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Abstract. In this paper we investigate the generalized derivations and show that if E be

a simple full Finsler A-module and let δ : D(δ) ⊆ E → E be a d-derivation.Then either δ

is closable or both of the sets {x ± δ(x) : x ∈ E}} are dense in E
⊕
E. We also describe

dynamical systems on a full Finsler module E over C∗- algebra A as a one -parameter group.

1. Introduction

Hilbert C∗- modules are significant keys in theory of operator algebras, operator K-theory,

theory of operator spaces so on (see [4]) Recall that a (left) Hilbert C∗- module over a C∗-

algebra A is a left A-module E equipped with A-inner product <,> which is a A-linear in

the first and conjugate linear in the second variable such that E is Banach space with the

norm ‖x‖ = ‖ < x, x > ‖ 1
2 .

Finsler modules over C∗-algebras are generalization of Hilbert C∗-modules .Let A+ be the

positive cone of a C∗- algebra A. Suppose that E is complex linear space which is a left

A-module (and λ(ax) = (λa)x = a(λx) where λ ∈ C, a ∈ A and x ∈ E)equipped with a map

ρA : E → A+ such that (i) The map ‖.‖E : x→ ‖ρA(x)‖ is a Banach space norm on E, and

(ii) ρ(ax)2 = aρ(x)2a∗ for all a ∈ A and x ∈ E. Then E is called a Finsler A-module .

This definition is introduced in the works of N.C.Phillips and N.Weaver [6]. A Finsler

A-module is said to be full if the linear span {ρA(x)2 : x ∈ E} denoted by < ρA(E) > is

dense in A. For example , if E is a (full) Hilbert C∗-module over A then E together with

ρA(x) =< x, x > is a (full)Finsler module.

In this paper ,we investigate the generalized derivations. This notion first appeared in the

context of operator algebra [7].
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In the sequel, as main result, we describe dynamical system on a full A-Finsler module

E as a one - parameter group of unitaries on E. The reader is referred to [6],[8] for more

details on Finsler modules and to [9] for more information in C∗-dynamical systems.

2. Preliminaries.

Definition 2.1. Let E and F be Finsler modules over C∗-algebra A and B respectively and

ϕ : A → B be a ∗- homomorphism of C∗-algebras. A linear operator ψ : E → F is said to

be a ϕ-homomorphism of Finsler modules if the following conditions are satisfied:

(i)ψ(ax) = ϕ(a)ψ(x)

(ii)ρB(ψ(x)) = ϕ(ρA(x))

where x ∈ E and a ∈ A . Recall that ψ is said to be module map if it satisfies in condition

(i) .If E,F and G are Finsler modules over C∗-algebras A,B and C resp;ϕ1 : A → B, and

ϕ2 : B → C are ∗-homomorphism of C∗-algebras, and ψ1 : E → F and ψ2 : F → G are

ϕ1-homomorphism and ϕ2-homomorphism of Finsler modules resp.,then it is straightforward

to show that ψ2ψ1 : E → G is a ϕ2ϕ1-homomorphism of Finsler modules.

Definition 2.2. Let A and B be C∗- algebras , E and F be Finsler modules over C∗ algebras

A and B respectively. A linear operator ψ : E → F is said to be a unitary operator if there

exists an injective homomorphism of C∗ algebra ϕ : A → B such that ψ is a surjective ϕ

homomorphism.The following useful theorem which can be found in [1].

Theorem 2.3. Let A and B be C∗- algebras , E and F be Finsler modules over C∗ algebras

A and B respectively .If ψ : E → F is a unitary operator of Finsler modules, then ψ is

isometry .Also if F is a full Finsler module over B , then ϕ is a ∗ - isomorphism of C∗

-algebras .

Remark 2.4. Fullness condition can not be dropped in above theorem .For example :

Example 2.5. Let B = C[0, 1], A = E = {f ∈ B, f(0) = 0} and F = {f ∈ B, f(1) = 0}

.Then E is a full Finsler A-module with respect to the norm Finsler ρA(f) = |f | and F

is a Finsler B-module with respect to the norm Finsler ρB(f) = |f | which is not full. Let

ψ : E → F with ψ(f)(t) = f(1 − t) for all t ∈ [0, 1] and ϕ : A → B with ϕ(f) = ψ(f).It is
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clear to show that ψ is a bijective bounded operator and ψ(af) = ϕ(a)ψ(f) and ρB(ψ(f)) =

ϕ(ρA(f)) for all a ∈ A and f ∈ E. But ϕ is not ∗-isomorphism, since it is not surjective. We

denote by U(E) the group of all unitary operators of E onto E. We end this section whit

the following lemma which can be founded in [2].

Lemma 2.6. Let E be a full Finsler A-module and a ∈ A. Then ax = 0 for all x ∈ E iff

a = 0.

3. generalized derivation

Definition 3.1. Let E be full Finsler A-module . A linear map δ : D(δ) ⊆ E → E where

D(δ) is a dense subspace of E is called a generalized derivation if there exists a mapping

d : D(d) → A where D(d) is a dense subalgebra of A such that D(δ) is an algebraic left

D(d)-module, and δ(ax) = aδ(x) + d(a)x for all x ∈ D(δ) and all a ∈ D(d).

In this case d must be derivation since for any a, b ∈ D(d) and x ∈ D(δ) we have

δ(abx) = abδ(x) + d(ab)x

on the other hand,

δ(abx) = δ(a(bx)) = aδ(bx) + d(a)bx = abδ(x) + ad(b)x+ d(a)bx

whence

(d(ab)− (ad(b) + d(a)b))x = 0

for all x ∈ D(δ). Thus by lemma [2.6] we obtain d(ab) = ad(b) + d(a)b since D(δ) is dense

in E.

Similarly we can show that d is linear so d : D(d) ⊆ A → A is a derivation. We call δ a

d-derivation

Theorem 3.2. Let E be a simple full Finsler A-module in the sense that is has no trivial

left A-module and let δ : D(δ) ⊆ E → E be a d-derivation.Then either δ is closable or both

of the sets {x± δ(x) : x ∈ E}} are dense in E
⊕

E

Proof. let S(δ) be the separating space of δ that is

S(δ) = {x ∈ E, ∃xn ⊆ D(δ), xn → 0, δ(xn)→ x}.
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Then S(δ) is a closed subspace of E. Let a ∈ A,∈ S(δ). Thus there exists a sequence

{xn} ⊆ D(δ) such that xn → 0 and δ(xn) → x, so we have axn → 0 and δ(axn) =

aδ(xn) + d(a)xn → ax

Hence ax ∈ S(δ).Thus S(δ) is a left submodule of E By the hypothesis S(δ) = {0} or

S(δ) = E .If S(δ) = {0} then δ is closable. If S(δ) = E then rang of δ is dense. Hence both

of the sets {x± δ(x) : x ∈ E} are dense in E
⊕

E. �

4. dynamical systems

Definition 4.1. Let E be a full Finsler A-module. A map α from the real line R to U(E)

which maps t to αt is said to be a one - parameter group of unitaries if

(i)α0 = I

(ii)αt+s = αtαs(t, s ∈ R)

α is said to be a strongly continuous one-parameter group of unitaries if , in addition

,αt(x)→ x where t→ 0 in the norm of E for all x ∈ E. In this case we call α a dynamical

system on E. We can define the infinitesimal generator of a dynamical system as follows:

Definition 4.2. Let α : R→ U(E) be a dynamical system on E , we define the infinitesimal

generator δ of α as mapping δ : D(δ) ⊆ E → E,where

D(δ) = {x ∈ E, lim
t→0

αtx− x
t

exists}

and

δ(x) = lim
t→0

αtx− x
t

, x ∈ D(δ)

Now we are ready to prove the main theorem of this paper

Theorem 4.3. Let E be Finsler A-module , α be dynamical system on E and δ be the

infinitesimal generator of α . Then D(δ) is a dense subspace of E there exists a derivation

d : D(d) ⊆ A → A such that D(δ) is a left D(d)-module and δ(ax) = aδ(x) + d(a)x for all

x ∈ D(δ) and all a ∈ D(d).

Proof. By Hille-Yosida theorem [2] D(δ) is a dense subspace of E, since α is a dynamical

system on E ,for each t ∈ R, the mapping αt : E → E is a unitary. So there exists
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∗-isomorphism άt : A → A such that ρA(αt(x)) = άt(ρA(x)) and αt(ax) = άt(a)αt(x)

(a ∈ A, x ∈ E).Now we show that ά : R → Aut(A) is a C∗ -dynamical system. For each

a ∈ A, x ∈ E we have ax = α0(ax) = ά0(a)α0(x) = ά0(a)x, thus by lemma 2.6 ά0(a) = a for

all a ∈ A .Therefor ά0 = I . Also for all t, s ∈ R we have

άt+s(a)αt+s(x) = αt+s(ax)

= αt(αs(ax))

= αt(άs(a)αs(x))

= άt(άs(a))αt+s)(x)

and so άt+s(a) = άtάs(a). Thus άt+s = άtάs . Since for each x ∈ E

lim
t→0
‖αt(x)− x‖E = lim

t→0

‖ρA(αt(x)− x)‖ = 0

we have

‖άt(a)x− ax‖E

= ‖ρA(άt(a)x− ax)‖

= ‖ρA(άt(a)x− άt(a)αt(x) + άt(a)αt(x)− ax)‖

≤ ‖ρA(άt(a)x− άt(a)αt(x))‖+ ‖ρA(άt(a)αt(x)− ax)‖

Thus limt→0 άt(a)x = ax for all x ∈ E, whence limt→0 άt(a) = a for all a ∈ A. Therefor

ά : R→ Aut(A) is a C∗-dynamical system on A. If d is the infinitesimal generator of ά then

for each a ∈ D(d), x ∈ D(δ) we have
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lim
t→0

αt(ax)− ax
t

= lim
t→0

aαt(x)− ax
t

+ lim
t→0

άt(a)αt(x)− aαt(x)

t

= a lim
t→0

αt(x)− x
t

+ lim
t→0

άt(a)− a
t

αt(x)

= aδ(x) + d(a)x.

Hence ax ∈ D(δ) and δ(ax) = aδ(x) + d(a)x. Furthermore, D(δ) is a left D(d)- module.

�
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