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1 Intr oduction

Let time t ∈ (0,∞), x = (x1, x2) ∈ IR2 spacevariablesand D ⊂ IR2 to be a bounded

connectedregion. Γ = D \ D consideredasa boundaryof D, whereevery vertical line to x1

axis,at mostcanintersecttheboundaryin two points. Herewe assumethatΓ is a Lyapunov

curve [3]. Let eachverticalline to x1 axisdivideΓ in two curvesΓ1, Γ2 respectively. Equations

for Γ1 andΓ2 aregivenby

x1 ∈ [a1, b1], x2 = γk(x1) ; k = 1, 2.

Considerthefollowing complex, linearpartialdifferentialequation

∂u(x, t)

∂t
=

∂u(x, t)

∂x2

+ i
∂u(x, t)

∂x1

+ a(x)u(x, t) + f(x, t)

x ∈ D ⊂ IR2 , t > 0 (1)

with boundarycondition

α1(x1)u(x1, γ1(x1), t) + α2(x1)u(x1, γ2(x1), t)

+

∫ b1

a1

[K1(x1, ξ1)u(ξ1, γ1(ξ1), t) + K2(x1, ξ1)u(ξ1, γ2(ξ1), t)]dξ1

+

∫
D

K(x1, ξ)u(ξ, t)dξ = α(x1, t) x1 ∈ [a1, b1] ⊂ IR , t ≥ 0 (2)

andinitial value

u(x, 0) = ϕ(x), x ∈ D, (3)

wherea(x), f(x, t), αj(x1), j = 1, 2, ϕ(x) and α(x1, t) are given condtinuousfunctions.

Kj(x1, ξ1) for j = 1, 2 andK(x1, ξ) aregivencontinuouskernelsor they containweaksingu-

larity. Γ theboundaryof D is Lyapunov curveor picewiseLyapunov. Letx2 = γk(x1); k = 1, 2

asacurveΓk to bedifferentiableandits differentialis of Holderclass.

Mixed partial differentialequationsbasicalyconsideredfor parabolic(Heatequation)and

hyperbolic(wave equation)kinds of problems([4, 5, 6]). In thesecasesnumberof boundary
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conditions(for local conditions)is thehalf of highestorderof derivative of unknown function

with respectto spacevariables,(for evenorders),([4, 5, 6]).

Theproblemof investigationin thispaperis thebasicalpartof elliptic equationi.e. Cauchy-

Riemannequation.Notethatin classicalmathematicalphysicsproblems,thesimplestcanonical

elliptic equationsareLaplaceequation,which is of secondorder. Hereour problemis of first

orderwith mixedboundaryconditions.

Here, if the boundarycondition is Dirichlet (with any unknown equationin all over the

boundaryΓ) thentheproblemhasnosolution.i.e. problemis notwell defined.In thisproblem,

boundaryconditionis nonlocalandthenumberof boundaryconditionsis equalto highestorder

of derivative with respectto spacevariables([7, 8, 9]). This phenomenonis similar to ordinary

differentialequations.

2 SpectralProblem

Applying Laplacetransformation([4, 9]) to mixedproblem(1-3)gives:∫ ∞

0

e−λt ∂u(x, t)

∂t
dt =

∫ ∞

0

e−λt ∂u(x, t)

∂x2

+ i

∫ ∞

0

e−λt ∂u(x, t)

∂x1

dt

+

∫ ∞

0

e−λta(x)u(x, t)dt +

∫ ∞

0

e−λtf(x, t)dt

whereλ = c + iτ is a complex parameter, c > 0 andc, τ ∈ IR. Now, considering(3) and

integratingby partsfrom left handsideof aboveequationandby accepting∫ ∞

0

e−λtu(x, t)dt =
∼
u (x, λ), x ∈ D (4)∫ ∞

0

e−λtf(x, t)dt =
∼
f (x, λ), x ∈ D (5)

wecanwrite

`
∼
u≡ ∂

∼
u (x, λ)

∂x2

+ i
∂
∼
u (x, λ)

∂x1

− λ
∼
u (x, λ) = F (x, λ), x ∈ D (6)
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where

F (x, λ) = −
∼
f (x, λ)− ϕ(x)− a(x)

∼
u (x, λ), x ∈ D (7)

Similarly wemayfind from boundarycondition(2):

α1(x1)
∼
u (x1, γ1(x1), t) + α2(x1)u(x1, γ2(x1), t)

+

∫ b1

a1

[K1(x1, ξ1)
∼
u (ξ1, γ1(ξ1), t) + K2(x1, ξ1)

∼
u (ξ1, γ2(ξ1), t)]dξ1

+

∫
D

K(x1, ξ)
∼
u (ξ, t)dξ =

∼
α (x1, t), x1 ∈ [a1, b1] (8)

where

∼
α (x1, λ) =

∫ ∞

0

e−λtα(x1, t) (9)

The problemfound from (6) and(8) is calledspectralproblemdependentto mixed problem

(1-3). Sincein this problemwe do not have any derivative with respectto λ we call λ asa

spectralparameter.

Remark 1: In thespectralproblem(6)and(8)continuityof kernelsK(x1, ξ) andKj(x1, ξ1), j =

1, 2 is of greatimportance.If they arenotcontinuous,they aredependentto linearcombination

of Diracdeltafunction.Thenit is possibleto determineminimalandmaximaloperatorsfor (6)

in regionD [9]. In thiscasewemayfind arbitraryoperatorbetweenminimalandmaximaloper-

atorfrom (6) and(8). In theotherwordsarbitraryoperatormaybegivenwith helpof boundary

condition(8) by squeezingdown thedomainof maximaloperator. This is in contraditionwith

whatever we assumein functionalanalysis,whenwe areworking with theoryof operatorsde-

pendentto differentialequations.i.e. weassumethatit is notpossibleto find ordinaryoperator

betweenmaximalandminimal operators([9, 10,16]).
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3 Finding NecessaryConditions

It is obviousthatequationfor adjointproblemof spectralproblem(6) and(8) is in theform

`∗V ≡ −∂V (x, λ)

∂x2

+ i
∂V (x, λ)

∂x1

− λV (x, λ) = G(x, λ) , x ∈ D (10)

whereG is anarbitraryfunction([3, 4]).

In orderto find fundamentalsolutionfor equation(10), we useFourier transformation([3,

11]), thenwehave

V (x− ξ, λ) =
1

2πi
· e−ic(x1−ξ1)+iτ(x2−ξ2)

x1 − ξ1 + i(x2 − ξ2)
(11)

where

−∂V (x− ξ, λ)

∂x2

+ i
∂V (x− ξ, λ)

∂x1

− λV (x− ξ, λ) = δ(x− ξ) (12)

while δ(x− ξ) is a two dimensionalDiracdeltafunction.

Following the techniquein [7, 8] we try to find arbitrarysolutionfor (6) in a givenregion

D. We are looking for thosenecessaryconditionswhich the solution itself satisfy in them.

Multiplying bothsidesof (6) into V (x− ξ, λ) andintegratingover regionD wemaywrite∫
D

∂
∼
u (x, λ)

∂x2

V (x− ξ, λ)dx + i

∫
D

∂
∼
u (x, λ)

∂x1

V (x− ξ, λ)dx

−λ

∫
D

∼
u (x, λ)V (x− ξ, λ)dx =

∫
D

F (x, λ)V (x− ξ, λ)dx

Applying Astrogradesky-Gaussformulato thefirst two termsof above equation,or integrating

by parts([3], [4]) gives∫
Γ

∼
u (x, λ)V (x− ξ, λ)[cos(n, x2) + i cos(n, x1)]dx

+

∫
D

∼
u (x− ξ, λ)

[
−∂V (x− ξ, λ)

∂x2

+ i
∂V (x− ξ, λ)

∂x1

− λ(x− ξ,λ)

]
dx

=

∫
D

F (x, λ)V (x− ξ, λ)dx
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wheren is theouternormalvectoratpointx onΓ. Now using(12)andpropertiesof Diracdelta

function([3], [7]) wewill find∫
D

F (x, λ)V (x− ξ, λ)dx =

∫
Γ

∼
u (x, λ)V (x− ξ, λ)[cos(n, x2) + i cos(n, x1)]dx

=


∼
u (ξ, λ) ; ξ ∈ D

1
2

∼
u (ξ, λ) ; ξ ∈ Γ.

(13)

Fromtheserelationswemaywrite down thefollowing theorem:

Theorem 1: Let region D to be a connectedboundedareain IR2, and its boundaryΓ is of

Lyapunov curvekinds(or it is picewiseLyapunov curve). Assumeeveryverticalline to x1 axis,

intersecttheboundaryΓ in at mosttwo points. Moreover if F (x, λ) is a continuousfunction,

theneverysolutionto (6) in D is satisfying(13).

Now wetry to changeboundaryΓ with Γ1 andΓ2 introducedin section1. Considerthelast

termof (13),wecanwrite

1

2

∼
u (ξ1, γk(ξ1), λ) =

∫
D

F (x, λ)V (x1 − ξ1, x2 − γk(ξ1), λ)dx

+

∫ b1

a1

∼
u (x1, γ1(x1), λ)V (x1 − ξ1, γ1(x1)− γk(ξ1, λ)[1− iγ′1(x1)]dx1

−
∫ b1

a1

∼
u (x1, γ2(x1), λ)V (x1 − ξ1, γ2(x1)− γk(ξ1, λ)[1− iγ′2(x1)]dx1

k = 1, 2 , ξ1 ∈ [a1, b1] (14)

If the fundamentalsolution(11) is substitutedin (14), in theresultingequality, for k = 1, the

integralkernelof thesecondtermandfor k = 2, theintegralkernelof third termhassingularity.

Consideringthesetermswewill find
∼
u (ξ1, γ1(ξ1), λ) = i

π

∫ b1
a1

∼
u(x1,γ1(x1),λ)

x1−ξ1
dx1 + B1(ξ1, λ)

∼
u (ξ1, γ2(ξ1), λ) = − i

π

∫ b1
a1

∼
u(x1,γ2(x1),λ)

x1−ξ1
dx1 + B2(ξ1, λ)

(15)

whereBk(ξ1, λ), k = 1, 2 arethefunctionswith weaksingularterms.

Remark 2: For thosewho areinterstedin numericalapproach,onemay write B1(ξ1, λ) and
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B2(ξ1, λ) in thefollowing forms:

B1(ξ1, λ) = 2

∫
D

F (x, λ)V (x1 − ξ1, x2 − γ1(ξ1), λ)

− 2

∫ b1

a1

∼
u (x1, γ2(x1), λ)V (x1 − ξ1, γ2(x1)− γ1(ξ1), λ)(1− iγ′2(x1))dx1

− 1

π

∫ b1

a1

γ′1(σ1(x1, ξ1))− γ′1(x1)

1− iγ′1(σ1(x1, ξ1)
·
∼
u (x1, γ1(x1), λ)

x1 − ξ1

dx1

+
i

π

∫ b1

a1

1− iγ′1(x1)

1− iγ′1(σ1(x1, ξ1))

{
e−i(x1−ξ1)[τγ′1(σ1(x1,ξ1)−c] − 1

} ∼
u (x1, γ1(x1), λ)

· dx1

x1 − ξ1

wealsohave

B2(ξ1, λ) = 2

∫
D

F (x, λ)V (x1 − ξ1, x2 − γ2(ξ1), λ)

+ 2

∫ b1

a1

∼
u (x1, γ1(x1), λ)V (x1 − ξ1, γ1(x1)− γ2(ξ1), λ)(1− iγ′1(x1))dx1

+
1

π

∫ b1

a1

γ′2(σ2(x1, ξ1))− γ′2(x1)

1− iγ′2(σ2(x1, ξ1)
·
∼
u (x1, γ2(x1), λ)

x1 − ξ1

dx1

− i

π

∫ b1

a1

1− iγ′2(x1)

1− iγ′2(σ2(x1, ξ1))

{
e−i(x1−ξ1)[τγ′2(σ2(x1,ξ1)−c] − 1

} ∼
u (x1, γ2(x1), λ)

· dx1

x1 − ξ1

whereσ1(x1, ξ1), σ2(x1, ξ1) arepointsbetweenx1, ξ1.

Multiplying first andsecondtermsof (15) into α1(ξ1) and−α2(ξ1) respectively andaddtwo

resultedequations.Theright handsideof obtainedequationhave termswith strongsingularity.

Multipliers of thesesingularities(in theintegral) arenonlocaltermsin boundarycondition(8).

Wedeterminethesetermsfrom (8) andby substitutionweobtain

α1(ξ1)
∼
u (ξ1, γ1(ξ1), λ)− α2(ξ1)

∼
u (ξ1, γ2(ξ1), λ)

=
i

π

∫ b1

a1

{
[α1(ξ1)− α1(x1)]

∼
u (x1, γ1(x1), λ) + [α2(ξ1)− α2(x1)]

∼
u (x1, γ2(x1), λ)

}
· dx1

x1 − ξ1

+ α1(ξ1)B1(ξ1, λ)− α2(ξ1)B2(ξ1, λ)

+
i

π

∫ b1

a1

[
α1(x1)

∼
u (x1, γ1(x1), λ) + α2(x1)

∼
u (x1, γ2(x1), λ)

] dx1

x1 − ξ1
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=
i

π

∫ b1

a1

dx1

x1 − ξ1

{
∼
α (x1, λ)−

∫ b1

a1

[
K1(x1, η1)

∼
u (η1, γ1(η1), λ)

+K2(x1, η1)
∼
u (η1, γ2(η1), λ)

]
dη1 −

∫
D

K(x1, η)
∼
u (η, λ)dη

}
+α1(ξ1)B1(ξ1, λ)− α2(ξ1)B2(ξ1, λ) +

i

π

∫ b1

a1

{
(α1(ξ1)− α1(x1))

· ∼u (x1, γ1(x1), λ) + [α2(ξ1)− α2(x1)]
∼
u (x1, γ2(x1), λ)

} dx1

x1 − ξ1

(16)

Let usassume

(i) Therighthandsideof boundarycondition(8),
∼
α (x1, λ) isdifferentiable[of classC(1)(a1, b1)]

andvanishesata1 andb1, i.e.
∼
α (a1, λ) =

∼
α (b1, λ) = 0.

(ii) α1(x1), α2(x1) in boundarycondition(8) areof Holderclass.

(iii) K1(x1, ξ1), K2(x1, ξ1) thekernelsinsidethe integral termof (8) arecontinuousor they

containweaksingularity.

Theorem 2: If assumptions(i), (ii), (iii) andconditionsin Theorem1 hold, thensolutionto

boundaryvalueproblem(6) and(8) satisfiesin regularizationrelations(16).

Remark 3: It is abvious that to keepright handsideof (16) regular, assumptions(i)-(iii) are

sufficient. Thefirst termof right handsidein (16), needs(i), secondandthird termneed(iii)

andthelasttermneeds(ii) to behold.

4 B.V.P (8) Is of Feredholm’s Type

Regularizationrelation(16) plus boundarycondition(8) make a systemof integral equations

with unknowns
∼
u (x1, γk(x1), λ); k = 1, 2. If thefollowing conditionplusconditions(i)-(iii)

satisfies

(iv) In boundarycondition(8) themultipliersαk(x1); k = 1, 2 wherex1 ∈ [a1, b1] arenonzero,

i.e. αk(x1) 6= 0,
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thenanabovesystemof integralequationscantransformto thenormal(canonical)form, where

kernelsof theseintegralscontainweaksingularity. Hencethefollowing theoremholds:

Theorem 3: If additionalto conditionsin theorem2, assumption(iv) holds,thentheboundary

valueproblem(6) and(8) is of Fredholm’s type.

Indeedsystem(8) and(16) with respectto function
∼
u (x1, γk(x1), λ); k = 1, 2 is a linear

systemandis linear dependentwith respectto function
∼
u (x1, λ), x ∈ D. If this systemof

equationshasuniquesolutionit is in theform
∼
u (x1, γk(x1), λ) andit is linearlydependentwith

respectto function
∼
u (x, λ), x ∈ D. Now considersolutionobtainedform abovediscussionand

substituteit into thefirst relationof (13),hence
∼
u (x, λ) which is a Fredholmintegral equation

of secondtype, is obtained.This is a proof thatboundaryconditionproblem(6) and(8) is of

Fredholm’s type.

Remark 4: Aliev andEbadpour [1] consideredtheboundaryvalueproblem(6) and(8) for the

specialcaseλ = 0. They provedfor λ = 0 problem(6) and(8) is of Fredholm’s type.

5 Solution to B.V.P and It’ s Asymptotic

In section3, we explainedhow thesolutionof boundaryvalueproblem(6) and(8) will obtain

from thefirst relationof (13). i.e.

∼
u (ξ, λ) = −

∫
D

a(x)V (x− ξ, λ)
∼
u (x, λ)dx−

∫
D

ϕ(x)V (x− ξ, λ)dx

−
∫

D

∼
f (x, λ)V (x− ξ, λ)dx

+

∫ b1

a1

∼
u (x1, γ1(x1), λ)V (x1 − ξ1, γ1(x1)− ξ2, λ) · (1− iγ′1(x1))dx1

−
∫ b1

a1

∼
u (x1, γ2(x1), λ)V (x1 − ξ1, γ2(x1)− ξ2, λ)(1− iγ′2(x1))dx1

ξ ∈ D. (17)
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Substitutingfundamentalsolution(11) in (17), we obtainasymptoticsof problem(6) and(8).

Without loseof generality, weassume

ϕ(x) ≡ 0, x ∈ D, (18)

this forcesproblem(1) and(2) not to behomogeneus.This impliesthatthesecondtermin (17)

vanishes.

To getasymptotics,from third termof (17),first wewrite (5) in thefollowing way:

∼
f (x, λ) =

∫ ∞

0

e−λtf(x, t)dt = f(x, t)
e−λt

−λ

∣∣∣ ∞
t=0

+
1

λ

∫ ∞

0

e−λt ∂f(x, t)

∂t
dt =

f(x, 0)

λ
+

1

λ

[
∂f(x, t)

∂t
· e−λt

−λ

∣∣∣ ∞
t=0

+
1

λ

∫ ∞

0

e−λt ∂
2f(x, t)

∂t2
dt

]
=

f(x, 0)

λ
+

1

λ2

∂f(x, t)

∂t

∣∣∣
t=0

+
1

λ2

[
∂2f(x, t)

∂t2
· e−λt

−λ

∣∣∣ ∞
t=0

+
1

λ

∫ ∞

0

e−λt ∂
3f(x, t)

∂t3
dt

]
thereforewecanwrite

(v) Functionf(x, t) is threetimesdifferentiablewith respectto t.

If wealsoassume

f(x, 0) =
∂f(x, t)

∂t

∣∣∣∣
t=0

= 0,

then,third termin (17) for largeenough|λ| satisfiesin∣∣∣∣∫
D

∼
f (x, λ)V (x− ξ, λ)dx

∣∣∣∣ = O
(
|λ|−3

)
. (19)

For largestabsolutevalueof λ, whenλ hasthe mostdistancein Laplaceline, if | ∼u (x, λ)|

is bounded,thenthe first term in R.H.S.of (17), convergesto zerowith the speedof Fourier

multipliers. Similarly the last two termsin R.H.S.of (17) convergesto zero with the same

speed.If | ∼u (x1, γk(x1), λ)| for k = 1, 2 is boundedthenfrom (17)weobtain:

lim
τ→+∞

∼
u (x, λ) = 0, x ∈ D. (20)
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Now if we ignoreall thosetermswith singularityin (14),wemaywrite

lim
τ→+∞

∼
u (x1, γk(x1), λ) = 0 , x1 ∈ [a1, b1] k = 1, 2 (21)

thusthefollowing theoremsatisfies.

Theorem 4: Let conditionsin theorem3 holds,if a(x) is continuous,ϕ(x) ≡ 0 andfunctions

f(x, t), α(x, t) satisfyin condition(v) thenfor largeenoughabsolutevaluesof λ, solutionof

problem(6) and(8) existsandfor this solution,thefollowing asymptoticwill obtain:∣∣∣∼u (x, λ)
∣∣∣ = O

(
|λ|−3

)
, x ∈ D. (22)

Remark 5: Existenceanduniqunessof thesolutionto Schrodingerequation(anequationwhich

is independentof timeanddependentto parameter)with nonlocalboundaryconditionis proved

by Kavei andAliev [13].

6 Solution to ComplexProblem

With thehelpof Laplacetransformation,solutionto complex problem(1-3) maybewritten as

follows ([4, 11]):

u(x, t) =
1

2πi

∫ c+i∞

c−i∞
eλt ∼u (x, λ)dλ (23)

From(22), we consideredthat thesolutionof (23) andfirst derivatives(with respectto x1, x2

andt) exist. i.e. in (23) we may let derivative to appearinsideintegral. Substituting (23) into

equation(1) gives([12]):

∂u

∂t
− ∂u

∂x2

− i
∂u

∂x1

=
1

2πi

∫ c+i∞

c−i∞
e−λt

{
λ
∼
u − ∂

∼
u

∂x2

− i
∂
∼
u

∂x1

}
dλ

= − 1

2πi

∫ c+i∞

c−i∞
e−λtF (x, λ)dλ

=
1

2πi

∫ c+i∞

c−i∞
e−λt

∼
f (x, λ)dλ
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+
1

2πi

∫ c+i∞

c−i∞
eλta(x)

∼
u (x, λ)dλ

= f(x, t) + a(x)u(x, t).

Thismeansthatrelation(23)satisfiesin (1).

Now substitute(23) in theleft handsideof (2), we thenobtain:

α1(x1)u(x1, γ1(x1), t) + α2(x1)u(x1, γ2(x1), t)

+

∫ b1

a1

[K1(x1, ξ1)u(ξ1, γ1(ξ1), t) + K2(x1, ξ1)u(ξ1, γ2(ξ1), t)dξ1∫
D

K(x1, ξ)u(ξ, t)dξ =
1

2πi

∫ c+i∞

c−i∞
eλt

{
α1(x1)

∼
u (x1, γ1(x1), λ)

+α2(x1,
∼
u (x1, γ2(x1), λ) +

∫ b1

a1

[K1(x1, ξ1)
∼
u (ξ1, γ1(ξ1), λ) + K2(x1, ξ1)

∼
u (ξ1, γ2(ξ1), λ)∫

D

K(x1, ξ)
∼
u (ξ, λ)dξ

}
dλ =

1

2πi

∫ c+i∞

c−i∞
eλt ∼α (x1, λ)dλ = α(x1, t)

i.e. relation(23)satisfiesin boundarycondition(2) ([12]).

Finalyby substitutingrelation(23) into (3) weobtain

u(x, 0) =
1

2πi

∫ c+i∞

c−i∞

∼
u (x, λ)dλ. (24)

Fromfundamentalsolution(11)andasymptoticrelation(22)weobserve that: If wechangethe

Laplaceline with thelimits of right half sidecircles,with thehelpof JordanLemma([14],[15])

it is obvious that relation(24) vanishes.We may thereforewrite down the following theorem

for themixedandcomplex problem(1-3).

Theorem 5: Let conditionsin theorem4 hold, solutionto complex problem(1-3) exists. It is

uniqueandit is in theform (23).

7 RelatedOpenProblems

(a) Verifying boundaryvalueproblem(6) and(8) whereboundaryΓ of region D, is not Lya-

punov curve. (
γk(x1) ∈ C(1)([a1, b1]) , k = 1, 2

)
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(b) Verifying problem(6) and(8) whereΓ is Lyapunov, but D is notaconnectedregion.

(c) Findingthesoultionfor thefollowing problem:

∂u(x)

∂x3

=
∂u(x)

∂x2

+ i
∂u(x)

∂x1

, x = (x1, x2, x3) ∈ D ⊂ IR3

with boundarycondition

2∑
j=1

[
αj(x

′)u(x′, γj(x)) +

∫
S

Kj(x
′, ξ′)u(ξ′, γj(ξ

′))dξ′
]

+

∫
D

K(x′, ξ)u(ξ)dξ = α(x′)

wherex′ = (x1, x2) ∈ S ⊂ IR2 and

Γk : x3 = γk(x
′) , k = 1, 2 x′ ∈ S , i =

√
−1
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