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Abstract

Basically, scalar equations have potential applications in various fields such as the transmission of nerve impulses between
neurons through myelin substance and other disciplines. A particular model is well-known as the pantograph equation. The
standard version of this scalar equation has been extensively investigated via different analytical and numerical techniques.
This paper considers a variable version of the pantograph equation. Usually, constructing an exact or a closed form solution
for a variable scalar equation is a challenge. However, this work proposes a developed hybrid approach to overcome such a
difficulty. The solution of the current variable version is analytically obtained in different closed forms with addressing the
convergence criteria. Under some conditions, such closed forms are successfully converted to different exact ones. Additionally,
accurate approximations are provided and examined. Several comparisons with the available exact solutions are conducted as
a validation of our approximations. Besides, the accuracy of our approximations is checked for some classes which have no
exact solutions. Probably, the results demonstrate the elegance of the proposed approach to deal with a variable version of the
Pantograph model.
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1. Introduction
This paper analyzes the extended pantograph delay differential equation (EPDDE):
y'(t) = ay(t) + bety(ct), y0)=A, lel<1, t=0, (1.1)

where a,b, 0, and A are real constants. If o = 0, i.e., in the absence of the exponential function, the EPDDE
(1.1) reduces to the standard pantograph delay differential equation (SPDDE):

y'(t) = ay(t) +by(ct), y(0)=2A, t=0. (1.2)

The cases b = 0, ¢ = 0, and ¢ = 1 transform Eq. (1.1) to three initial value problems (IVPs) of linear
ordinary differential equations (ODEs), which can be easily solved via standard methods. Accordingly,
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these cases are trivial and are not of interest. Hence, the cases just mentioned will be excluded when
solving the EPDDE (1.1). In the Refs. [18, 19, 34-37], several authors solved the SPDDE (1.2) by means
of various numerical methods. On the other side, some authors focused on deducing analytical solutions
for the SPDDE (1.2) using different approaches such as the Adomian decomposition method (ADM) [3],
the Homotopy Perturbation Method (HPM) [2], a direct ansatz method [15], and the Laplace Transform
(LT) [6, 7].

Multi/ generalized forms for the SPDDE (1.2) were discussed in Refs. [16, 17]. When a = -1, 0 =0,
c=b=1/q (q > 1), the EPDDE (1.1) reduces to the famous Ambartsumian delay equation (ADE) [32].
The exact solutions of the classical and fractional ADE have been obtained in Ref. [10] and Ref. [14],
respectively. Additionally, the ADE with a variable coefficient was solved recently in Ref. [8].

The main purpose of this work is to obtain the exact solution of the EPDDE (1.1) via a simple approach.
Indeed, the LT approach was implemented as an effective tool to solve linear models [1, 4, 5, 9, 12, 13, 20—
22, 33]. However, the LT requires comprehensive work to calculate the inverse LT as a final step. Moreover,
the solution obtained by such an approach leads, sometimes, to closed form series solution which may
not be summed to an exact form, see Ref. [6] for example. In the field of partial differential equations,
a number of methods have been developed to extract exact and numerical solutions, see for example
Refs. [24-31]. Thus, it is our objective to propose an efficient procedure to deal with the EPDDE (1.1).
The suggested procedure is based on developing a specific transformation to reduce the EPDDE (1.1)
to another equivalent model that takes the same form as the SPDDE (1.2) but with different constant
coefficients. Then, the already available solutions in the literature for the SPDDE are to be invested in to
construct the exact solution of the current model. In addition, various exact solutions will be provided for
the EPDDE (1.1) under certain constraints of the involved parameters. Limitations of the present approach
depend on the type/form of the variable coefficient. This means that changing the coefficient from the
exponential form to other forms requires separate analysis.

2. Analysis
Theorem 2.1. For ¢ € R —{1}, the transformation y(t) = e**\(t), reduces the EPDDE (1.1) to

/() = (a—pp(t) +b(ct), W(0) =7,

where

Proof. Suppose a transformation in the form:

y(t) = e"" (1), 2.1)

where p is an auxiliary parameter and to be determined. Inserting Eq. (2.1) into Eq. (1.1), then

et/ (t) + et (t) = aettip(t) + beloTHI N (ct),

ie.,
V(1) + ub(t) = ab(t) + bel o (ct),
or
V(1) = (a— b (t) + bel oD (ct). (2.2)
Setting 0+ p(c —1) = 0, gives p = 2. Accordingly, Eq. (2.2) takes the form:
V'(t) = (a—pb(t) +bi(ct), Y(0) =A, (2.3)

which completes the proof. O



I. F. S. Alsahli, L. F. Seddek, A. Ebaid, E. R. El-Zahar, J. Math. Computer Sci., 41 (2026), 183-194 185

Remark 2.2. According to the above theorem, the solution of the EPDDE (1.1) is given as

U(t) = efcﬂ)(t), c 7& 1, (24)
where \(t) is any solution of the SPDDE:

W(t) = (a _ &) B +b0(ct), H(0) = A 25)

The last two equations are to be implemented to generate the subsequent solutions. The specific trans-
formation (2.4) was developed to successfully convert the EPDDE (1.1) to a new form which follows the
SPDDE (1.2) with different parameters as appeared in Eq. (2.3).

3. Solutions of the SPDDE (1.2): y’(t) = ay(t) + by(ct)

This section is devoted to listing some well-known solutions in the literature for the SPDDE (1.2):
y’(t) = ay(t) + by(ct) under the initial condition y(0) = A. Such solutions are to be invested in a
subsequent section to establish the solution of the present EPDDE (1.1) in different analytical forms.

3.1. Power series solution (PSS)
In Ref. [23], the author obtained the following PSS for the SPDDE (1.2):

1+§ (f[ (a+bck1)> 3] : (3.1)

k=1

y(t) =A

The PSS (3.1) can be expressed as

yt)=A)_ (H (a+ bck1)> % (3.2)
where [TL_; (a+bck 1) =1ati=0.

3.2. Exponential function solution (EFS)
Very recently, the authors [2] derived the solution of the SPDDE (1.2) in terms of the exponential

functions in the form:
-3 (5 )y

j=0

(—1)ic2(i-))(i-i—Dgaclt

(c:c)ijlc:c);

, (3.3)

where (c : c)j is defined as
j—1 j

(c:c); :H(l—ck“) :H(l—ck).

k=0 k=1
Generally, (o : )5 is known as the Pochhammer symbol and defined by the product:

j—1 j

(:By=]](1—ap®)=]] (1—ap*).

k=0 k=1
In addition, the authors [15] applied a direct ansatz method to obtain the solution of the SPDDE (1.2) in
terms of the exponential functions in a simpler form, given by

b/a ac‘t
yt) =A(=b/a:c), Z , provided that |b/al <1, |c| <1,

where (—b/a : c), is given by

(.¢]

(~b/a:c), = H (1+(b/a)c®) = H (1+ (b/a)c* ).

k=0 k=1
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4. Solutions of the EPDDE (1.1): y’(t) = ay(t) + be°ty(ct)

4.1. Power series solution (PSS)
Based on the previous section, the PSS of Eq. (2.5) can be obtained via replacing a in Eq. (3.2) with

o
—u (e, a——), th
a—u (e, a 1—c) en

00 i i

_ _ ¢ 1) |t

w(t)—AZ(H <a T thbe ))u' (4.1)
i=0 \k=1

and accordingly, the PSS of the EPDDE (1.1) can be obtained by substituting (4.1) into (2.4) to give

o

t 00 i i
ylt)=rel—c 3 (H <a—ffc ”’CH)) @ c#l #2)
i=0 \k=1 )

It will be shown later that the solution (4.2) implies several exact solutions at special relations between
the involved parameters a, b, o, and c.

4.2. Exponential function solution (EFS)

The EFS of Eq. (2.5) has two forms. The first form can be obtained via replacing a in Eq. (3.3) with
a—u(ie, a— 1), then

R b\ L (L)l gla i) et
Mt)Jé((a—&)) 2 (c:c)isjle: o) ' -

j=0

provided that o # a(1 —c) and ¢ # 1. Thus, the first form of the EFS for the EPDDE (1.1) can be obtained
by inserting (4.3) into (2.4), which yields

o & P L)k glam ) et
U<t>=Ae“Z<M>Z( e , o#all-c), c#l (@44

i=0 1—c j=0 (C . C)i__]' (C . C)]

Proceeding as above, the second form of 1\ (t) reads

0o [ _ o i (afm)cit
ll)(t):7\<—b/ <a—ic> :c) Z( b/(a=r%)) e . (4.5)

1 o (c:c)i

Therefore, the EFS for the EPDDE (1.1) is derived by substituting Eq. (4.5) into Eq. (2.4), hence

_ 0N, e s (0 (am ) el e
y(t) =A (—b/ (a— 1—c> .c)ooe —c Z , (4.6)

o (c:c)i

where the conditions ‘b / (a — %) } < 1 and |c|] < 1 ensure the convergence of the solution (4.5) in addition
to the solution in the form (4.6).
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5. Exact solution at special cases

In order to facilitate the derivation of the results of this section, we rewrite the solution given in Eq.
(4.2) as

=AeT"¢ E Zwl R (5.1)
where wi(c) is defined by

i
wi(c) = — 4 bc* ). 52
(o =11 (a L ) 52)
k=1
Existence of exact solutions under different relations of the parameters a, b, o, and c is revealed in this
section.

51. a—12:+b=0

The next theorem provides the exact solution for the EPDDE (1.1) under the condition a — 12, +b = 0.
In this case, it will be shown that the first term of the infinite series (5.1) survives while the other terms
vanish. Hence, explicit form for the exact solution is expected.

Theorem 5.1. For ¢ # 1 and a,b € R such that a — 12, +b = 0, then the EPDDE (1.1) becomes
y'(t) = ay(t) + beleFDI0=elty(et), y(0) =7, t=>0,

which has the exact solution:
y(t) — 7\€(a+b)t.
Proof. From (5.1), we have
ot tz
(D) =A™ |wole) + wilelt + wale); +

We deduce form Eq. (5.2) that

wo(c) =1,
wi(c) = a—i—i-b,
wz(c):<a—1_+b a—l_c+bc>,

53
wafe) = (=20 (a1 4o ) (a— 2o +0e), ©
)(a—lic—%bc) (a—l_ +bc> (a—lic—i—bcil).

If a— 1% +b =0, then wi(c) =wy(c) =ws(c) =--- =0,ie,wi(c) =0, Vi > 1. Thus
y(t) = Ae%wo(c) — Aeloc. (5.4)
Solving a — 12 +b = 0 for o gives 0 = (a + b)(1 — c). Substituting this value of o into (5.4) yields
y(t) = Aelatblt,
In this case, the EPDDE (1.1) takes the form:
y'(t) = ay(t) +bel ey (et), y(0)=A, t>0,
which completes the proof. O
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Remark 5.2. Tt may be important to refer to that the exact solution y(t) = Ae(®*?)t is independent of ¢ and
remains valid for the EPDDE y’(t) = ay(t) + be(e+®)(1=clty(ct), y(0) = A for any ¢ € R —{1}.

52. a— 1% +be =0

C

The next lemma shows that the exact solution of the EPDDE (1.1) when a — %, +bc = 0 is expressed
as an exponential function multiplied by a polynomial of first degree in t.

Lemma 5.3. For ¢ # 1 and a,b € R such that a — ;2 +bc = 0, then the EPDDE (1.1) becomes
y'(t) = ay(t) + belaTP)I=clty(e)  y(0) =7, t>0,
and its exact solution reads
y(t) = Ael@TPIt[1 L b(1 —c)t].
Proof. Assume that a — 2 +bc =0, then 0 = (a + bc)(1 —c). From Egs. (5.3), one can deduce that
wole) =1, wilc) =b(1—c),
while wi(c) =0, Vi > 2. Therefore, the series solution in Eq. (5.1) reduces to the exact solution:
y(t) =Aet< [1+b(1—c)t].
Inserting the value of o = (a+ bc)(1 — c) into the last equation implies
y(t) = Ael @t [1 4 b(1—c)t],
which is the exact solution of the corresponding EPDDE (1.1):
y'(t) = ay(t) + belaTPI=clty(ct)  y(0) =2, t>0,
and this completes the proof. O

53 a— 1% +bc* =0
In this case, the exact solution of the EPDDE (1.1) is obtained as an exponential function multiplied
by a polynomial of second degree in t as shown in the lemma below.

Lemma 5.4. For ¢ # 1 and a,b € R such that a — 12 + be? = 0, then the EPDDE (1.1) becomes
y'(t) = ay(t) + bel@TPe)0=clty(ct)  y(0) =7, t>0,
with the exact solution:

2
yt) = Aelatbel)t [1 +b(1—c?)t+b%c(l—c)(1— 02)2'} )

Proof. Suppose that a — 12 + bc? =0, then 0 = (a + be?)(1 — ¢). One can find from Egs. (5.3) that
wo(c) =1, wie) =b(l—c?), walc) =be(l—c)(1—c?),

while wi(c) =0, Vi > 3. Hence, the series solution (5.1) transforms to the exact one, given by

ot t2
y(t) = Aeie [1 +b(1—c?)t+b%(1—c)(1 —02)2] . (5.5)
Employing the value o = (a + bc?)(1 —c) into Eq. (5.5) leads to
2
y(t) = Aelatbe?)t [1 +b(1—c?)t+b%c(l—c)(1— 02);} ,

and the EPDDE (1.1) becomes
y'(t) = ay(t) + belatPe =ty () y(0) =7, t3>0,
which finalizes the proof. O
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54. a— 12 +bc® =0
This case shows that the exact solution of the EPDDE (1.1) is a product of exponential function and a
polynomial of third degree in t, discussed in the next lemma.

Lemma 5.5. For ¢ # 1 and a,b € R such that a — 12 + bed = 0, then the EPDDE (1.1) becomes

y'(t) = ay(t) + bel@TPeN=elty(et)  y(0)=A, t>0,

which follows the exact solution:
) 3

5 +bsc3(1—c)(1—cz)(1—c3)t— (5.6)

y(t):ke(‘”bca)t 1+b(1—c®)t+b%c(1—c?)(1—c?) ik

Proof. The proof follows immediately by repeating the same analysis of the previous lemmas through
considering a — 1% + be3 = 0. In such case, one can find from Egs. (5.3) that

wolc) =1, wilc) =b(1—c?), walc) =b%*c(1—c?)(1—c®), wslc) =bc(1—c)(1—c?)(1—c?),

while wi(c) =0, Vi > 4. Thus, the series solution in Eq. (5.1) becomes the exact one in Eq. (5.6), which is
the desired result. W

55, a— 1% +bc" =0,neN*
This section generalizes the results of the previous sections. Here, we show that the solution is given
as a product of an exponential function and a polynomial of degree n in t.

Theorem 5.6. For ¢ # 1 and a,b € R such that a — - +bc™ =0 (n € IN™"), then the EPDDE (1.1) becomes
y'(t) = ay(t) + belatbel=clty(cy), y(0)=A, t>0,
with the exact solution:

ti

HY (5.7)

n
y(t) _ )\e(a+bc“)t Zwi
i=0

where w; is given by

i Mi_l n 1 « g Lt n 1
w; =b'c 2 H 1—c < =b'c 2 c :E i, c#0. (5.8)

k=0

Proof. In view of the above analysis, we have from Egs. (5.3) at a — 12 + bc™ = 0 that

wolc) =1,

wie) =b(1—c"),

wa(c) = bPe(1—c™) (1—c™1),

ws(c) =b3 (1—c™) (1-c"1) (1-c"7?), (5.9)
wale) = bl (1—e™) (1= 1) (1=e"2) (1=¢),

which follows the pattern:
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It should be noted that at i = n+ 1 we have from (5.9) that wy, 1 = 0, which implies w; =0, Vi > n+1.
This means that the infinite series includes only n terms, therefore

n .
ot tl

y(t) - }\eﬁ E Wii/
i=0 )

or equivalently
(atbemyt N o b
_ a C .
y(t) =Ae E wy T
i=0

The general term w; can be rewritten as

. i(i—1) il 1 k . i(i=1) 1
w; =b'c™ 2 H 1—c“<> =Dblc 2 <c“:> , ¢#0,
0 C C i

and this completes the proof. O

6. Numerical results

In the previous sections, the exact solutions of the EPDDE (1.1) were obtained under specific relations
of the included parameters via the PSS and the Theorem 5.6 given in Egs. (5.7)-(5.8). In addition, two
forms of the EFS were constructed as approximate solutions given by Eq. (4.4) and (4.6). Since the general
exact solution (5.7)-(5.8) of the EPDDE (1.1) was obtained under the constraint o = (a + bc™)(1 —¢), then
the behavior of the exact solution depends mainly on n. In this regard, Figures 1 and 2 show the behavior
of the exact solution (5.7)-(5.8) when n =1, 2,3 (Figure 1) and n =4, 5, 6 (Figure 1), respectively.

The rest of this section is devoted to estimate the accuracy of the EFS (4.4) in view of the available
exact solution. The N-term approximate EFS (4.4) corresponding to the PSS under the condition o =
(a+bc™)(1—c) reads

n i (_1)]C2(1 i) (i—j l)e be™ It
On(t) = AeletPet A (™)t

i=0 j=0

, c#1.

(c:c)i—j(c:c);

Figure 3 displays the comparison between the approximate solutions On(t), N = 7,8,9 and the exact
solution (5.7)-(5.8) when n = 1. This figure shows that the coincidence between the approximations
On (t) and the exact solution increases as the number of term N increases. This conclusion is confirmed
in Figures 4-6 at different values of n such as n = 2 in Figure 4, n = 3 in Figure 5, and n = 4 in Figure 6.

The numerical results in Figures 7 and 8 confirm the convergence of the approximations ©x (t) derived
from the EFS solution (4.4) at selected values of A, a, b, ¢, and o. A final step is to estimate the accuracy
of the approximations Oy (t) through evaluating the residuals REn (t):

REN(T) = }@{\l (t) — a®On(t) — bect@N (ct)

7 N>1/ C#l

In this context, the obtained residuals in Figures 9 and 10 confirm that all REx (t) tend to zero even in a
large domain.
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Figure 1: Plots of the exact solution (5.7)-(5.8) for the EPDDE
y’/(t) = ay(t) + belatbe™1=c)ty (¢t)  y(0) = A when A =
1, a =0.1,b =02, and ¢ = —0.5 at different values of n,
n=1,23.

On(t)
100 -

80

60

40t
20+

L L L L L L L L L Il L L L L Il t
50 100 150 200

Figure 3: Comparison between the approximate solutions
On(t), N = 7,8,9 and the exact solution (5.7)-(5.8) for the
EPDDE y’(t) = ay(t) + belatbe™)I=c)ty (¢t) y(0) = A at
A=1,a=01,b=02and c = —05whenn =1.

On(t

t

20 40 60 80 100 120

Figure 5: Comparison between the approximate solutions
On(t), N = 3,4,5 and the exact solution (5.7)-(5.8) for the
EPDDE y’(t) = ay(t) + belatbe™)(I=c)ty (ct), y(0) = A at
A=1,a=01,b=02and c = —0.5 whenn = 3.

y®

5F /_\
L L Il L L L L Il L L L L Il L \ Il L L L
10 15 20

5 25

—10H

—15}

Figure 2: Plots of the exact solution (5.7)-(5.8) for the EPDDE
y/(t) = ay(t) + belatbe™)1=clty (¢t), y(0) = A when A =
1, a =0.1,b =02, and ¢ = —0.5 at different values of n,
n=4,5,6.

On(t)

20

15

10

05

o 1w 150
Figure 4: Comparison between the approximate solutions
On(t), N = 3,4,5 and the exact solution (5.7)-(5.8) for the

EPDDE y’(t) = ay(t) + belatbe™I=c)ty (¢t) y(0) = A at
A=1,a=01,b=0.2,and c = —0.5 whenn = 2.

On(t

15

10

05

L L L L L L L Il L L L t
20 40 60 80 100

Figure 6: Comparison between the approximate solutions
On(t), N = 3,4,5 and the exact solution (5.7)-(5.8) for the
EPDDE y’(t) = ay(t) + belatbe™)(=c)ty (ct) y(0) = A at
A=1,a=01,b=02 and ¢c = —0.5 whenn = 4.
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On(t) On(t)
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t
Figure 7: Plots of the approximate solutions Oy (t), N = Figure 8: Plots of the approximate solutions Oy (t), N =
2,3,4,5 for the EPDDE y’(t) = ay(t) +bety (ct), y(0) = A 1,2,3,4 for the EPDDE y’(t) = ay(t) + be®ty (ct), y(0) = A
atA=1,a=-2,b=2,¢c=-0.5,and o0 = —0.5. atA=1,a=-1,b=02,c=-0.5,and 0 = —3.

RE(t) REq (1)

[ 0.20
06l

— RE( I
—  RE) 0.15

= REi(t)
= REx)
RE;(t)
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05F

04 } RE,(t)
L REs(t)

031 0.10F
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o1f

Lt S e e = = S S S NS
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Figure 9: Plots of the residuals REn(t), N = 2,3,4,5 for Figure 10: Plots of the residuals REn(t), N = 1,2,3,4 for
the EPDDE y’(t) = ay(t) +be®ty(ct), y(0) =AatA =1, the EPDDE y'(t) = ay(t) +be®ty(ct), y(0) =AatA =1,
a=-2,b=2,c=-0.5,and 0 = —0.5. a=-1,b=02,¢c=-05,and o0 = 3.

7. Conclusions

The extended pantograph delay differential equation (EPDDE) was investigated in this paper by incor-
porating a term of exponential function into the standard pantograph delay differential equation (SPDDE).
An effective transformation was developed to reduce the EPDDE to the SPDDE in which no exponential
term exists. With the aid of the available solutions for the SPDDE, the solution of the EPDDE was es-
tablished in different analytical forms. In addition, the exact solution of the current extended model
was determined under a certain relation which governs the involved parameters and the exponent of the
exponential term. Besides, the approximate solution of the investigated model was also evaluated and
checked for convergence in the absence of such a relation. The accuracy of the obtained approximate so-
lution was examined by performing some comparisons with the exact solution. Finally, the effectiveness
of the obtained approximations is assessed by utilizing the residuals. It was observed that these residuals
approach zero, even in enlarged domains, which confirms the efficiency of the current proposed method.
The present results may be extended to other types of scalar equations, such as the transmission model of
nerve impulses between neurons through myelin substance, which covers all the nerves in the brain and
nervous system in humans [11].
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