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Abstract 

A square matrix over the complex field with non-negative integral trace is called a 
quasi-permutation matrix.Thus every permutation matrix over C  is a quasi-permutation 
matrix . The minimal degree of a faithful representation of G  by quasi-permutation 
matrices over the complex numbers is denoted by ),(Gc  and )(Gr  denotes the minimal 

degree of a faithful rational valued complex character of G . In this paper )(Gc  and 

)(Gr  are calculated for the Borel or maximal parabolic subgroups of )(4,2 fSP . 

 
Keywords: General linear group, Quasi-permutation. 

 
 

1- Introduction 
 
In 1963 Wong defined a quasi-permutation group of degree n  to be a finite 

group G  of automorphisms of an n -dimensional complex vector space such that every 
element of G  has non-negative integral trace .The terminology drives from the fact that if 
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G  is a finite group of permutations of a set   of size n  , and we think of G  as acting 
on the complex vector space with basis   , then the trace of an element Gg  is equal 

to the number of points of   fixed by g  . 

Wong studied the extent to which some facts about permutation groups generalize 
to the quasi-permutation group situation.Then in 1994  Hartley with his colleague 
investigate further the analogy between permutation groups and quasi-permutation 
groups by studying the relation between the minimal degree of a faithful permutation 
representation of a given finite group G  and the minimal degree of a faithful 
quasi-permutation representation . They also worked over the rational field and found 
some interesting results.(See [8][2], ) . 

If F  is a subfield of the complex numbers C, then a square matrix over F  with 
non-negative integral trace is called a quasi-permutation matrix over F .Thus every 
permutation matrix over C is a quasi-permutation matrix. For a given finite group G , let 

)(Gc  be the minimal degree of a faithful representation of G  by complex 

quasi-permutation matrices. 
By a rational valued character we mean a character   corresponding to a complex 

representation of G  such that Qg )(  for all Gg . As the values of the character of 

a complex representation are algebraic numbers, a rational valued character is in fact 
integer valued. A quasi-permutation representation of G  is then simply a complex 
representation of G  whose character values are rational and non-negative. The module 
of such a representation will be called a quasi-permutation module. We will call a 
homomorphism from G  to ),( QnGL  a rational representation of G  and its 

corresponding character will be called a rational character of G . Let )(Gr  denote the 

minimal degree of a faithful rational valued character of G . 
If C  is an algebraic number over Q , then the Galois group of )(Q  over Q  

is denoted by  . 
Finding the above quantities have been carried out in some papers, for example in 

[4][3],  , [5]  and [7]  we found these for the groups ),(3,),(3,),(2, 22 qPSUqSUqGL

)(3,),(3, qPSLqSL  and )(22

nG  respectively. 

In this paper we will calculate )(Gc  and )(Gr  for Borel or maximal parabolic 

subgroups of )(4,2 fSP . 

 

2-Notation and preliminary results 
 
Assume that E  is a splitting field for G  and that F  is a subfield of E . If 

)(Irr, GE  we say that   and   are Galois conjugate over F  if )(=)(  FF  

and there exists ))/((Gal FF    such that  = , where )(F  denotes the field 

obtained by adding the values )(g , for all Gg , to F . It is clear that this defines an 

equivalence relation on )(Irr GE . 

Let i  for ri 0  be Galois conjugacy classes of irreducible complex characters 

of G . For ri 0  let i  be a representative of the class i , with Go 1= . Write 
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i
ii

i 
 

 =  and ii kerK = . We know that ii kerK = . For },,{0,1,2, rI   put 

iIiI KK 
= . By definition of )(Gr  , )(Gc  and using above notations we have: 

0}}>0,,{=1=0,,=:(1){min=)(
1= iIiii

r

i
niiIforKnnGr   

0}}>0,,{=for1=0,,=:(1){min=)(
0= iIiii

r

i
niiIKnnGc   

where }|)({min=0 Gggn    . 

In [1] we defined )(),(  md  and )(c  [See Definition 3.4]. Here we can redefine 

it as follows: 
 

Definition 2.1. 
Let   be a complex charater of G , such that 1=ker   and n 1=  for 

some )(GIrri  . Then define  

(1) (1)|)(|=)(
1= iii

n

i
d   , 

(2) 











,otherwise|}:)({min|

,1=if0

=)(

)(1=

Gggm
i

ii

n

i

G









  

(3) Gi
ii

n

i
mc )1(=)(

)(1=
 


 

. 

So  
 1},=ker:)({min=)( dGr  

and  
 1}.=ker:)(1)({min=)( cGc  

We can see all the following statements in [1]. 

 
Corollary 2.2. 

Let )(GIrr  ,then 


  )(

 is a rational valued character of G  . Moreover 

)(c  is a non-negative rational valued character of G  and )()(=)(  mdc  . 

 
Lemma 2.3. 

 Let GGIrr 1),(    . Then 1(1)1)()(1)(   dc  . 

 
Lemma 2.4. 

 Let )(GIrr . Then 

(1) (1))()(1)(   dc  ; 

(2) )(2)(1)(  dc   . Equality occurs if and only if  kerZ )/(  is of even order. 

 

3. Quasi-permutation representations  
 
We begin with a brief summary of facts relevant to our treatment of the group . 
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Let K  be the finite field with q  elements, where fpq =  and p  is a prime 

number. Let K  be the algebraic closure of K  , and put  

 }.=|{= xxKxK
iq

i   

Then iK  is the subfield of K  with iq  elements , and .=1 KK  Let   be a fixed 

generator of the multiplicative group *

4K  and put 11212

=,=,=  qqq   and 

.= 1q  Then we have *

2>=< K  and .>=< *K  Choose a fixed isomorphism from 

the multiplicative group *

4K  into the multiplicative group of complex numbers, and let 


 ,,  and 


  be the images of  ,,  and   respectively under this isomorphism . 

Let G  be the 4 dimensional symplectic group over K  , that is ,  

 },=|)(4,{= JAJAKGLAG t  

where 



























1

1

1

1

=J  and At  is the transposed matrix of A  . For Kt  , define  

 ,

1

1

1

1

=)(,

1

1

1

1

=)(















































t

txt

t

tx ba  

 

 ,

1

1

1

1

=)(,

1

1

1

1

=)( 2















































t

tx

t

t

tx baba  

and put }.,2,,{= bababa   Then for }|)({=, Kttxr rr    is a subgroup of G  

isomorphism to the additive group of K  , and we have the folloing commutator relations , 

where the commutator xyyx 11   is denoted by ],[ yx  :  

 ),()(=)](),([ 2

2 utxtuxuxtx bababa   

 
 ),(2=)](),([ 2 tuxuxtx babaa   

 

 .,1,=)](),([ srofpairsotherallforuxtx sr  



M. Ghorbany/ TJMCS Vol .3 No.2 (2011) 165 - 175 

169 
 

Next , define 



























1

1

1

2

2

1

21 =),(

z

z

z

z

zzh  for *

4Kzi   and put 

}|),({=,= *

212 KzzzhU ibababa    and .= UB   Then U  is a Sylow 

p-subgroup of G , and B  is the normalizer of U  in G  (called the Borel subgroup of 

G ). Put (1)1)((1)= rr

t

rr xxx   for .r Especially , 

 

 .

1

1

1

1

=,

1

1

1

1

=



















































ba   

Then G  is generated by }.,{ baB  The maximal parabolic subgroups of G  

generated by },{ aB   and },{ bB   are denoted by P  and Q  respectively . 

We know that every irreducible character of Borel subgroup B  is the induced 
character of some linear character of a subgroup , that is , B  is an M group . The 
character table of B  is given in Table )(I  and the character tables of P  and Q  are 

given in Tables ),( IIIII  of the Appendix of [6]. 

In the next theorem we shall determine )(Gr  and )(Gc  for a Borel subgroup of 

).(4,2 nSP  

 
Theorem 3.1. 

 Let G  be a Borel subgroup of )(4,2 nSP  , then  

 1)











otherwise
2

1)(

1,4if1)(2

=)( 2qq

mqqmq

Br  

 2)











otherwise
2

1)(

1,4if2

=)( 2

2

qq

mqmq

Bc  where .|))((=| 4 km   

 Proof. By Definition 2.1,  in order to calculate )(Gr  and )(Gc  , we need to 

determine )(d  and )(1)(c  for all characters that are faithful or 1.=

Ker  

Then by Corollary 2.2 , Lemmas 2.3 and 2.4  and Table )(I  of [6],  for the 

Borel subgroup B  we have : 

1
2

1)(
)(1)(|))((|)(1),(|)),((=|)(

2

22111 



qq

kklklkd   and 
2

1)(
1)(1)(

2

1




qq
c  , 
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2

2)1)((
)(1)(|))((|)(1)(|))((=|)(

2

22222




qqq
kkkkd   and

 2

2)(
)(1)(

2

2




qqq
c  , 

2

2)1)((
)(1)(|))((|)(1)(|))((=|)(

2

22333




qqq
kkkkd   and

 2

2)(
)(1)(

2

3




qqq
c  , 

2

1)(
)(1)(|))((|)(1)(|))((=|)(

2

22444




qq
kkkkd   and 

2

1)(
)(1)(

2

4




qq
c  , 

2

1)(
)(1)(|))((|)(1)(|))((=|)(

2

22555




qq
kkkkd   and 

2

1)(
)(1)(

2

5




qq
c  , 

2

2)(1)(
)(1)(|))((|(1)|)(=|)(

2

22116




qq
kkd   and 1)()(1)( 2

6  qqc  , 

1
2

1)(
)(1)(|))((|)(1),(|)),((=|)(

2

33117 



qq

kklklkd   and 
2

1)(
1)(1)(

2

7




qq
c  , 

2

2)1)((
)(1)(|))((|)(1)(|))((=|)(

2

33228




qqq
kkkkd   and 

2

2)(
)(1)(

2

8




qqq
c  , 

2

2)1)((
)(1)(|))((|)(1)(|))((=|)(

2

33339




qqq
kkkkd   and 

2

2)(
)(1)(

2

9




qqq
c  , 

2

1)(
)(1)(|))((|)(1)(|))((=|)(

2

334410




qq
kkkkd   and 

2

1)(
)(1)(

2

10




qq
c  , 

2

1)(
)(1)(|))((|)(1)(|))((=|)(

2

335511




qq
kkkkd   and 

2

1)(
)(1)(

2

11




qq
c  , 

2

2)(1)(
)(1)(|))((|(1)|)(=|)(

2

331112




qq
kkd   and 1)()(1)( 2

12  qqc  , 

1)(2)(1)(|))((|)(1)(|))((=|)( 445513  qqkkkkd   and 2

13 2)(1)( qc  , 

2

1)(
=)(1)(|))((=|))((

2

222




qq
kkkd   and 

2

1)(
=))(1)((

2

2

qq
kc  , 

2

1)(
=)(1)(|))((=|))((

2

333




qq
kkkd   and 

2

1)(
=))(1)((

2

3

qq
kc  , 

 
An overall picture is provided by the Table(I): 
 

 Table (I) 
 

  )(d  )(1)(c  

1  1/21)( 2  qq  1)/2(1 2  qq  

2  2)/21)(( 2  qqq  2)/2( 2  qqq  

3  2)/21)(( 2  qqq  2)/2( 2  qqq  

4  1)/2( 2  qq  1)/2(2  qq  

5  1)/2( 2  qq  1)/2(2  qq  

6  2)/2(1)( 2  qq  1)(2  qq  
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7  1/21)( 2  qq  1)/2(1 2  qq  

8  2)/21)(( 2  qqq  2)/2( 2  qqq  

9  2)/21)(( 2  qqq  2)/2( 2  qqq  

10  1)/2( 2  qq  1)/2(2  qq  

11  1)/2( 2  qq  1)/2(2  qq  

12  2)/2(1)( 2  qq  1)(2  qq  

13  1)(2  qq  22q  

 

)(2 k  /21)( 2qq  1)/2(2 qq  

)(3 k  /21)( 2qq  1)/2(2 qq  

 
 

 
Note that the characters )(2 k  and )(3 k  are rational , now let mk |=))((| 4  

where ):))(((=):))(((=))(( 544 QkQQkQk    . 

Now by above table and Definition 2.1 and Table )(I  of [6], we have  

min 











,
2

1)(

1,41)(2

=1}=:)({ 2

otherwise
qq

mifqqmq

Kerd   

min 











.otherwise
2

1)(

1,4if2

=1}=:)(1)({ 2

2

qq

mqmq

Kerc   

Hence 











,otherwise
2

1)(

1,4if1)(2

=)( 2qq

mqqmq

Br  

and  












W.otherwise
2

1)(

1,4if2

=)( 2

2

qq

mqmq

Bc  

In the following theorem, we constructed the )(Gr  and )(Gc  of parabolic 

subgroup Q  of )(4,2 nSP  .   

Theorem 3.2 

Let G  be a maximal parabolic subgroup P  or Q  of )(4,2 nSP  , then 

 1)
2

1)(
=)(

2qq
Gr  

 2)
2

1)(
=)(

2 qq
Gc  . 

Proof. Since the groups P  and Q  have similar proofs, we will prove only Q .In 
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order to calculate )(Gr  and )(Gc  , we need to determine )(d  and )(1)(c  for all 

characters that are faithful or 1.=

Ker  

Then by Corollary 2.2  , Lemmas 2.3,2.4  and Table )(III  of [6],  for the 

maximal parabolic subgroup Q  we have : 

 

11)()(1)(|))((|)(1)(|))((=|)( 2'

5

'

5

'

1

'

11  qqkkkkd   and 1)(1)( 23

1  qqc  , 

11)()(1)(|))((|)(1)(|))((=|)( 2'

6

'

6

'

1

'

12  qqkkkkd   and 1)(1)( 23

2  qqc  , 

1
2

1)(
)(1)(|))((|)(1)(|))((=|)(

2
'

2

'

2

'

1

'

13 



qq

kkkkd   and 
2

2)(
)(1)(

23

3




qq
c  , 

1
2

1)(
)(1)(|))((|)(1)(|))((=|)(

2
'

3

'

3

'

1

'

14 



qq

kkkkd   and 
2

2)(
)(1)(

23

4




qq
c  , 

3'

5

'

5

'

2

'

25 )(1)(|))((|)(1)(|))((=|)( qkkkkd    and 1)(1)( 23

5  qqqc  , 

2)2()(1)(|))((|)(1)(|))((=|)( 2'

6

'

6

'

2

'

26  qqqkkkkd   and 1)(1)( 23

6  qqqc  , 

2

1)(
)(1)(|))((|)(1)(|))((=|)(

2
'

2

'

2

'

2

'

27




qq
kkkkd   and 

2

2)2(
)(1)(

23

7




qqq
c  , 

2

3)2(
)(1)(|))((|)(1)(|))((=|)(

2
'

3

'

3

'

2

'

28




qqq
kkkkd   and

 2

2)2(
)(1)(

23

8




qqq
c  , 

1)1)(()(1)(|))((|)(1),(|)),((=|)( 2'

5

'

5

'

3

'

39  qqqkklklkd   and 2)(1)( 23

9  qqqc  , 
2'

6

'

6

'

3

'

310 1)(1)()(1)(|))((|)(1),(|)),((=|)(  qqqkklklkd   and 2)(1)( 23

10  qqqc  , 

2)/21)(()(1)(|))((|)(1),(|)),((=|)( 2'

2

'

2

'

3

'

311  qqqkklklkd   and 
2

4)2(
)(1)(

23

11




qqq
c  , 

2

1)(1)(
)(1)(|))((|)(1),(|)),((=|)(

2
'

3

'

3

'

3

'

312




qqq
kklklkd   and 

2

4)2(
)(1)(

23

12




qqq
c  , 

1)1)(()(1)(|))((|)(1)(|))((=)( 2'

5

'

5

'

4

'

413  qqkkkkd   and 2)()(1)( 2

13  qqc  , 

1)1)(()(1)(|))((|)(1)(|))((=|)( 2'

6

'

6

'

4

'

414  qqkkkkd   and 3

14 )(1)( qc  , 

1)/22)(()(1)(|))((|)(1)(|))((=|)( 2'

2

'

2

'

4

'

415  qqkkkkd   and 
2

3)(
)(1)(

2

15




qq
c   

2

2)1)((
)(1)(|))((|)(1)(|))((=)(

2
'

3

'

3

'

4

'

416




qqq
kkkkd   and 

2

1)(
)(1)(

2

16




qq
c   

1)1)(()(1)(|))((|)(1),(|)),((=|)( 2'

5

'

5

'

7

'

717  qqqkklklkd   and 1)()(1)( 2

17  qqqc  , 

1)1)(()(1)(|))((|)(1),(|)),((=|)( 2'

6

'

6

'

7

'

718  qqqkklklkd   and 1)()(1)( 2

18  qqqc  , 

2

2)1)((
)(1)(|))((|)(1),(|)),((=|)(

2
'

2

'

2

'

7

'

719




qqq
kklklkd   and

 2

3)(
)(1)(

2

19




qq
c  , 

2

2)1)((
)(1)(|))((|)(1),(|)),((=|)(

2
'

3

'

3

'

7

'

720




qqq
kklklkd   and

 2

2)(
)(1)(

2

20




qqq
c  , 

1)1)((2)(1)(|))((|(1)|)(=|)( 2'

5

'

5

'

1

'

121  qqkkd   and 1)2()(1)( 23

21  qqc  , 
2'

6

'

6

'

1

'

122 1)1)((2)(1)(|))((|(1)|)(=|)(  qqkkd   and 1)(2)(1)( 2

22  qqc  , 
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2

1)2)((3
)(1)(|))((|(1)|)(=|)(

2
'

2

'

2

'

1

'

123




qq
kkd   and 

2

1)(3
)(1)(

2

23




qq
c  , 

2

1)2)((3
)(1)(|))((|(1)|)((=|)(

2
'

3

'

3

'

1

'

124




qq
kkd   and 

2

1)(3
)(1)(

2

24




qq
c  , 

1)()(1)(|))((=|))(( 2'

5

'

5

'

5  qqkkkd   and 1)())(1)(( 2'

5  qqkc  , 
2'

6

'

6

'

6 1)()(1)(|))((=|))((  qqkkkd   and 1)())(1)(( 2'

6  qqkc  , 

2

1)(
=)(1)(|))((=|))((

2
'

2

'

2

'

2




qq
kkkd   and 

2

1)(
=))(1)((

2
'

2

qq
kc  , 

2

1)(
=)(1)(|))((=|))((

2
'

3

'

3

'

3




qq
kkkd   and 

2

1)(
=))(1)((

2
'

3

qq
kc  . 

 
The values are set out in the following table : 
 

 Table (II) 
 

  )(d  )(1)(c  

1  11)( 2  qq  123  qq  

2  11)( 2  qq  123  qq  

3  11)/2( 2  qq  2)/2( 23  qq  

4  1/21)( 2  qq  2)/2( 23  qq  

5  3q  123  qqq  

6  2)2( 2  qqq  123  qqq  

7  1)/2( 2  qq  2)/22( 23  qqq  

8  3)/22( 2  qqq  2)/22( 23  qqq  

9  1)1)(( 2  qqq  223  qqq  

10  21)(1)(  qqq  223  qqq  

11  2)/21)(( 2  qqq  4)/22( 23  qqq  

12  /21)(1)( 2 qqq  4)/22( 23  qqq  

13  1)1)(( 2  qq  2)(2  qq  

14  1)1)(( 2  qq  3q  

15  1)/22)(( 2  qq  3)/2(2  qq  

16  2)/21)(( 2  qqq  1)/2(2  qq  

17  1)1)(( 2  qqq  1)( 2  qqq  

18  1)1)(( 2  qqq  1)( 2  qqq  

19  2)/21)(( 2  qqq  3)/2(2  qq  

20  2)/21)(( 2  qqq  2)/2( 2  qqq  

21  1)1)((2 2  qq  1)2( 23  qq  
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22  21)1)((2  qq  1)(2 2  qq  

23  1)/22)((3 2  qq  1)/2(32  qq  

24  /21)2)((3 2 qq  1)/2(3 2  qq  

)('

5 k  1)( 2  qq  1)(2  qq  

)('

6 k  21)(  qq  1)(2  qq  

)('

2 k  1)/2( 2 qq  1)/2(2 qq  

)('

3 k  /21)( 2qq  1)/2(2 qq  

 
 

 
Now by Table )(II  and Definition 2.1 ,we have 

min 
2

1)(
=1}=:)({

2qq
Kerd   and  

min .
2

1)(
=1}=:)(1)({

2 qq
Kerc   

Hence ,
2

1)(
=)(,

2

1)(
=)(

22  qq
Gc

qq
Gr  and the result follows.  
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