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Abstract

In this paper, we establish new generalizations of certain Hilbert-type dynamic inequalities on an arbitrary time scale T, by
constructing a general kernel in n-dimensions for Hilbert-type inequalities. The proofs of our results are based on applications
of Holder’s inequality, Fubini’s theorem, the integration by parts formula in the nabla calculus on time scales, and the mean
inequality. As special cases of our results (corresponding to T = IN and T = RR), one recovers the classical discrete and continuous
inequalities previously established by Yang [23]. In the setting of quantum calculus (when T = q™N0 with q > 1), the resulting
inequalities are essentially new.
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1. Introduction

David Hilbert first introduced the double-series inequality in the context of his 1907-1908 lectures
on integral equations (later published in [11]). The classical form asserts that if {a,,} and {b,} are real
sequences satisfying

O<ia$n<oo and 0<ibfm<001

n:iilni Elmfi < C(i afn)m(i bﬁ)l/z. (1.1)

then

Hilbert originally obtained C = 27, and in 1911 Issai Schur [20] refined the result to determine the exact
best constant C = 7. This conclusion is now known as Hilbert’s double-series inequality in its sharp
form. In 1911, Schur [20] also established the continuous analogue of (1.1), showing that if f, g are real
(nonnegative) functions satisfying

0< J f2(x)Jdx < oo and 0< J g*(y)dy < oo,
0 0
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with the constant 7t again shown to be best possible. Hardy further extended these results in 1925 by
introducing a pair of conjugate exponents (p,n) with p,1 > 1 and 1/p +1/n = 1. He proved [10] that for
nonnegative sequences {am } and {b,} satisfying

then

o o0
O<Zaﬂl<oo and O<Zb2<oo,

the following generalization of Hilbert’s discrete inequality holds:
1 1
(0.¢] (9] ambn P (.¢] n
aP bl ,
EPE e e (Z) (E%)

where the constant 7t/ sin(7/p) is sharp. For the continuous analogue, Hardy and Riesz [11] established
that if f and g are nonnegative functions satisfying

o0

O<J fP(x)dx < co and O<J g"(y)dy < oo,
0 0

then the integral inequality

[ ], e

e ([ ([ )

also holds, with the same sharp constant 7t/sin(7t/p). In 1998, Pachpatte [15] introduced a discrete
Hilbert-type inequality involving forward differences. Let a(s) : {0,1,...,p} = R, b(®):{0,1,...,1} = R,
with a(0) = b(0) = 0. Then

n

3 fallbol _ L )L )\
ZZ <15 Z —s+1)|Vag| Zn 9 +1)|Vby| ,
s=19=1 o=1

where Vas = as —as_1 and C(p,n) = %,/pn. In 2000, Pachpatte [16] further generalized this result using
conjugate exponents p,11 > 1 with 1/p +1/n1 = 1. For sequences defined on {0,1,..., m} and {0,1,...,n},
respectively, with a(0) = b(0) = 0, he proved:

m n |Cl ||b | m 1/p n 1/n
sV
Z Z m < C(p,m,m,n) (Z(m_5+1)vas|p> (Z(n_’9+1)|Vbﬂ|n> , (1.2)

s=19=1 s=1 9=1
where Vas = ag —as—1 and C(p,n,m,n) = pln m%n 1. In 2002, Kim et al. [12] removed the conjugacy
(A1) (A+n)
condition 1/p +1/n = 1 from the inequality (1.2), replacing the denominator kernel with ps gt
(n=1)(A+p)

A, and proved that for A, u > 1, and real sequences a(s) : {0,1,...,p} = R, b(®) : {0,1,...,n} = R
satisfying a(0) = b(0) = 0, the following inequality holds:

p oM
|las|[by]
ZZ A0+ (D)
AY

s=19=1 s An + A

P 1/A , 1M 1/p
Db (L (b s+ Dval ) (Xm0 +1iwealt)

s=1 9=1

(1.3)
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where Vas = as —as 1 and D*(A, 1, p,n) = x ﬂlp% g . Kim et al. also derived a continuous analogue

of (1.3): for A, u > 1, real continuous functions f and g on (0, x) and (0, y), respectively, with f(0) = g(0) =0
and x,y > 0, they proved

Jx Jy If(s)llg(t)] dsdt

0 A-D(A+n) (=D (A+p)

O s ™ 4At M

X 1/}\ y l/u
J (x—snf’(smds) (J (y—tng'(t)wdt) |
0 0

(A=1)(A+p) (n=1) (A+p)

The kernel us— * ~ +Ad ™ appearing in inequalities (1.3) and (1.4) can be regarded as a special
case of a more general n-variable structure. Specifically, this kernel can be generalized to the form

> Bisgpi Ve where n € N with n > 2, pi>1fori=12,...,n =31, p —, and By = []j4 p;. For
j#AL

(1.4)

1 D B |

< X
SAtun” yu<

n =2, with p; = A and pp = u, we recover 31 =pr = I, Bzzplz?\,cxzx—i—ﬁ,sothat

2 (pi—1)ac LS MLEIN (=1 (0u)
D Bis T =pusy M s,
i=1

which coincides exactly with the kernel in (1.3) and (1.4). Using this approach, Yang [23] established the
following n-dimensional Hilbert-type inequality. Let n € IN with n > 2, and let a;(si) : {0,1,..., mi} = R

be real-valued functions satisfying a;(0) =0 fori=1,...,n, where m; € N and p; > 1. Def1ne
|
HpJ, oc:Z—. (1.5)
— Pi
1
J#l

Then the inequality

len H?:“a(i(si)') < B Hm H Zi(mi—Si—l-l)lvai(Sillpl (1.6)
_1 1

n pi—1)x
o1 st i1 Bisy

i=1 i=1 \s;=1
holds, where Vai(s;) = ai(si) —ai(si —1) for each i = 1,...,n (see [23, Theorem 2.1]). Furthermore,
Yang derived the continuous analogue of (1.6) as follows. Let n &€ N withn > 2and let f; : [0,x;) — R be
differentiable functions satisfying fi(0) = 0 and x; € (0,00) for eachi=1,...,n. Then

H <J: (xi— Sillf{(sillpidsi> ")

i=1

he o T fi(si)]
J J o “dsnmd ST 1f3lHX

)
0 o Y Bisipl :

as given in [23, Theorem 3.1]. In addition, Yang [23] extended the discrete inequality (1.6) by replacing
the univariate functions a;(s;) with bivariate functions a;(sj, t;) and introducing a new two-dimensional
structure in the kernel. Let n € N with n > 2, p; > 1, and define (1. 5) Suppose aj(si, ti) :{0,1,...,mi} x
{0,1,...,my} — R satisfies ai(si,0) = a;(0,t;) = 0 for alli = 1,...,n, where m;,n; € N. Then the
following inequality holds:

< |ai(si, ti)
Z Z Z Z Zl 1[31 altls (pi—1)x

S1= 1t1 1 Sn —1t

. L (1.8)

TS S (s D -t DIV Viaso tP |

i=1 \s;=1t;=1

1
< miny
Z'L 1BIH 11
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where Vi and V; denote forward differences with respect to the first and second variables, respectively
(see [23, Theorem 2.2]). Yang also provided the continuous analogue of (1.8), extending (1.7) to the setting
of functions of two variables. Let f; : [0,x;i) x [0,yi) = R be twice continuously differentiable functions
such that fi(s;,0) = fi(0,ti) =0 foralli=1,...,n, where xi,y; € (0,00). Then the following inequality

holds:
e *ooUn TTE G [fi(sq, t)]
TR dsndt,, - --ds;dt

Jo Jo Jo Jo > i Bilsity)Pirbe 1=

[ = soti—w)

0 Jo

(1.9)
0%fy
0s;0t;

Pi p%
(si,ti) dsidti> ,
as given in [23, Theorem 3.2]. This naturally motivates researchers to seek a unification of the continuous
inequality (1.4) and its discrete counterpart (1.3) into a single, more general inequality applicable across
both discrete and continuous domains. Following up on the response of this idea, by using a general
domain (a time scale T), Zakarya et al. [24] established the time scale version of inequalities (1.3) and
(1.4) and proved thatif a,x,y € T, A, p > 1and f € Cig([la,y)1,R), g € Ciq(la,x)T,R) are V-differentiable
such that f(a) = g(a) =0, then for x, y € (a, co),

Jx Jy If(s)l1g(t) VsVt
)

A1) (A+p) (=1 (A+p
a

ap(s—a) A FAt—a)

1 n pit n
<mn(xiyi) i H<

i=1 i=1

(1.10)

1

1
AR X /(Y
<o i) ([ en @ s) (] - ptengT ) ve)

+ }’L a a
As special cases of (1.10), one recovers: the classical continuous inequality (1.4) when T = RR, the discrete
version (1.3) when T = IN, and the corresponding formula in quantum calculus when T = q™o for q > 1.
For further developments and foundational tools in dynamic inequalities on time scales, we refer the
reader to the book by Agarwal et al. [1] and recent papers including [2, 4-7, 13, 17-19].

Our aim in this paper is to extend the Hilbert-type inequalities (1.6), (1.7), (1.8), and (1.9) to their
dynamic analogues on time scales. This is accomplished by employing tools such as the mean inequality,
Holder’s inequality, Fubini’s theorem, and integration by parts in the nabla calculus. The organization of
the paper as follows. Section 2 collects preliminary definitions and lemmas from time scale calculus that
will be needed in proving the main results. Section 3 contains our main theorems, along with corollaries,
illustrative examples, and relevant remarks.

2. Basic lemmas

In this section, we collect several important results from nabla calculus and the theory of time scales
that will be used in our main results. For background, notation, and further details on time scale calculus,
we refer the reader to the monograph by Bohner and Peterson [8], which offers a comprehensive treatment
of the subject.

On a time scale T, the backward jump is p : T — T with p(t) =sup{s € T : s < t} (set p(inf T) = infT),
and the graininess is v(t) =t — p(t). For any function v, write v, (t) := v(p(t)).

Definition 2.1 (1d-continuity, [8, Definition 8.43]). A function f: T — R is said to be Id-continuous if it is
continuous at each left-dense point in T and the right-hand limit limg_,+ f(s) exists and is finite for all
right-dense points t € T. The space of all 1d-continuous functions is denoted by Ci4(T, R).

Lemma 2.2 (Chain rule, [9, Lemma 3.1]). Let u: R — R be continuously differentiable, and let v : T — R be
nabla differentiable. Then the composition wo v is also nabla differentiable, and the derivative satisfies

(wov)V(t) =vV (1) J uw (vP(t) + hv(t)vY (t))dh,
0
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where v(t) =t — p(t) denotes the graininess function.

Theorem 2.3 (Properties of nabla integration, [8, Theorem 8.47]). Let a,b,c € T, o, € R, and suppose
u,v: T — R are ld-continuous. Then the following properties hold:

1% lou(t) + Bv(D)] Vit = o [Du(t)VE+ B [ v(H) VE;
2. [Put)Vt=— [Su(t)V;

3. [Su(t)Vt = [P ut)Vt+ [ u(t)Vt;

4. [Su(t)VEt=0;

5. the integration by parts formula is given by

b b
J u(t)vV () Vt = u(t)v(t)]® —J wY (t)vP (1) Vt. (2.1)

a

Lemma 2.4 (Holder’s inequality, [14, Theorem 3.1]). Let a,b € T, and let f, g € Cy4([a, blt, R). Then for any
p > 1 with conjugate exponent p* = %, the following inequality holds:

o . e s 1/p*
J (1) g()IVT < (J |f(r)|PvT> (J g(rw’*w) . (2.2)

Lemma 2.5 (Fubini’s theorem, [3]). Let a,b,c,d € T, and suppose f € CCyq ([a,blr x [c,d]T,R) is V-

integrable. Then
b [ d a /b
J (J f(x,y)Vw) Vix :J (J f(x,y)Vpc) Voy.
a C C a

Lemma 2.6 (Mean inequality, [11]). Let 8i,e; >0fori=1,2,...,n. Then

- e < ST S\ S
[]55 < SE e :
i=1

i=1€i

Before stating the following lemma in two dimensions, we introduce some notation and continuity
conditions. Let Ty, T, be time scales, and let f : T; x Tp — R be a real-valued function. We say
that f is Id-continuous in t; if, for every fixed oy € Ty, the function t, — f(x4,t2) is ld-continuous
on T,. Similarly, f is ld-continuous in t; if, for every fixed &y € T, the function t; — f(t1, xp) is 1d-
continuous on T;. We define CCj4 as the space of functions f(t;,tz) on Ty x T, that are 1d-continuous
in both t; and t,. Furthermore, let CCll01 denote the subclass of CCjq consisting of functions for which
both partial nabla derivatives V1f and V»f exist and belong to CCy4 (essentially CC?, := {f € CCl, :
V1 V,f exists and V1 Vf € CCrq)). As a special case of [21, Theorem 3.3] (taking & = 0 and h(T, &) = 1),
we obtain the following inequality.

Lemma 2.7 (Holder’s inequality, [21, Theorem 3.3]). Let ¢,6 € T with ¢ < o, and let f,g € CCiq(le, 8T X

e, 8], R). Then, for any p > 1 with conjugate exponent p* = -,

5 5 5 5 Vv /s 1/p”
J j (1, £)g (T, £)IV1TVAE < (J J |f(T,a)|Pvlrvza> (J J |g(r,a)|p"vﬂvza> @3

g J¢Eg £ e J&g

3. Main results

Throughout this section, we assume all integrals considered exist. We now establish the time scale
analogues of inequalities (1.6) and (1.7).
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Theorem 3.1. Let T be a time scale, aj, miy € T with a; < my, pi > 1, o := Y 1, pl Bi = l_[j#ipj,
i=1,...,n,and f; € Cyq([lai, milt, R) with fi(ai) =0fori=1,...,n. Then

Jmn ... Jml [Tis Ifi(x1)] Vxi - -- Vx
n

n a1 Z?:1 Bi(xi — a;)xpi—1)

1 = Pl /(M Pi 1)
<= [ [mi—a) = <J (mi — P(Xi))|fiv(xi)|inXi>
Zi:1 Bi i=1 ag
Proof. Since fi(ai) = 0, one can observe that
Xq
|7 r7 v = e — filan) = fitx). (52

Then by applying Holder’s inequality (2.2) on the left-hand side of (3.2) with p; > 1 and p} = pi/(pi —1),
we have

1
X X pi—1 Xi . Pi
Ifi(xi)l = J Y (t) Vi <J 1Y (1) Vit < (x —ay) 7 <J 1Y () [ Vh) : (3.3)
ai ai ai
O n o1
Using Lemma 2.6 with §; = (x; — ai)(pl D215 and € = é, we observe that
n 1
=1 b (e Ly -\ 2%
n E ) ]p] n pi—1 no1 Zn: L(X o a_) j Pj
<H("i_ai) ) =T Tei—ag 7 2w < [ SR
i=1 i=1 2 i i
Therefore
(pi—1) Xy o o
= vt Yy oo(i—aq) Pl L o (i —ay)x P
[[xi—a) ™ < — = . (3.4)
i=1 Zi:l i &
Note that
i &(Xi —q)*Pil)
x
1 1 1 1
TS 1 (m(xl_al)“(pl_l) +pz(’<2—az)“(p2_l)+~-+p(Xn—an)“(p“_l)>
(ot o) n
—_ P1P2- - Pn
P2+ PntPIP3  Pnt o +P1P2c Pnod
1 1 1
" <]31(X1 el - alpr1) |y e an)cx(pn—l)> (3.5)
n
1

pz. -pn+-p1p3 -pn+ .+-p1p2...pn_1
. (Pz opnla —an) P pips o pn o — a2) P e pipa P (X0 — an)““”“*”)

-1
11[31ZB .
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From (3.3), (3.4), and (3.5), one can obtain
1
i1 , P
H\f xi)| < H —al)ppm <J }fv )P va)p
i=1 i=1
> L (xy —qp)xPi-1) n xi ) =
< 1=1pi 1“ i H <J ‘fiv(ti) P Vti>
i=1 ai
1 n nosx . =
= ST B, [Z Bilxi— ai)“(pi_l)] H (J 1Y (1) Pt Vti)
=1 iz i=1 W&
and then
i m H1 1 |f ( 1)
ce VX1 ---Vx
Jan Jm Z_{l 1 B (Xl aj )(X (pi—1) "
my my o
<J : J ( \fvt1 p‘w) Vxi - Vxn
an ai 1_ 1 [31 i
1 (3.6)
- J < \fvt plw)”w Vx
= = 1 P
Z1 1 Bl an a ' ' "
! m"“ ([ o se) s
=cn 5 Xi
Z?:l [31 i=1 aj aj ' L v
Applying Holder’s inequality (2.2) on the right-hand side of (3.6) with p; > 1 and p = pi/(pi —1), we
get
1 1
M/ - n B (™ [ g P
J J [V ()] V) Vxg < (my—ay) 7 J J (Y ()] VEVx )
aj aj ai ai
thus (3.6) becomes
mn my Tl- 3 B
J J - [z fi Ol —= VX1 -+ VXn
an a; Zi:l Bi(xi - ai)(x(pl_ )
1 (3.7)

R (NN

) Py
i Vti:| VX1>
i=1 i=1

Applying the integration by parts formula (2.1) on the right-hand side of (3.7) with u(xi) =

f’;t Y (t1)|"* Vt; and v(x;) = x{ —m4, one can obtain
my Xi . my
J U £ ()] vu] Vxi = J u(x)vY (%) Vi
ai ai ai
my
=u(mi)v(mi) —ulai)v(ai) — J uY (xi)vP (x) VX
a;

_ —Jmi W7 (xvP (x:)Vx; = Jmi(mi b)) 7 ()

aj ai

so, the inequality (3.7) gives

Jmn o -Jml [T Ifi(xi)l
ar i Bilxi —ay)xpl)

1
n n .
Pi

< g g [m—a) 5 T] (J:(mi — o) Y ()

i=1 i=1

VX] s VXn

an
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which is the desired (3.1). O

Remark 3.2. As a special case of Theorem 3.1 with n = 2, the inequality (3.1) reduces to the dynamic
inequality (1.10) proved by Zakarya et al. [24].

Remark 3.3. If T = INg and a; = 0 for i = 1,2,...,n, then (3.1) reduces to the discrete inequality (1.6)
proved by Yang [23].

Remark 3.4. f T =R and a; =0 fori=1,2,...,n, then (3.1) reduces to the classical integral inequality
(1.7) proved by Yang [23].

Corollary 3.5. If T = q™No for ¢ > 1, a; = g%, my = q® with £;,8; € No,pi > 1, =3 4 ﬁ/ Bi=TITj.ipi
and fi are real-valued functions on [ay, mi] with fi(ai) =0 fori=1,...,n, then

1 ki . ki
5Zn i H?:l <1_E>q fl(q 3
nmtatl k1 i Bi gk — qto) Pt
1 (3.8)
1 n pi—1 1 al 1 o Pi
< ﬁn(qéx_qzx) Pi H (1_) qki (qéi_qkifl) ‘qul(qkl) i ,
=1 o im1 \ki=€+1 q

fi(q) —fi(q)

qki— gk T

In the following, we present some numerical examples to verify our results in two and three dimen-
sions.

where qui(qki) =

Example 3.6. Let T = Nog,n =2, a1 =a =0, m =2, mp =3, p1 =2, p2 =3, p1 =3, B2 =2,
x = é + % = g, and f;(x) = fa(x) = x. Then the left-hand side of (3.1) is given by

3 2 3

f1(x1)f2(x2) 2 X1X
> > o2t =Y Y P — 15588
a(p1—1) a(p2—1) 5 g
xa=1x=1 P2%q +P1%, x=1x1=1 3x1 —i—2x2

and the right-hand side of (3.1) gives

1

a
1 P11 ppl 2 P1 3 P2
mlpl m2p2 Z(m1—X1+l) Z(mz—Xz-i—l)
X2:1

) b %
é2%3§<Z(3x1)) (Z(4xz)) = 1.8526.

X2:l

Hence, the inequality (3.1) holds.
Example37 TakingT=R,n=2withay =aa=00m=m=1Lpi=p2=2,B1=p2=2,B2=p1 =2,

o= Z% 1 p =1, and fi(xi) = x4 for i =1, 2, then the left-hand side of (3.1) gives
my My 2 (xs 101
J J 2 Licy [t Vx1Vxy = J J &dxldxz =0.1023
a Jai Y joq Bilxi —ay)xPi—l) 0 Jo 2(x1 +x2)

and the right-hand side of (3.1) includes

1

2 i
1
Pi VX1>

21 [[m mi—a) ﬁ(J p(xi)) [ (x1)

Zi:l Bi i=1 i=1
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1 2 pi-1 2 mi . Pr
= mn(mi —ai) i H <L (my —x4) }f{(xi) pi dxi)
1= i=1 i=1 i
2 2 . 1
1 Pi_] my P
i=1P1i i=1 i=1 ajg

thus the inequality (3.1) is achieved.

Example3.8. If'][':Z]NO,q =2,n=204=406=00 =08 =2, p :p2:2,cx:1,and B1=p2=2,
B2 =p1 =2, and fi(xi) =x; — 1, then the left-hand side of (3.8) becomes

f. (qki) 2 okitky—2 (Zkl _ 1) (2k2 — 1)

LI TCT
Z Z S T 2 D 2025 —1)+2(2%—1)

1
=475
ko=40r+1 k1=4£1+1 Zl 1 B ) ky=1ki=1

and the right-hand side of (3.8) gives

n 1“ 5;
i _ ki i ki—1 . ki
s L H(kl (14 @ e waia)

i=1 i=1 =0+
1.2 pi1 2 84 i
=S =2%) " [T D> 29 t(@—2%1)| =525
i=1 i=1 ki:€i+1

Thus, the inequality (3.8) holds.

Example 3.9. TakingT No,n=3witha; =0, =1, a3=0m =2, my=2 m3=3,p1 =2, p2 =3,

p3=60=>3;, ; =1, B1 =p2p3 =18, B2 = p1p3 = 12, B3 = p1p2 = 6, f1(x1) = x1, f2(x2) =x2 — 1, and
f3(x3) =1 —x3 with |[Vfi(x;)] =1 for 1 = 1,2, 3, then the left-hand side of (3.1) becomes

[f:(x1)| 311
Z Z Z [Tis T = Tgagg = 0016829

— o(pi—1)
x3=1+a3z xp=1+az x1= 1+(11 i= 1[3 (Xl a) i

and the right-hand side of (3.1) gives

1

3 3 m Pi
1 pi—1 : )
371_[(1111—&1) Pi H Z (mi —xi + 1) [V (xq) [P
21:1 Bi i=1 i=1 \xi=1+a;
1 3 pi 1 3 my p%
=——[[mi—a) " [ D (mi—x+1)] =022917.
Zi:l i i=1 i=1 \xi=1+a;

Hence, the inequality (3.1) is satisfied.

The next result, which generalizes Theorem 3.1, provides a time scale version of inequalities (1.8) and
(1.9).

Theorem 3.10. Let T be a time scale, and let a;, mi,ni € T with a; < min{my, ni}, and p;i > 1fori=1,.

ST
Define oc:= 3 " 4 p ,Bii= H#i Pj. Assume f; € CClzd([ai,m] x [ai, mil, R) satisfies fi(xi, ai) = fi(ai, yi) =
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0 for all x; € lai, nilT, yi € [ay, mylr. Then,

M (e T Ty Ifi(xi,yi)l
Jan Jan Ja1 Ja1 Z{l—l 51[(91 - ai)(xi - ai)]“(Pifl) Vleyl VXnVyn
1 e
S B E[(mi —ai)(ny—ay)l (3.9)
<TT|[T s otwms = o0xe 1727 6 w0 907"
i=1 WA T

Here, V1 and ¥V, denote the nabla derivatives with respect to x; and y;, respectively.
Proof. Since fi(xi, ai) = fi(ai,yi) =0 for x; € [ay, nil, yi € [ay, myi], we see that
Yi [Xi v,V Yi Xi v
J J 2 (s, 1) Vsi Vit = J <J (% (si, ti))V1VSi> Vit
a; Jai ai ai

Yi
= J (£ (x, 1) — £2 (@, )] Vit (3.10)
ai

= filxi, yi) — filxi, ai) — filay, yi) + filay, ay) = filxi, yi).
Applying Holder’s inequality (2.3) on the left-hand side of (3.10) with p; > 1 and p} = pi/(pi — 1), we
have

Yi (X
= J J fvzvl(sl,tl)Vs Viy

fvzvl (si,ti)

VsiVi; (3.11)

pi—1 pi—1 Yi (X1
< (yi—ai) 7o (xi—ay) P (J J

ai Jaj

fivzvl (

Pi ﬁ
si,t)| VsiVi

pi—1) X, -
VL= and € = %, we observe that
1

n 2 o n 1
(pi—1) j Pi
(H[(Ui—ﬂi)(xi—ai)]”i> =] [lvi—a)(xi—a)l ™

i=1 i=1
n 1
(-1 Iy =\ D1 %
< Z?:l &[(Ul - al)(xl (11)] P 2 P] "
Tt '
then by using the same technique in (3.5), one can get
= pi1
[ Titvi — a)(xi — ap)] #s
i=1
(3.12)
Y -y —ai)(xi — ai)]“(pi_l)
< I —qp)]xPiD),
a 1 Bl Z Bl i
From (3.11) and (3.12), one can obtain
n n T L Yi [Xi . Py
H Xuyl H _ al P1 _ ai) Pi H <J J' fiVZVl (Si/ti) P vSini') P
i=1 i=1 i=1 Wi T
1 s 1 n Yi (X1 A\vAA v Pi pil
< ST B D Billyi—a) i —a)l*Pe VT ] <J J 72 (84, 1) VSini) ,
i= i=1

i=1 Wi T
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thus by applying Fubini’s theorem and Holder’s inequality (2.3), we get

My [Mn my 11 . |f‘ (X‘ y)l
| |1_1 1A, Y4 \V4 A\V4 V
o VX Y1 - VXn VYn
Jan Jan Ja1 JCH Z?:l Bl[(yl ai)(Xi - ai)]“(Pi*U 1 1
N Mn ny pmp n |f~(X' y)l
| |171 ilXi, Y1 \V4 §71| V n
N §7” X1 - X
Jan Jan Jal Jal Zi:l ﬁi[(yi ai)(xi ai)] (pi—1) : '

N

Jnn J'mn J'm Jm1 1 12[ (in in fV2V1( . )
- _ ) si, ti
an Jan a; Jaj Z‘?Zl Bi a; Jaj ' v

1
Pi i
Vsini> ’ Vyi1Vxg - VynVxn
i=1

1 Ny My /Y Xy Pi ﬁ
= =5 HJ J <J J fivzvl (si,ti) Vsini> VyiVxi
Zizl Bi i=1vai Jag ai Jaj
1 n pi—1 n nig pmi Yi X4 Pi PlT
< ST B [Tini—a)mi—al 7 ] U J (J J 772V (54, 1) VSini> VyiVXi} :
i=1 Bl i=1 i=1 aj Jaj aj Jag

(3.13)
Applying the integration by parts formula (2.1) with

Yi (X
wy) = | |
ai Jaj
we see that

my Yi Xi
[ [
aj aj aj

Pi
fivzvl( VsiVty and  v(yi) =yi —my,

si, ti)

& VSi] Vti) Vyi = Jmi w(yi)vY (yi) Vyi
— w(mivms) — u(ai)v(ag) —J Y (v (yo) Vs

ai
J Li <in
a; a;

VoV
fiZI(

Pi
Si,Yi) Vsi) (mi —p(yi))Vyi,

and then by applying Fubini’s theorem, we have
ny My Yi [ (X1
Jai Jai <Jai [Jai
ny My xXi
B Jai Jai (Jai
my 1151 Xi
:J (mi—p(yi))J <J
ai ai aq

Again by applying the integration by parts (2.1), we observe that

fivzvl (si,t1)

P Vsi:| Vti) VyiVxiq

Pi
VSi) (mi —p(Yi)) Vyi Vx4 (3.14)

772V (s1,41)

Pi
Vsi> VXiLVyi.

Y g, Pi e V2V pi
2 (s, Y| Vsi | Vxg =] (mi—p0q)) [f72 7 (xu, Y1) VX,
aj ai ai
thus (3.14) gives
ng My Yi Xi VAV, Pi
J J <J U 2 (s, 1) Vsi] Vti) VyiVxi
a; Jaj aj a;
my ng v,V Pi (3‘15)
=J J (mi — plyi)) (i — p(x)) [ 1725 (x,u0) |7 Vxe s,
ai ai
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Substituting (3.15) into (3.13), we see that

Mn [Mn mp rmy an |f(x y)|
i=1 1Ti\Xi, Yi
Vx1Vyg - Vxn VvV
Jan Jan Ll Ll > Billyi — ai) (xi — aq)]x(pi—1) Y n¥in

1
n n mi ni o

< Z?_ll B E[(mi —ai)(ni—ay)] 7 11 Uai Li (mi = p(ys)) (i — p(xq)) |2V (x5, 1) " VXiVUi] "

—

as required by inequality (3.9). O

Remark 3.11. If T = INp and a; = 0 for all 1, then inequality (3.9) reduces to the discrete inequality (1.8)
established by Yang [23].

Remark 3.12. If T = R and a; = 0 for all i, then inequality (3.9) reduces to the classical integral inequal-
ity (1.9) also due to Yang [23].

Corollary 3.13. Let T = q™o with q > 1, and let a; = q%, my = q%, ny = g™, where {;,5;,h; € Ny,
pi>1lLa=3Y1", &, and By = H#ipj fori=1,...,n. Assume that f; : [ai,ni] x [a;, mi] — R satisfies
fi(xi,ai) =filai,yi) =0foralli=1,...,n. Then

on hn (1_ l)zqkiJrSi fi(qki,qSi)
q
oy oy oy MRl e e

sn=lnt+1lkn=Cn+1  s;=0+1k =0 +1

8¢

n 2
LH |: Z Z < > ki+sy (qéi _ qsi—l) (qhi _ qki—1> ’quVqlfi(qkir qsi)
i=1

si=0i+1 ki=0;+1

where
T = (g — gt
L= q7 —q)gT —q)) e
Y B
Here, V q1 and V g denote the q-difference operators with respect to the first and second variables, respectively,
defined by

f(x,y)—f <%,y>  Vuafley) = fix,y)—f (X, g)
(1— 1) (1-3)y

The next numerical examples will be examined to the results in the continuous, difference, and quan-
tum cases.

Vaqif(x,y) =

Example 3.14. TakingT:]No,n:2witha1—az—O m =2 m=3n1=2n=2,p1=2,p=23,

Pr=p2=3P2=p1=2 a= Z% 1 r} 2 and fi(xi,yi) = xiyi for 1 = 1,2, where Vo Vifi(xi,yi) =1,
then the left-hand side of (3.9) can be wrltten as follows
my My My Ny 2 . . )
J J J J' H1:1 |f1(X1/yl)| levylvxzvyz
az Jaz Jar Jar YT 1 Billyi — ai)(xi — ay)]x(Pi=1)

3 2 2 2
[Tiog Ifi(xi,yi)l
= Z: Z: Z: Z 1Lt ;1_1 =7.932

Xl ]Z'L 1{3 lel

and the right-hand side of (3.9) becomes

1 2 pi—l

227[5 H[(mi —ai)(ni—aq)l P
i=1 P1i {=1
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2 my . p%
<11 U L_ (mi —p(yi)) (ni — p(x4)) V2 Vi fi(xi, yo) [P inVyi]

i=1 WA
1 2 pi—1 2 my ny Pli1
=57 5 1B_H[mind IS Y ity lox)|  —=10384
i=1 M1 i=1 i=1 |yi=ai+1 xy=a;+1

and this shows that (3.9) holds.

Example 3.15. f T=Rwithn=2, a1 =ax=00m =y =1 m=n=2,p1=2,p=4pB1=p2=4
Br=p1=2, a= %, and fi(xi,yi) = x1y; for i = 1,2, then the left-hand side of (3.9) becomes

my Mo I LT 2 f . .
J J J J . H1:1| 1(Xuyl)| Vx1 Vy1 Vxa Vs
a; Jaz Ja; Jag Zi:l Bi[(yi —ai)(xi — ai)]“(pi_l)
2 02 01 (1
X1Y1X2Y2
= dx;dyidx,dy, = 0.1736575
Jo Jo Jo Jo 4(x1y1)3/% + 2(xayp)?/4 MR
and the right-hand side of (3.9) satisfies
1 2 pi—1 2 mi my Pi P]T
T - — ) F T U || i ety s — ot 1727 s, 1) ww]
Zi:l Bi i=1 i=1 Yai Jag
1 2 mi My 62 Pi pil
= 643/41_[ J . J i(mi_yi)(ni—xi) mfi(xilyi) dxidy;

43/41_[ U J [ i_yi)(ni_xi)dxidlji} 033333

and thus the 1nequahty (3.9) is achieved.

Example 3.16. If T =2No for q=2,n=24=0(=06=0=2NM=h=1Lp1=p2=2,p1=p2=2,
Bo=p1 =2, « =1,and fi(xi,yi) = (xi —2%)(y; —2%), then the left-hand side of (3.16) becomes

2
on o ol Hl l( ) qk it i(qkil qsi)
Z Z Z Z Zl 1[3 qsi—q )(qki_qei)]a(prl)

sn=ln+lkn=Cn+1  s;=0+1k=0+1

1N e
—zzzzmkww
1 } _ 1
% 2[(2s1 —2t1) (21 — 2t ]x(p1—1) 4 D[(252 — 282)(2k2 — 2E2)]ex(p2—1) 4’

sp=1kn=1s1=1 k=1
while quvqlfi(qki, q°%t) =1 and the right-hand side of (3.16) gives

1 T Pt
ﬁ ]‘_[[(q(Si - qgi)(qhi - qei)] i
i1 Pi -

n i hyi 2
1 . - . - s
« H [ Z (1 _ ) qkiJrSi (qél — g 1) (th _ qkl 1) ‘VqZVqlfi(qkl/q 0
Si i i+1

(2ki _ 221)(251 _ 231)

1

P
Pi

1

17 ¢ = 2 L - Kk 2 (n6 1\ (Hh ki—1 " 21
5 iy(nhi N itsi— i i— i i— _

= [lie—2mem =2t [T 3 3 22— -2kl =5
i=1 i=1 [si=0;+1 ki=4;+1

and this shows that (3.16) holds.
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4. Conclusion

In this paper, we have established novel dynamic inequalities of Hilbert-type on time scales, thereby
extending classical discrete and continuous results. Utilizing the theory of nabla calculus, we employed
Holder’s inequality and Fubini’s theorem on time scales, and an appropriate form of the mean inequality
to derive our main results.

By considering functions of multiple variables and applying partial nabla differentiation, we obtained
generalizations of known inequalities in the continuous and discrete settings. The results presented
not only encompass previously known inequalities as special cases but also furnish new inequalities
applicable to a broader class of time scales, including quantum and nonuniform cases.

These contributions enhance the existing body of work on dynamic inequalities and provide a founda-
tional framework for further investigations in the qualitative theory of dynamic equations. In particular,
the results may have potential applications in the study of stability, boundedness, and asymptotic behav-
ior of solutions to dynamic systems defined on arbitrary time scales.
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