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Abstract
It is known that integral equations, whether linear or nonlinear, and whether the kernel is continuous or discontinuous, play

a major role in explaining physical and engineering phenomena. The importance of these equations appears when calculating the
effect of time and its impact on the solution. This importance increases if the study is based on nonlinear integral equations with
a singular kernel. In this study, a nonlinear equation was assumed, and the effect of time during a certain period was studied,
with the assumption of the singular kernel of the integral equation in a general form. All the previous singular kernels can be
derived from it as special cases. Many methods, whether semi-analytical or numerical, can find solutions to integral equations.
However, these methods fail to find the solution when the kernel is singular. If we deal with the orthogonal polynomial method,
it treats each type of singular kernel as an independent case. Therefore, the authors in this research used the Toeplitz matrix
method (TMM), considering the kernel in a general form and deriving special cases as applications of the method. Here, the
existence and uniqueness of the solutions of the second-kind nonlinear mixed Volterra-Fredholm integral equation (NMV-FIE)
are discussed. The integral operator is shown to be normal and continuous. We then derive a numerically solvable nonlinear
algebraic system (NLAS) using the TMM. The Banach fixed point theorem is used to prove that this NLAS is solvable. When
the kernel takes a logarithmic and Hilbert kernels, numerical examples are discussed and the estimation error, in each case, is
calculated. Some numerical experiments are performed to show the efficiency of the presented approach, and all results are
performed by using the program Wolfram Mathematica 11.

Keywords: Banach fixed point theorem, nonlinear mixed Volterra-Fredholm integral equation, integral operator, Toeplitz
matrix method.
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1. Introduction

This paper uses a new numerical approach to solve the nonlinear mixed Volterra-Fredholm integral
equation (NMV-FIE) as follows:

Θ(x, t) = f(x, t) + λ

∫t
0

∫
Ω

F(t, τ)k(|u− v|)ϖ(τ,y,Θ(y, τ))dydτ, (1.1)
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which λ is a constant parameter and the function Θ(x, t) is called the unknown potential function in
the Banach space L2(Ω)× C[0, T ], 0 ⩽ T < 1. The domain of integration with regard to the position is
Ω and the time t ∈ [0, T ]. The kernel F(t, τ) is a continuous in C[0, T ] and the given function f(x, t) is
continuous in the space L2(Ω)×C[0, T ]. Also, the singular kernel of position k(|u− v|) belongs to L2(Ω)
and a discontinuous function.

Integral equations often appear in mathematical modeling, which has a mathematical theory of elas-
ticity [37], economics [15], quantum mechanics[25], fluid mechanics [41], generalized potential theory [9],
population genetics [11], nonlinear equations for boundary value theory [8, 11], spectral relationships in
laser theory [20], contact problems between two elastic material layers [6], radiation [26], and electromag-
netic and electrodynamics [12, 44]. The Volterra-Fredholm type integral equations are difficult to solve
exactly, hence we usually use numerical techniques [18, 29, 35, 38]. To obtain the approximate solution of
the linear and nonlinear integral equations of the Volterra-Fredholm type, many computational methods
have recently been developed. Taylor series expansion is an important technique developed in [13, 27].
In certain cases, the Adomian decomposition method [2] and the Homotopy analysis method [5] are two
powerful methods that often provide the exact solution. Many computing methods have been devel-
oped to solve the NMV-FIE given by equation (1.1), including the Legendre polynomials [14], Bernstein
polynomials [19], Alpert’s multiwavelet bases [24], Laguerre and Hermite polynomials [4], conflict-type
wavelets [42], Homotopy analysis methods [21], Runge-Kutta method and Block-by-block method [7],
modified homotopy perturbation method [17], optimal perturbation iteration method [16], Chebyshev
wavelets polynomials [40], Picard iteration method [28], Adomian decomposition method [1], Lagrange
polynomials [39], Lagrange-collocation method [34], Legendre polynomials [36], Tau-collocation method
[22], separation of variables method [33], Collocation method [31], Hat functions [23], hybrid functions
method [3], modified Taylor’s method [30], Taylor polynomial method [43], operational matrices [32], and
degenerate kernel method [10]. Our main goal of the study is to discuss the existence and uniqueness
of the solutions of the equation (1.1), and determine the numerical solution to the problem given by this
equation, for which we have devised a new and accurate method.

In this paper, we consider the nonlinear mixed Volterra-Fredholm integral equation of the second type
with a discontinuous kernel. We use a numerical method to transform the NMV-FIE into a nonlinear
algebraic system, where the existence and the uniqueness of the solution of the NLAS can be discussed
and proved using the Banach fixed point theorem. To find the numerical solution of the NLAS, we used
the Toeplitz matrix method.

2. Special cases

Many special cases can be derived from the mixed integral equation as follows.

(1) Let, in (1.1), ϖ(τ,y,Θ(y, τ)) = Θ(y, τ) to have

Θ(x, t) = f(x, t) + λ

∫t
0

∫
Ω

F(t, τ)k(|u− v|)Θ(y, τ)dydτ. (2.1)

Equation (2.1) represents a mixed linear integral equation of the Volterra-Fredholm type of the second
kind with a continuous time-specific kernel and a general anomalous position-specific kernel. Equa-
tion (2.1) plays an important role in understanding many mathematical and engineering applications,
especially in communication problems of all different types, which depend entirely on the shape of
the kernel.

(2) The kernel of position of equation (1.1) or (2.1) can take the following forms.
(2.i) Logarithmic kernel k(|u− v|) = ln(|u− v|).

(2.ii) Carleman kernel k(|u− v|) = |u− v|−n, 0 ⩽ n < 1.
(2.iii) The relation between logarithmic kernel and Caleman function is

ln(|u− v|) = |u− v|n ln(|u− v|)|u− v|−n = H(u, v)|u− v|−n, 0 ⩽ n < 1,

where H(u, v) is continuous function.
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(2.iv) Cauchy kernel k(|u− v|) = 1/|u− v|.
(2.v) Strong singular kernel k(|u− v|) = 1/(u− v)2.

(2.vi) Hilbert kernel k(|u− v|) = cot |u−v|
2 .

Many different methods, whether numerical or semi-analytical, have been used to solve equation (1.1)
or equation (2.1) with one of the different kernels mentioned above. However, the Toeplitz matrix method
is distinguished by the fact that it applies to the general kernel case, in general. As for the cases derived
from it, we consider them special applications of the original kernel.

3. Existence and uniqueness solution of NMV-FIE (1.1)

We make the following assumptions to discuss the existence and uniqueness solution of NMV-FIE
(1.1).

(i) The kernel k(|u− v|) satisfies
[∫

Ω

∫
Ω k2(|u− v|)dxdy

] 1
2 = D, where D is a constant.

(ii) The positive function of time, F(t, τ), satisfies the continuity condition |F(t, τ)|C[0,T ] ⩽ A, ∀t, τ ∈ [0, T ],
where A is a constant.

(iii) The norm of known function f(x, t) in L2(Ω)×C[0, T ], T < 1 space is

∥f(x, t)∥ = max
0⩽t⩽T<1

∣∣∣∣∣
∫t

0

[∫
Ω

f2(x, τ)dx
] 1

2

dτ

∣∣∣∣∣ = G,

where G is a constant.
(iv) The known function ϖ(t, x,Θ(x, t)), for the constants B > B1 and B > B2, satisfies:

(iv-a) |ϖ(t, x,Θ(x, t))| ⩽ B1|Θ(x, t)|;
(iv-b) |ϖ(t, x,Θ1(x, t)) −ϖ(t, x,Θ2(x, t))| ⩽ B2|Θ1(x, t) −Θ2(x, t)|.

Theorem 3.1. If the conditions (i)-(iv-b) are satisfied, and

(AλBTD) < 1, where T = max
0<t⩽T

|t|,

then NMV-FIE (1.1) has a unique solution Θ(x, t) in the Banach space L2(Ω)×C[0, T ].

Proof. We employ the successive approximation approach (Picard’s method) to demonstrate this theorem.
As {i} goes to ∞, a sequence of functions {Θi(x, t)} can be formed as a convergent solution for NMV-FIE
(1.1), hence, Θ(x, t) = limi→∞Θi(x, t), where

Θi(x, t) =
i∑

j=0

Ψj(x, t), t ∈ [0, T ], i = 0, 1, 2, . . . ,

where the functions Ψj(x, t), j = 0, 1, . . . , i are continuous functions and take the form:

Ψi(x, t) = Θi(x, t) −Θi−1(x, t)
Ψ0(x, t) = f(x, t)

}
(3.1)

To establish the previous theorem, we need to take into consideration the following lemmas.

Lemma 3.2. If the series
∑i

j=0 Ψj(x, t) is uniformly convergent, then Θ(x, t) represents a solution of NMV-FIE
(1.1).
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Proof. We design a series described by Θi(x, t),

Θi(x, t) = f(x, t) + λ

∫t
0

∫
Ω

F(t, τ)k(|x− y|)ϖ(τ,y,Θi−1(y, τ))dydτ.

Next, we obtain

Θi(x, t) −Θi−1(x, t) = λ

∫t
0

∫
Ω

F(t, τ)k(|x− y|)[ϖ(τ,y,Θi−1(y, τ)) −ϖ(τ,y,Θi−2(y, τ))]dydτ.

By applying the norm’s characteristics to equation (3.1), we can obtain

∥Ψi(x, t)∥ = |λ|

∥∥∥∥∫t
0

∫
Ω

F(t, τ)k(|x− y|)[ϖ(τ,y,Θi−1(y, τ)) −ϖ(τ,y,Θi−2(y, τ))]dydτ
∥∥∥∥ .

Using (iv-b), we have

∥Ψi(x, t)∥ ⩽ |λ|

∥∥∥∥∫t
0

∫
Ω

F(t, τ)k(|x− y|)Z(τ,y)|Θi−1(y, τ) −Θi−2(y, τ)|dydτ
∥∥∥∥

⩽ |λ|

∥∥∥∥∫t
0

∫
Ω

F(t, τ)k(|x− y|)Z(τ,y)|Ψi−1(y, τ)|dydτ
∥∥∥∥

⩽ |λB|

∥∥∥∥∫t
0

∫
Ω

F(t, τ)k(|x− y|)|Ψi−1(y, τ)|dydτ
∥∥∥∥ .

Using conditions (i) and (ii), we obtain

∥Ψi(x, t)∥ ⩽ [AλBTD]∥Ψi−1(x, t)∥. (3.2)

Using condition (iii) and i = 1, we obtain from formula (3.2):

∥Ψ1(x, t)∥ ⩽ [AλBTD]∥Ψ0(x, t)∥ ⩽ [AλBTD]G.

Then, by induction, we have

∥Ψi(x, t)∥ ⩽ YiG, Y = [AλBTD] < 1, i = 0, 1, 2, . . . .

This leads us to conclude that there is a convergent solution for the sequence Θi(x, t). In this way, we
have for i → ∞,

Θ(x, t) = lim
i→∞

(
f(x, t) + λ

∫t
0

∫
Ω

F(t, τ)k(|x− y|)ϖ(τ,y,Θi(y, τ))dydτ
)

= f(x, t) + λ

∫t
0

∫
Ω

F(t, τ)k(|x− y|)ϖ(τ,y,Θ(y, τ))dydτ.

Consequently, it is proven that there is an NMV-FIE solution (1.1).

Lemma 3.3. The function Θ(x, t) represents a unique solution of NMV-FIE (1.1).

Proof. Assuming that there is another continuous solution Θ∗(x, t) of NMV-FIE (1.1), we may demonstrate
that Θ(x, t) is the only solution, then we get

Θ∗(x, t) = f(x, t) + λ

∫t
0

∫
Ω

F(t, τ)k(|x− y|)ϖ(τ,y,Θ∗(y, τ))dydτ,
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and

Θ(x, t) −Θ∗(x, t) = λ

∫t
0

∫
Ω

F(t, τ)k(|x− y|)[ϖ(τ,y,Θ(y, τ)) −ϖ(τ,y,Θ∗(y, τ))]dydτ.

By using the norm’s properties, we have

∥Θ(x, t) −Θ∗(x, t)∥ ⩽ |λ|

∥∥∥∥∫t
0

∫
Ω

F(t, τ)k(|x− y|)[ϖ(τ,y,Θ(y, τ)) −ϖ(τ,y,Θ∗(y, τ))]dydτ
∥∥∥∥ .

Using (iv-b), we have

∥Θ(x, t) −Θ∗(x, t)∥ ⩽ |λ|

∥∥∥∥∫t
0

∫
Ω

F(t, τ)k(|x− y|)Z(τ,y)[Θ(y, τ) −Θ∗(y, τ)]dydτ
∥∥∥∥

⩽ |λB|

∥∥∥∥∫t
0

∫
Ω

F(t, τ)k(|x− y|)[Θ(y, τ) −Θ∗(y, τ)]dydτ
∥∥∥∥ .

Using conditions (i) and (ii), we have

∥Θ(x, t) −Θ∗(x, t)∥ ⩽ [AλBTD]∥Θ(x, t) −Θ∗(x, t)∥ ⩽ Y∥Θ(x, t) −Θ∗(x, t)∥, Y < 1.

If ∥Θ(x, t)−Θ∗(x, t)∥ ≠ 0, then the last formula yields Y ⩾ 1 which is a contradiction. Therefore, ∥Θ(x, t)−
Θ∗(x, t)∥ = 0 and it is implied that Θ(x, t) = Θ∗(x, t) which means the solution is unique.

4. Normality and continuity of an integral operator

The successive approximation method (Picard’s method) is characterized by the fact that it gives
directly the convergence of the solution and that there is a converging solution and then it follows the
study of whether this solution is unique or not. This method is not suitable at two important points:

(1) if the integral equation is of the first kind;
(2) if the integral equation is homogeneous.

Therefore, it is better for the study to apply the fixed point theorem. At first, the reduced NMV-FIE (1.1)
will be mentioned in its integral operator form to demonstrate its normality and continuity:

VΘ(x, t) = f(x, t) + VΘ(x, t), VΘ(x, t) = λ

∫t
0

∫
Ω

F(t, τ)k(|x− y|)ϖ(τ,y,Θ(y, τ))dydτ. (4.1)

Then, we state the following.

Lemma 4.1. Under the conditions (i)-(iv-a) the integral operator VΘ(x, t) maps the space L2(Ω)×C[0, T ], T < 1,
into itself.

Proof. Consider the normality of equation (4.1), to have

∥VΘ(x, t)∥ ⩽ |λ||F(t, τ)||k(|x− y|)|

∥∥∥∥∫t
0

∫
Ω

ϖ(τ,y,Θ(y, τ))dydτ
∥∥∥∥ .

Applying the principal conditions, we have

∥VΘ(x, t)∥ ⩽ [A|λ|BTD]∥Θ(x, t)∥. (4.2)

From (4.1) and (4.2) we have

∥VΘ(x, t)∥ ⩽ ∥f(x, t)∥+ ∥VΘ(x, t)∥ ⩽ G+ [A|λ|BTD]∥Θ(x, t)∥.

The above inequality leads us to decide that the ball Sr is mapped into itself by the operator V , wherever
r = G

1−A|λ|BTD . Since r > 0, G > 0. This leads us to decide A|λ|BTD < 1. Moreover, inequality (4.2) leads
us to decide that the operator VΘ(x, t) is bounded.
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Lemma 4.2. Under the conditions (i)-(iv-b) the integral operator VΘ(x, t) is continuous. Moreover, under the
condition A|λ|BTD < 1, the same operator is a contraction.

Proof. Assuming that the integral operator form (4.1) is satisfied by the two functions Θ1(x, t), Θ2(x, t) in
the space L2(Ω)×C[0, T ], then

VΘ1 = f(x, t) + λ

∫t
0

∫
Ω

F(t, τ)k(|x− y|)ϖ(τ,y,Θ1(y, τ))dydτ.

The function Θ2(x, t) of Θ1(x, t) can be subtracted to obtain VΘ1 − VΘ2 = V[Θ1 −Θ2]. Using conditions
(i), (ii), (iv-b), and the norm’s properties, we get

∥V[Θ1 −Θ2]∥ ⩽ [AλBTD]∥Θ1 −Θ2∥,

hence, we obtain
∥V[Θ1 −Θ2]∥ ⩽ Y∥Θ1 −Θ2∥, Y < 1. (4.3)

Inequality (4.3) leads to the continuity of the integral operator V . Likewise, V is a contraction operator in
the space L2(Ω)×C[0, T ]. Banach’s fixed point theorem remarks that V includes a unique fixed point. If
the normality and continuity of the integral operator are employed, then the existence and uniqueness of
the reduced NMV-FIE (1.1) are approved.

5. The Toeplitz matrix method (TMM)

The Toeplitz matrix method is distinguished from all numerical and semi-analytical methods by the
fact that it collects all the anomalous kernels in one general form. Then the cases to be studied are
considered as special cases of the problem kernel. For example, the logarithmic kernel, the Carleman
kernel, the Hilbert kernel, the Cauchy kernel, and also the strongly anomalous kernel are all special cases
of the general kernel of the Toeplitz matrix method. What is also more important is that the anomalous
integrals, after using the technique, are transformed into ordinary integrals that are easy to solve.

We will now talk about the numerical solution of NMV-FIE (1.1) using TMM, and Ω = [−a,a]. For
this, we write MV-FIE (1.1) in the form

Θ(x, t) = f(x, t) + λ

∫t
0

∫a
−a

F(t, τ)k(|x− y|)ϖ(τ,y,Θ(y, τ))dydτ,

the integral term can be expressed as follows for this:∫a
−a

k(|x− y|)ϖ(τ,y,Θ(y, τ))dy =

M−1∑
m=−M

∫Mρ+ρ

Mρ

k(|x− y|)ϖ(τ,y,Θ(y, τ))dy, ρ =
a

M
. (5.1)

The integral in Eq. (5.1) on the right side can be expressed as∫Mρ+ρ

Mρ

k(|x− y|)ϖ(τ,y,Θ(y, τ))dy

= Xm(x)ϖ(τ,Mρ,Θ(Mρ, τ)) + Ym(x)ϖ(τ,Mρ+ ρ,Θ(Mρ+ ρ, τ)) + R,
(5.2)

where R is the estimate error and Xm(x) and Ym(x) are arbitrary functions that need to be found. Using the
Toeplitz matrix technique, we can calculate Xm(x) and Ym(x) by substituting Θ(y, τ) = τ and Θ(y, τ) = yτ,
respectively, in Eq. (5.2). We are able to solve this set of equations for Xm(x) and Ym(x) if R is taken to be
negligible; the formula (5.1) becomes∫a

−a

k(|x− y|)ϖ(τ,y,Θ(y, τ))dy =

M∑
m=−M

Um(x)ϖ(τ,mρ,Θ(mρ, τ)),
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where

Um(x) =


XM(x), m = −M,
Xm(x) + Ym−1(x), −M < m < M,
YM−1(x), m = M.

As a result, the form of the integral Eq. (1.1) is

Θ(x, t) = f(x, t) + λ

∫t
0
F(t, τ)

M∑
m=−M

Um(x)ϖ(τ,mρ,Θ(mρ, τ))dτ.

Let x = nρ, −M ⩽ n ⩽ M, then the system of Fredholm integral equations that follows is obtained:

Θ(nρ, t) = f(nρ, t) + λ

∫t
0
F(t, τ)

M∑
m=−M

Um(nρ)ϖ(τ,mρ,Θ(mρ, τ))dτ. (5.3)

6. System of nonlinear algebraic equations

The solution of equation (5.3) is usually reduced to a system of nonlinear algebraic equations by using
the quadrature method [4]. We divide the interval [0, T ], 0 ⩽ t ⩽ T , as 0 = t0 < t1 < · · · < tl < · · · < tL =
T , where t = tl, l = 0, 1, . . . ,L, to get

Θ(nρ, tl) = f(nρ, tl) + λ

∫tl
0

F(tl, τ)
M∑

m=−M

Um(nρ)ϖ(τ,mρ,Θ(mρ, τ))dτ, (6.1)

and the following are the terms for the Volterra integrals:∫tl
0
F(tl, τ)

M∑
m=−M

Um(nρ)ϖ(τ,mρ,Θ(mρ, τ))dτ

≈
l∑

i=0

ωiF(tl, ti)
M∑

m=−M

Um(nρ)ϖ(ti,mρ,Θ(mρ, ti)).

(6.2)

Using Eq. (6.2) in Eq. (6.1), we obtain

Θ(nρ, tl) = f(nρ, tl) + λ

l∑
i=0

ωiF(tl, ti)
M∑

m=−M

Um(nρ)ϖ(ti,mρ,Θ(mρ, ti)).

And then using the notations Θ(nρ, tl) = Θnl, F(tl, ti) = Fli, Um(nρ) = Umn, we obtain the following
system of nonlinear algebraic equations:

Θnl = fnl + λ

l∑
i=0

ωiFli

M∑
m=−M

Umnϖim(Θmi). (6.3)

One way to express the matrix Umn is as Umn = Hmn − Tmn, where

Hmn = Xm(nρ) + Ym−1(nρ), −M ⩽ m,n ⩽ M,

which is an order 2M+ 1 Toeplitz matrix, and

Tmn =


Y−M−1(nρ), m = −M,
0, −M < m < M,
XM(nρ), m = M.
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7. The existence of a unique solution of the system of nonlinear algebraic equations

In this part, we will provide evidence for the existence of the unique solution to the system of nonlinear
algebraic equations (6.3) under certain conditions and obtain the numerical solution’s truncation error.
These goals can be attained with the use of the following theorems.

Theorem 7.1. Under the following conditions:

(1) the matrix
(∑M

m=−M |Umn|
2
) 1

2
⩽ D;

(2)
(∑l

i=0 |ωiFli|
2
) 1

2
⩽ A;

(3) |gnl| ⩽ G;
(4) the known function ϖim(Θmi), for the constants B > B1 and B > B2, satisfies

(a) |ϖim(Θmi)| ⩽ B1|Θmi|;
(b) |ϖim(Θmi,1) −ϖim(Θmi,2)| ⩽ B2|Θmi,1 −Θmi,2|.

The system of nonlinear algebraic equations (6.3) has a unique solution.

Proof. To establish the theorem, we express the system of nonlinear algebraic equations (6.3) in the fol-
lowing operator form:

VΘnl = fnl + λ

l∑
i=0

ωiFli

M∑
m=−M

Umnϖim(Θmi). (7.1)

Lemma 7.2. Under the conditions (1)-(4-a), the operator V defined by (7.1) maps the space ℓ2 into itself.

Proof. From (7.1), we obtain:

∥VΘnl∥ℓ2 ⩽ ∥fnl∥ℓ2 + ∥λ
l∑

i=0

ωiFli

M∑
m=−M

Umnϖim(Θmi)∥ℓ2 .

Following application of conditions (1)-(4-a), the formula above takes on the following form:

∥VΘnl∥ℓ2 ⩽ G+ |λ|AD∥ϖim(Θmi)∥ℓ2 ⩽ G+ Y∥Θnl∥ℓ2 , Y = |λ|ADB < 1. (7.2)

The operator V maps the space ℓ2 onto itself in light of the inequality (7.2).

Lemma 7.3. Under the conditions (1)-(4-b), V defined by (7.1) is a contraction operator in the space ℓ2.

Proof. Considering formulas (7.1), we obtain the following if {Θnl,1} and {Θnl,2} are any functions in the
space ℓ2:

∥VΘnl,1 − VΘnl,2∥ℓ2 ⩽ |λ|

l∑
i=0

|ωiFli|

M∑
m=−M

|Umn|∥ϖim(Θmi,1) −ϖim(Θmi,2)∥ℓ2 .

Applying the conditions (1)-(4-a), the previous inequality has the following format:

∥VΘnl,1 − VΘnl,2∥ℓ2 ⩽ Y∥Θnl,1 −Θnl,2∥ℓ2 . (7.3)

Under the condition Y < 1, inequality (7.3) displays the continuity of the operator V in the space ℓ2, then
V is a contraction operator. Therefore, by Banach fixed point theorem V has a unique fixed point which
is the unique solution of the system of nonlinear algebraic equations (6.3).
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8. Examples

In this section, we study problems that are difficult to solve analytically and are important to re-
searchers because they contain singular kernels of the logarithm type and Hilbert kernel. The numerical
solution was obtained, and by getting the absolute error at different values of the time t, we proved the
accuracy of the method used in the paper.

Example 8.1. Consider the following NMV-FIE:

Θ(x, t) = f(x, t) + 0.5
∫t

0

∫ 1

−1
t2τ2 (ln |y− x|)zΘ2(y, τ)dydτ, z = 1, 2, . . . , (8.1)

where the function f(x, t) is specified by laying Θ(x, t) = x2t2 as an exact solution. With this formula, we
get

Xm(x) =
1

ρ(z+ 1)

z∑
k=0

(−1)z(z+ 1)z(z− 1) · · · (z− k+ 1)×
[
(mρ+ ρ− u)2 (ln |mρ+ ρ− u|)z−k

{
1 −

1
2k+1

}
−(mρ− u) (ln |mρ− u|)z−k

{
(mρ+ ρ− u) −

mρ− u

2k+1

}]
,

and

Ym(x) =
1

ρ(z+ 1)

z∑
k=0

(−1)z(z+ 1)z(z− 1) · · · (z− k+ 1)×
[
(mρ+ ρ− u) (ln |mρ+ ρ− u|)z−k

×
{
(u− ρu) −

mρ+ ρ− u

2k+1

}
+ (mρ− u)2 (ln |mρ− u|)z−k

{
1 −

1
2k+1

}]
.

The Toeplitz matrix Hmn elements are provided by

Hmn = Xm(nρ) + Ym−1(nρ) =
ρ

z+ 1

z∑
k=0

(−1)z(z+ 1)z(z− 1) · · · (z− k+ 1)
{

1 −
1

2k+1

}
×
[
(m−n+ 1)2 (ln |m−n+ 1|ρ)z−k − 2(m−n)2 (ln |m−n|ρ)z−k

+(m−n− 1)2 (ln |m−n− 1|ρ)z−k
]

.

Given the matrix Tmn, the elements of its first column are

Tn,−M = Y−M−1(nρ) =
ρ

z+ 1

z∑
k=0

(−1)z(z+ 1)z(z− 1) · · · (z− k+ 1)

[
− (n+M) (ln |n+M|ρ)z−k

×
{
n+M+ 1 −

n+M

2k+1

}
+ (n+M+ 1)2 (ln |n+M+ 1|ρ)z−k

{
1 −

1
2k+1

}]
,

while the elements of the last column of the matrix Tmn are provided by

Tn,M = XM(nρ) =
ρ

z+ 1

z∑
k=0

(−1)z(z+ 1)z(z− 1) · · · (z− k+ 1)

[
(M−n+ 1)2 (ln |M−n+ 1|ρ)z−k

×
{

1 −
1

2k+1

}
− (M−n) (ln |M−n|ρ)z−k

{
M−n+ 1 −

M−n

2k+1

}]
,

where, −M ⩽ m,n ⩽ M. By applying TMM with M = 10, z = 5 on the integral equation (8.1).



M. E. Nasr, et al., J. Math. Computer Sci., 40 (2026), 84–100 93

In Tables 1-4, for the position x ∈ [−1, 1] and the time t ∈ [0, 0.9], we have presented in the tables
the exact solution of the equation (8.1) at different positions of the variable u and also the calculations
were done at various times to know the behavior of the exact solution and through the presented method
the approximate solution was obtained at the same positions and times and we obtained the amount
of absolute error between the two solutions at the same studied points to know the efficiency of the
presented technique for M = 10. In Figure 1, we computed exact solution, approximate solution, and

Table 1: Exact solution, approximate solution, and errors for Example 8.1 at M = 10 and t = 0.
x Exact solution Approximate solution Errors

-1.0 0 5.72476×10−14 5.72476×10−14

-0.8 0 4.17258×10−14 4.17258×10−14

-0.6 0 2.79024×10−14 2.79024×10−14

-0.4 0 7.48264×10−15 7.48264×10−15

-0.2 0 6.39214×10−15 6.39214×10−15

0.0 0 1.47298×10−15 1.47298×10−15

0.2 0 6.45827×10−15 6.45827×10−15

0.4 0 7.14025×10−15 7.14025×10−15

0.6 0 2.67359×10−14 2.67359×10−14

0.8 0 4.52098×10−14 4.52098×10−14

1.0 0 5.54109×10−14 5.54109×10−14

errors of TMM with different values of x and M = 10 at t = 0.

Figure 1: Exact solution, approximate solution, and errors of
TMM at t = 0.

Figure 2: Exact solution, approximate solution, and errors of
TMM at t = 0.3.

Table 2: Exact solution, approximate solution, and errors for Example 8.1 at M = 10 and t = 0.3.
x Exact solution Approximate solution Errors

-1.0 0.09 0.09 4.71547×10−13

-0.8 0.0576 0.0576 2.17206×10−13

-0.6 0.0324 0.0324 7.49548×10−14

-0.4 0.0144 0.0144 6.58412×10−14

-0.2 0.0036 0.0036 4.08214×10−14

0.0 0 3.52741×10−14 3.52741×10−14

0.2 0.0036 0.0036 4.21867×10−14

0.4 0.0144 0.0144 6.97210×10−14

0.6 0.0324 0.0324 1.20741×10−13

0.8 0.0576 0.0576 1.69547×10−13

1.0 0.09 0.09 2.00748×10−13
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In Figure 2, we computed exact solution, approximate solution, and errors of TMM with different
values of x and M = 10 at t = 0.3.

Table 3: Exact solution, approximate solution, and errors for Example 8.1 at M = 10 and t = 0.6.
x Exact solution Approximate solution Errors

-1.0 0.36 0.36 1.00758×10−11

-0.8 0.2304 0.2304 4.17526×10−12

-0.6 0.1296 0.1296 7.49823×10−13

-0.4 0.0576 0.0576 5.71867×10−13

-0.2 0.0144 0.0144 4.08467×10−13

0.0 0 2.57129×10−13 2.57129×10−13

0.2 0.0144 0.0144 3.97287×10−13

0.4 0.0576 0.0576 5.17592×10−13

0.6 0.1296 0.1296 4.10564×10−12

0.8 0.2304 0.2304 4.51725×10−12

1.0 0.36 0.36 1.85424×10−11

In Figure 3, we computed exact solution, approximate solution, and errors of TMM with different
values of x and M = 10 at t = 0.6.

Figure 3: Exact solution, approximate solution, and errors of
TMM at t = 0.6.

Figure 4: Exact solution, approximate solution, and errors of
TMM at t = 0.9.

Table 4: Exact solution, approximate solution, and errors for Example 8.1 at M = 10 and t = 0.9.
x Exact solution Approximate solution Errors

-1.0 0.81 0.81 1.47238×10−10

-0.8 0.5184 0.5184 3.69524×10−11

-0.6 0.2916 0.2916 6.58214×10−12

-0.4 0.1296 0.1296 5.47238×10−12

-0.2 0.0324 0.0324 4.71589×10−12

0.0 0 2.47286×10−12 2.47286×10−12

0.2 0.0324 0.0324 4.58236×10−12

0.4 0.1296 0.1296 5.14720×10−12

0.6 0.2916 0.2916 6.21856×10−12

0.8 0.5184 0.5184 3.54289×10−11

1.0 0.81 0.81 1.75321×10−10

In Figure 4, we computed exact solution, approximate solution, and errors of TMM with different
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values of x and M = 10 at t = 0.9.

Example 8.2. Consider the following MV-FIE:

Θ(x, t) = f(x, t) +
∫t

0

∫π
−π

t sin(τ) cot
(
|y− x|

2

)
Θ(y, τ)dydτ, (8.2)

where the condition Θ(±π, 0) = 0 and the function f(x, t) is specified by laying Θ(x, t) = (0.0.3 + x) sin(t)
as an exact solution, ∫

xq cot xdx =

∞∑
k=0

(−1)k22kB2k

(q+ 2k)(2k)!
xq+ 2k, q ⩾ 1, |x| < π,

where the Bernoulli numbers are B2k, one obtains

Xm(x) =
1
ρ

[
2(mρ+ ρ− x) ln

∣∣∣∣sin
mρ+ ρ− x

2

∣∣∣∣− 2(mρ+ ρ− x) ln
∣∣∣∣sin

mρ− x

2

∣∣∣∣
− 4

∞∑
k=0

(−1)kB2k

2(1 + 2k)(2k)!
(
(mρ+ ρ− x)1+2k − (mρ− x)1+2k)] ,

and

Ym(x) =
1
ρ

[
−2(mρ− x) ln

∣∣∣∣sin
mρ+ ρ− x

2

∣∣∣∣+ 2(mρ− x) ln
∣∣∣∣sin

mρ− x

2

∣∣∣∣
+ 4

∞∑
k=0

(−1)kB2k

2(1 + 2k)(2k)!
(
(mρ+ ρ− x)1+2k − (mρ− x)1+2k)] .

The Toeplitz matrix Hmn elements are provided by

Hmn = Xm(nρ) + Ym−1(nρ) = 2(m−n+ 1) ln
∣∣∣∣sin

ρ(m+n− 1
2

∣∣∣∣− 4
∞∑

k=0

(−1)kρ2kB2k

2(1 + 2k)(2k)!
(
(m−n+ 1)1+2k

− 2(m−n)1+2k + (m−n− 1)1+2k)−M+ 1 ⩽ n, m ⩽ M+ 1.

By applying the TMM with M = 20, z = 5 on the integral equation (8.2). In Tables 5-8, for x ∈ [−π,π], t =
{0.003, 0.05, 0.4, 0.8}, the exact solution, the approximate solution and the errors of TMM of (8.2) are calcu-
lated for M = 20.

Table 5: Exact solution, approximate solution, and errors for Example 8.2 at M = 20 and t = 0.003.
x Exact solution Approximate solution Errors
−π -0.008524765 -0.008524765 4.01427×10−19

−9π/10 -0.007582289 -0.007582289 3.57217×10−19

−7π/10 -0.005697336 -0.005697336 1.24038×10−19

−π/2 -0.003812383 -0.003812383 3.94238×10−20

−3π/10 -0.001927430 -0.001927430 3.75867×10−20

−π/10 -4.24777×10−5 -4.24777×10−5 3.54864×10−20

π/10 0.001842475 0.001842475 3.52741×10−20

3π/10 0.003727428 0.003727428 3.72641×10−20

π/2 0.005612381 0.005612381 3.94207×10−20

7π/10 0.007497333 0.007497333 1.33547×10−19

9π/10 0.009382286 0.009382286 3.74058×10−19

π 0.010324762 0.010324762 1.23806×10−18
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In Figure 5, we computed exact solution, approximate solution, and errors of TMM with different
values of x and M = 20 at t = 0.003.

Figure 5: Exact solution, approximate solution, and errors of
TMM at t = 0.003.

Figure 6: Exact solution, approximate solution, and errors of
TMM at t = 0.05.

Table 6: Exact solution, approximate solution, and errors for Example 8.2 at M = 20 and t = 0.05.
x Exact solution Approximate solution Errors
−π -0.142020440 -0.142020440 5.53847×10−18

−9π/10 -0.126319021 -0.126319021 4.58361×10−18

−7π/10 -0.094916183 -0.094916183 2.41065×10−18

−π/2 -0.063513345 -0.063513345 5.32864×10−19

−3π/10 -0.032110507 -0.032110507 2.98613×10−19

−π/10 -0.000707668 -0.000707668 8.34762×10−20

π/10 0.030695170 0.030695170 8.11675×10−20

3π/10 0.062098008 0.062098008 2.54762×10−19

π/2 0.093500846 0.093500846 5.00741×10−19

7π/10 0.124903684 0.124903684 2.81375×10−18

9π/10 0.156306523 0.156306523 4.20964×10−18

π 0.172007942 0.172007942 5.24768×10−18

In Figure 6, we computed exact solution, approximate solution, and errors of TMM with different
values of x and M = 20 at t = 0.05.

Table 7: Exact solution, approximate solution, and errors for Example 8.2 at M = 20 and t = 0.4.
x Exact solution Approximate solution Errors
−π -1.106568301 -1.106568301 4.72648×10−17

−9π/10 -0.984228920 -0.984228920 2.75234×10−17

−7π/10 -0.739550160 -0.739550160 5.24964×10−18

−π/2 -0.494871399 -0.494871399 3.52764×10−18

−3π/10 -0.250192638 -0.250192638 1.57342×10−18

−π/10 -0.005513878 -0.005513878 3.85376×10−19

π/10 0.239164883 0.239164883 3.47852×10−19

3π/10 0.483843644 0.483843644 1.27649×10−18

π/2 0.728522404 0.728522404 3.35967×10−18

7π/10 0.973201165 0.973201165 1.44238×10−17

9π/10 1.217879926 1.217879926 2.98346×10−17

π 1.340219306 1.340219306 4.32879×10−17
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In Figure 7, we computed exact solution, approximate solution, and errors of TMM with different
values of x and M = 20 at t = 0.4. In Figure 8, we computed exact solution, approximate solution, and
errors of TMM with different values of x and M = 20 at t = 0.8.

Figure 7: Exact solution, approximate solution, and errors of
TMM at t = 0.4.

Figure 8: Exact solution, approximate solution, and errors of
TMM at t = 0.8.

Table 8: Exact solution, approximate solution, and errors for Example 8.2 at M = 20 and t = 0.8.
x Exact solution Approximate solution Errors
−π -2.038433798 -2.038433798 5.27413×10−14

−9π/10 -1.813069735 -1.813069735 1.47623×10−14

−7π/10 -1.362341610 -1.362341610 3.87627×10−15

−π/2 -0.911613485 -0.911613485 4.75632×10−16

−3π/10 -0.460885360 -0.460885360 2.54368×10−16

−π/10 -0.010157235 -0.010157235 4.52678×10−17

π/10 0.440570890 0.440570890 4.27608×10−17

3π/10 0.891299015 0.891299015 2.68537×10−16

π/2 1.342027140 1.342027140 4.68204×10−16

7π/10 1.792755265 1.792755265 1.01769×10−15

9π/10 2.243483390 2.243483390 1.47398×10−15

π 2.468847452 2.468847452 5.14938×10−14

9. Remarks on numerical analysis and its application

From the above work, we can deduce the following.

1. NMV-FIE (1.1) has a unique solution Θ(x, t) in the Banach space L2(Ω)×C[0, T ], under some condi-
tions.

2. NMV-FIEs with different singular kernels are usually difficult to solve analytically, then it is required
to obtain the approximate solutions.

3. The results in this paper show that these methods are effective and easy to implement.
4. For Example 8.1, it is observable that the error is 1.47298×10−15 at M = 10, the time t = 0, and x = 0

but at the same point, the error increases for the time t = 0.9 and becomes 2.47286×10−12, also at the
time t = 0 and point x = −1, the error is 5.72476×10−14 while for t = 0.9 at the same point, the error
becomes 1.75321×10−10, this means that if the time is increased, then the error is also increasing.
This has also been noted in the rest of the tables. As the value of x increases the error increases.
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5. From Example 8.2, the minimum value of the error in the linear case is 3.52741×10−20 at x = π/10
for M = 20 and t = 0.003, while the maximum value of the error in the linear case is 5.27413×10−14

at x = −π for M = 20 and t = 0.8, this means that the maximum error is at x = ±π, and when the
values of T are increasing, the error values increase slowly.

10. General conclusion

From the above work, we can deduce the following.

1. Many natural phenomena can be represented in the form of a non-linear integral equation in posi-
tion and time.

2. These equations have been assumed to have a general singular kernel, from which many special
cases can be derived, fully explained in Section 2.

3. The kernel in the science of integral equations refers to the properties of the materials used, whether
they are elastic or liquid.

4. Continuous integral equations, whether linear or nonlinear, can be solved in many ways. These
methods may be semi-analytical methods or explicit numerical methods.

5. In the case of singular integral equations, there are two methods for solving them: Nystrom multi-
plication method, which is a very long method in its analysis to convert the integral system into a
linear system. The other method used is the Toeplitz matrix method.

6. The Toeplitz matrix method is characterized by the ease of converting singular integrals into non-
singular integrals that can be easily calculated. It is also characterized by the speed of converting
the integral system into an algebraic system that can be studied.

7. It is also characterized by the fact that all singular cases that were previously studied in various
papers can be studied here as applications of the method (see Section 2).
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Future work

The authors will interest in solving the same formula of equation (1.1) with Phase-lag constant q in
time:

Θ(u, t+ q) = f(u, t+ q) + λ

∫t+q

0

∫
Ω

F(t+ q, τ)k(|x− y|)ϖ(τ,y,Θ(y, τ))dydτ, 0 < q << 1.
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