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Abstract

In this article, we study the existence of positive solution for a class of (p, q)- Laplacian
system

—Av = Ab(z) g(u) k(v), x€Q,

—Apyu = Xa(x) f(u) h(v), xe€Q,
{ u=v=0, x € 08,

where A, denotes the p-Laplacian operator defined by A,z = div (|Vz[P~2Vz),p>1, A >0
is a parameter and Q is a bounded domain in RY(N > 1) with smooth boundary 0. Here
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a(z) and b(x) are C! sign-changing functions that maybe negative near the boundary and
f, g, k, h are C! nondecreasing functions such that f, g, h,k : [0,00) — [0,00) ; f(s), k(s),
h(s), g(s) >0 ;s> 0 and

for every A > 0.

We discuss the existence of positive solution when h, k, f, g, a(z) and b(x) satisfy cer-
tain additional conditions. We use the method of sub-super solutions to establish our results.

Keywords: (p, q)- Laplacian system; Sign-changing weight.
AMS Subject Classification: 35J60, 35J66, 35J92.

1 Introduction

In this paper we consider the existence of positive solution for the nonlinear system

—Ayu = Xa(zx) f(u) h(v), xe€Q,
—Agu = Ab(z) g(u) k(v), x €, (1)
u=v=0, x € 0182,

where A, denotes the p-Laplacian operator defined by A,z = div (|Vz|P72V2), p > 1,
A > 0 is a parameter, 2 is a bounded domain in RY(N > 1) with smooth boundary 99,
a(z) and b(x) are C! sign-changing functions that maybe negative near the boundary and
k,h, f,g:]0,00) = [0,00) are C'! nondecreasing functions such that h(s), k(s), f(s), g(s) >0
for s > 0.

Problems involving the p-Laplace operator arise in some physical models like the flow
of non-Newtonian fluids: pseudo-plastic fluids correspond to p € (1,2) while dilatant fluids
correspond to p > 2. The case p = 2 expresses Newtonian fluids [1]. On the other hand,
quasilinear elliptic systems like (1) has an extensive practical background. It can be used to
describe the multiplicate chemical reaction catalyzed by the catalyst grains under constant
or variant temperature, it can be used in the theory of quasiregular and quasiconformal
mappings in Riemannian manifolds with boundary (see [2, 3]) and can be a simple model of
tubular chemical reaction, more naturally, it can be a correspondence of the stable station of
dynamical system determined by the reaction-diffusion system, see Ladde and Lakshmikan-
tham et al. [4]. More naturally, it can be the populations of two competing species [5]. So,
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the study of positive solutions of elliptic systems has more practical meanings.

For the single-equation, namely equation of the form

—Apu = Xa(z) f(u), =€,
u =20, x € 0,

with sign-changing weight function has been studied by several authors (see [6, 7]). See [8, 9]
where the authors discussed the system (1) whenp=q¢=2, f=1, k=1, a=1,b=1, h,g
are increasing and h, g > 0. In [10], the authors extended the study of [8], to the case when no
sign conditions on h(0) or g(0) were required, and in [11] they extend this study to the case
when p = ¢ > 1. Here we focus on further extending the study in [11] to the system (1). In
fact, we study the existence of positive solution to the system (1) with sign-changing weight
functions a(z) and b(z). Due to this weight functions, the extensions are challenging and
nontrivial. Our approach is based on the method of sub-super solutions, see [12, 13]. Several
methods have been used to treat quasilinear equations and systems. In the scalar case, weak
solutions can be obtained through variational methods which provide critical points of the
corresponding energy functional, an approach which is also fruitful in the case of potential
systems i.e, the nonlinearities on the right hand side are the gradient of a C'—functional
[14]. However, due to the loss of the variational structure, the treatment of nonvariational
systems like (1) is more complicated and is based mostly on topological methods [15]. We re-
fer to [16], [17], [18], [19] for additional results on elliptic problems involving the p-Laplacian.

To precisely state our existence result we consider the eigenvalue problem

_Ar¢ = )\ ’¢‘T_2¢7 YIS Qa (2)
¢ =0, x € 0f).

Let ¢, be the eigenfunction corresponding to the first eigenvalue A;, of (2) such that
G1,-(x) > 01in Q, and ||¢1,||c = 1 for r = p,q. It can be shown that % < 0 on 09 for
r = p,q. Here n is the outward normal. This result is well known and hence, depending on
), there exist positive constants m, d, o such that

Ay @1, —|VO[" < —m, z€ Qs, 3)

~—~

¢1,7‘20—7 erOZQ\Q(Sa 4)

with Q5 = {z € Q| d(z,9Q) < 6}. We will also consider the unique solution ¢,(x) € W, " (Q)
of the boundary value problem

_Argr(x) =1, z¢€ Qa
{ G (x) =0, x € 01,
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to discuss our existence result. It is known that ¢.(z) > 0 in © and B%—ff) < 0 on 0N.

Here we assume that the weight functions a(x) and b(z) take negative values in Qs, but
require a(x) and b(x) be strictly positive in 2 — Q5. To be precise we assume that there exist
positive constants ag, a1, by and b; Such that a(x) > —ag, b(z) > —by on Qs and a(x) > ay,
b(x) > by on Q — Q5.

2 Existence results

In this section, we shall establish our existence result via the method of sub and su-
persolutions. A pair of nonnegative functions (11, 12), (21, 22) are called a subsolution and
supersolution of (1) if they satisfy (¢, 1) = (0,0) = (21, z2) on 02 and

/ VP2 V|- Vwde < A / (2) F(3br) h(ihe) wil,
Q

a
Q
/ Val™2 V| - Vawde < A / b(x) g(ain) k(ihr) wil,
Q Q

/ IV 21|P7% |V 21| - Vwdz > )\/ a(x) f(z1) h(z2) wdz,
0 Q

/ |V 22|72 |V 29| - Vwdz > )\/ b(z) g( z2) k(z1) w dz,
Q 0

for all w e W = {w € C°(2)|w > 0 € Q}. Then the following result holds:

Lemma 2.1. (See [12]) Suppose there exist sub and super- solutions (i1, 15) and (z1, 22)
respectively of (1) such that (¢1,19) < (21,22). Then (1) has a solution (u,v) such that

(1, 0) € [(t1,02), (21, 22))- B

We make the following assumptions:

(H1) f,9,h,k :[0,00) — [0,00) are C* nondecreasing functions such that f(s), h(s), k(s),
g(s) >0, for s > 0, lim, , k(z) < 0o and lim, _, g(z) = oo.

(H2) For all A >0,
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(H3) Suppose that there exists € > 0 such that:
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Q

~
7/~
—~

|"B

S~—

2

=

|

—

Q

i~ Q

S

- =
N—— —
>
/N
—~

Q
»a|\

N

S~—

2

=]

—

Q

=]

—
——

and

€Al q

max ,
brg( (B2L)er T 0P ) k( (SL)ea T gatT
19 p q

6)\171, < 1
_— )
a f((”,%l)d’lj o%) h((%kﬁ aqg*l) blloo & (mﬁ ||<quoo)

where c is positive constant that will be fixed later. Now we are ready to state our existence
result.

Theorem 2.2. Let (H1) — (H3) hold. Then there exists a positive solution of (1) for
every A € [A«(€), A*(e)], where

)\* = mm{ fm 1 , fne 1 ) 1 1 )
ag f(er) h(erT) bog(er=T) k(erT) [|bl]oc k(g(c)7=1) |[Cqlloc
€A, €A,
M= max{bl g((’%)ep%l 01731>1/i<(%)eqi1 aq%l> ’ ap f((p%l)ﬁ”%l U’L;Z((%)Eqil Uﬁ) }

Remark 2.3. Note that (H3) implies A, < A\*.

Proof of Theorem 2.2. We shall verify that

-1 1 _P_ —1 1 a9
(rta) = (=) e o, (e o)),
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is a sub-solution of (1). Let w € W. Then a calculation shows that
/ ‘le‘p72 V?/Jl Vwdr = € / (bl,p |V¢1’p‘p72 v‘bl,p Vuw dx
Q Q
- { / V61,72 Vo, V(61 ) dx — / Vo, /7 wdz}
Q Q
= { [P, ~ Vo, Plwds}.
Q

Similarly
[ vl vevuds = of o, - Vo)
Q Q

First we consider the case when = € Q5. We have |V, |" — A\ ¢ > m on Q; for r = p, q,

and since A < \*, then A < —¢———. Hence
ao f(eP~1)h(ea=1)

eMp i, —IVoi,l7) < —me

< —/\aof(ﬁﬁ)h(eq%l)
< e f((ED e o) a((E ) e o))
< AXa(z) f(¥1) h(¥a).

A similar argument shows that

€ (Mg @1y — [Vergl?) < Ab(x) g(¥1) k(1)2)

when z € Q.

On the other hand, on Q \ €5, we note that ¢, > o for r = p,q. Also a(z) > ay,

b(x) > by and since A > A,, we have A > - Alp - . Hence
a1 f((pr%l)epTl a%) h((q%ql)em U%>

€ <)\1,p ¢]1j,p - |V¢1,p|p)

IN

€N p
(5 (s
Aa(z) f(1) h(ta).

IN

IN

A similar argument shows that

—€ (Al,q gbt{,q - |V¢1,q|q) < Ab(x) g(3h1) k(1)2).
Hence

/Q [V P72 [V | - Vwdz < A / a(z) f(r) h(1hs) wdz,

Q
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[ 1902190 e <3 [ 00) g00) b wa,
Q Q
i.e., (¢1,15) is a sub-solution of (1).

Now, we will prove there exists a ¢ large enough so that

c

(e1,22) = (s @) 9977 o),

is a super-solution of (1). A calculation shows that:

C

G@e
= oo | war

By (H2) we can choose ¢ large enough so that

(a6 @E") ™ = 16l a7 ) £

/ VP2V Vudr = ()Pt / V([P V¢, Vw dx
Q Q

Hence
o™ 2 M@k (Il o@7) £ (e =)
> Aa(w)h(G () g(c)
= Xa(w) h(z) (1),
Next, since A < \* we have A\ < 1 . Hence

b1l k<g(c)q+1 ||<q\|oo)

/|sz|q_2V22dex = /g(c)wdw
Q Q

c

> | o) vt

1 c
> Al (o7 Gl1) [ o ) wie
D )
> A / b(x) g(z1) k(22) wdzx.
Q
i.e. (21,22) is a super-solution of (1) with z; > v for ¢ large, i = 1,2. (Note |V(,| # 0;00

for r = p,q). Thus, there exists a positive solution (u,v) of (1) such that (¢,1) < (u,v) <
(21, 22). This completes the proof of Theorem 2.2. O
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