p4> —®(1) =2, 18]. (2.14)
From (2.10) and (2.14), we have following containment
6q — 2 —2¢> 14q—|—2+2q2} 5 { 84> 8¢ } { 8q  20q%+20—8q 2.15)
q ’ q T 14?2 +q¥ 1+q>+q*] = [1+9% 1+4¢2 '

For q = % in (2.15), we have
[—0.666667,20.6667] D [0.791209,19.2088] D [2.4,17.6].

For graphical validation, we take q € (0,1) in (2.15) shown in Figure 3.
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=(a)

40

LUF
20 M.U.F
R.UF
R.LF
———————— M.LF

0.2 - 0.6 0.8
LLF
—20}+

Figure 3: Validating the accuracy of Theorem 2.24.

2.4. Symmetric quantum analogues of Hermite-Hadamard's inequality via totaly ordered convex mapping
This part of study contains Hadamard’s type inequalities utilizing center-radius ordering relation.

First, we mention the cr relation from [4] and which is given as follows. Let w = [w, w] = (we, Wy),

v = |Y' v = (v¢,vr) € Ry, the ct ranking of interval is demonstrated as:

We <V, if we #ve,
W =¢r V= .
wr < vy, if wove.

Based on this ranking relation, the analogue of convexity presented in [29], which is given as follows.
Any LV. mapping © : [p3, pa] — ]RI+ such that [D,, ®*] = (D, D,) is said to be a cr I.V. convex, if

Q(Ep3+ (1 —&)ps) Zer EQ(p3) + (1 —E)DQ(ps), E€[0,1].

Theorem 2.26. Suppose @ : [p3, pa] — Ry be L.V. left q-symmetric differentiable cr convex mapping such that
[(D*/ (D*] — <(Dc, (DT>/ the;’l

p3+pag®) | (1 —q)(ps— p3) p3 + pag?
o D,® | =—=—
< 1+¢2 ) 1+¢2 Paas 1+¢2
I (149> —q)@(p3) + q@(p4)
<ep——— | @ d < .
cr 01— p3 Jp3 (31)p3 q(31) _cr 1+C|2

Proof. Since @ is LV. left g-symmetric differentiable cr-convex mapping on (ps, p4), then there exist two

tangents at 7931 ‘:;42‘12 and given as:
he(31) =@ Pa T Paq. Pag’ + 0,Dq,s @ P3 T Paq paa” 3 _ P3 T Paq 2l
2retl ¢ 1+¢? Paas e 1+¢2 ! 1+¢?

and

p3 + pag? p3 + pag? P3 + paq>
2he(31) = O+ <1+q2> + 0;Dq,sDr <1+C|2 31— W .

Since @ is L.V. cr convex mapping, thus (xhc(31), 2hr(31)) <cr (DPc(31), P(31)) and then applying the
left I.V. g-symmetric integration, we have

p3+p10%\  q(1—q)(ps—p3) 03 + pag?

P4
J 2hc(31)p3dq(31) :(Dc< 1+q2 1+CI2 1+q2

Ps (2.16)

E— " ) d
< C
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and

P4 2 2
1 1 O P3 + Paq q(1—q)(ps—p3) P3 1 P4q
T - T + I ) (I)T _—
J'p3 2 (31)03 q(31) ( 1 q2 ) 1 q2 P3*™~q,s 1 qz

(2.17)

N

1 P4
—— LS O+ (31)psdq (31):

Combining (2.16) and (2.17), we have

p3+ 049>\ (1 —q)(ps— p3) p3 + pag?
<(Dc< 1+¢2 >+ trq Pl )

+ paq? 1— — + pag?
(I)T(P:; P4Q)+CI( q)(p4 p3)p3Dq,S®T(pa P4q >>

1+ ¢? 1+ ¢? 1+4¢2
P4

P4
Zer <1j e (31)psda (31), (941_%)[

(01— p3) Joy ®r(51)padq(3l)>.

P3

This implies that

p3+p4q2 q(1—q)(pa —p3) P:«;er4cl2 1 Jp“
) + D@ =) <Spep —— () d .
< 1 qz ) 1 qz P3™~4q,8 1 C|2 —cr (94 93) o (31)p3 q(31)

To establish second inequality, we utilize the concept of secant line through (p3, ®(p3)) and (ps, P (p4)),
which can be expressed as

(I)C(m)_q)C(pB)(&—ps) and Y, (31) = Oy (p3) + DO+ (ps) — Dr(p3)
P4—10P3 P4—P3

Ye(31) = @clp3) + (&—p3).

Since ®(31) = (Dc(31), D+(31)) is LV. cr-convex mappings and (D (31), @ (31)) Zer (Ye(31), Yr(31)),
then

o ) @el3uda(30) < o | V(331 = FEZ00elp) Lallr) (o)
and

oo | @r3ndal3) € s [ i1 = 0P LI 1)
Combining (2.18) and (2.19) via cr relation, we get

1 (e 1 e
<(p4_p3) L3 O (31)p,dq(31), o103 LS @r(sl)psdq(51)>
< < (1+9* —a)Pelps) +qPelps) (149° = q)Pr(ps) + 4P (ps) > .
1+¢? 1+ ¢

This completes the proof. 0

Example 2.27. Let © : [0,2] — R; be LV. right g-symmetric differentiable mapping such that ®(3;) =
[—231%2 48, 2312 + 10]. Then from Theorem 2.22, we obtain

p3+P4CI2> < 2¢? > [ 8q* 8q* }
O(=—F =0 = |- +38, +10] . 2.20
( 1+g¢? 1+g¢? (1+9%)? (1+q2)? (2:20
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From (2.10) and (2.20), we have following containment:

8(1— q)q? 8q* 8(1—q)q? 8q*
_(zq)q_ c|2+8,(2q)c|+ T 110
q-+1 (42+1) q-+1 (q2+1) 221)
8q2 8q2 8(q?—q-+1) 10q2+8q+10 '
< [8_ S sa +10] <, [Blef—a+1) 104" +8q+
q*+qg°+1 gq*+qg°+1 gc+1 g +1

For q = % in (2.21), we have
[7.38667,10.6133] <., [7.20879, 10.7912] <. [5.6, 12.4].

For graphical validation, we take q € (0,1) in (2.13) shown in Figure 4.

=(a)

40

LUF
20 M.U.F
R.UF
R.LF
————————— M.LF
LLF

Figure 4: Validating the accuracy of Theorem 2.26.

3. Conclusion

In the present study, we have introduced the idea of I.V. symmetric quantum derivative and integral
operators. Also, we have provided a detailed characterization of newly proposed operators. From an
application point of view, we have proved some new (H-H) inequalities. The primary outcomes are
supported by numerical and graphical illustrations. It is important to note that the derivative of LV.
mappings involving absolute mappings can be computed from our proposed operators. We hope these
operators and techniques will create new venues for the research. Based on these operators several kinds
of inequalities can be obtained.
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