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Abstract
To solving fuzzy control problems ,classical method are not usually

efficient .In this paper we proposed a new approach for solving this
class of problem by linear programming problems(LPP).First we
transfer the original problem to a new problem in form of calculus of
variations. Then we discretize the new problem and solve it by using
LPP packages Finally, efficiency of our approach is confirmed by
some numerical example.

Keywords: Fuzzy differential equations, AVK method, Numerical
method, optimal control.

1. Introduction
The topic of Fuzzy Differential Equations(FDEs) ,has been rapidly growing in recent

years. The concept of the fuzzy derivative was first introduced by Chang and Zadeh [8]
,it was followed up by Dubois and Prade [9], who used the extension principle in their
approach. Other methods have been discussed by Puri and Ralescu [10] and Goetschel
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and Voxman [11].Fuzzy Differential Equations and initial value problems were regularly
treated by O.Kaleva in [12] and S.Seikkala in [13].

The numerical methods for solving fuzzy differential equations are introduced in
[14,15,16,.. ].

Today, Fuzzy Differential Equations as a method of modelling dynamic system is
considered.

Fuzzy Differential Equations with fuzzy coefficient or fuzzy initial conditions and control
them , as a major problem in control theory is introduced. Transfer the original problem
to a linear programming problem as an appropriate method to solve them and determine
control function is presented.

For the first time, A.V.Kamyad(AVK) at el. Proposed an approach that may find optimal
control for nonlinear problems with uncertain parameters (NPUP) and to solve an
equivalent problem by a nonlinear programming. [1,2,3,4,5]

In this paper we proposed new approach to solve system of FDEs by LP problem[6,7]
In this approach we define an equivalent minimization problem for the FDESs system and
substitute this system with an equivalent LP problem by discretizing.The Criterion
function defined is trying in all of « —level ,solution obtained from optimization problem
applied to original system.

In fact, this is the approximate solution of the original problem which is the best solution
for the original FDEs in L, space. Moreover the error of this approximated solution is

controllable. Finally our algorithm will be confirmed by simulation of different FDEs

2 Definitions and AVK method

Definition 1 : We focus on following problem

x'(t) = £ (x(t),u(®).,t)

st x(a)=x, x(b) =x, (1)
where f is a continuous function from XxUx[a,b] to R", so that x(t)=XcR" is state
function, u(t) =U <R™ is control function andt e[a,b] = R is independent variable so

called, time. X and U are compact subsets and must be chosen as the system reaches from
initial state x(a) to final state x(b). We suppose the linear system (1)is stable in [a,b]
interval.

Definition 2 : First, consider system (1) we define following functional that is called the
total error functional. Let

E, (x(®),u(®).t) = I||>'<(t) — F(x(t), u(t),1)]dt &)

where E;:XxUx[a,b]—R is a continuous functional. Now, the following key theorem is
demonstrated.
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Theorem 1 : If h is a nonlinear continuous function on XxUx[a,b] and non-negative

b
(h>=0), then the necessary and sufficient condition for j hdx =0 is h=0 on [a,b].

Proof :[1]

Theorem 2 : Necessary and sufficient condition for a function to be concluded a system
(1) with initial condition x(a) and final state x(b)is to satisfy the following relation in
problem(2):

E, (x(t),u(t),t)=0 3)

Proof : [1]
2.1 AVK method

Consider system of fuzzy differential equations given by

X(t) = f(x(1),u(®)

X(0) = x5
X() = xp (4)
In AVK method, the following problem is defined in calculus of variations
1
winimize E; (X(0),u(t),t,) = [ (X©) = £ (x(O,u(®. et
X,u, 0
st x(0) =x, X(1) = x, (5)

We assume the optimal solution of problem (5) is x'(t),u’(t), the state and the control
functions, respectively. And according to theorems 1,2 we have

E, (X" (t),u"(t),t) =0 (6)

ie.

(1) = f(x"(@®),u"®),t) te[01]
x(0)=x, X@)=x,

Then in general, for solving system (1) we can solve the minimization problem (5) by

(")

theorems 1 and 2. Thus the optimal solution of problem (1) is x"(t),u’(t) from optimization
problem (5)
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3 Adams-bashforth method for solving system of fuzzy differential
equations

Consider the IVP of fuzzy differential equations given by
x'(t) = f(x,u,t)
(8)
X(0) = X,, X(2) = X,
In this section we use [2] to present Adams-bashforth methods for solving FIVP with
fuzzy initial condition and fuzzy coefficient.

In this section we use [2] to present two step methods for solving FIVP with fuzzy initial
condition and fuzzy coefficient.

Adams-bashforth methods is as follow:
h,— 3h
Xt a) =Xt ) - (E) fltis x(tiy)ia) + (?)i(t, X(); )

i(t”l;a):%(ti:a)—(g) f (til,x(ti1):a)+(%>?(ti,x(ti);a)

i=12,...,N -1,
0<a<l

4  Optimal control for system of K-th order fuzzy differential
equations

Consider the system of fuzzy differential equations given by

X(0) = %o, x(1) = %,
(10)
Where X(t) is a fuzzy function of the crisp variable t .and x'(t) is fuzzy derivate of
X(t) ,and f(x,u,t)is a fuzzy function of the crisp variable tand fuzzy variable
X(t),u(t) .we partition the interval 0 <« <1 to m equal part, where m is arbitrary
fixed positive integer:

{x'(t) = f(x,u,t)

Where k=0,...,mand ¢y =0, « =1.then we have
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X () =f"(xut)
X (1) =" (xut)
X () = £ (xu,t)
_ _ (11)
X)) =f " (xu,t)
X @)= (x,ut)

X" ()= " (x,u,t)

The best solution for the optimization problem (11) is minimizing the total error of
above system, i.e total error in L space is minimized as follows:

O

=0

gwa)—i%(xu¢ﬂ+ﬁwa)—?”(xu¢j]}m

O e

=~

s.t

X (0) = %™, x™ (1) = x, )

X0 =x" x"M=x"

Now we will solve problem (12) approximately

5 Discretization

We partition the interval te[0,1] to N equal subintervals (cells) and assume that

b-a
h =——, where N is arbitrary fixed positive integer. Then problem (12) yields to

N-1 %\l m
Minimize >, j Ol

k=0

Xw(ﬂ—iiw(XJLDL%%W(U—;?%(XJLO‘bdt (13)

i=0 (i

=<
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b
Remark : As we know, an approximate value of integral IK(x)dx is (b-a)K(c), where ¢

a
is any point such as a<c<b.So, applying above remark, and assume c is an ending point
in any subinterval, minimization problem (13) is formed as

N-1

Minimize )’ Zm:h(

i= k=0

X7 (1)~ 1 (x,u.1) +‘>‘< ®-1" (x,u,t)‘ )

then by using Adams-bashforth method [2]we have

Minimize

X,u

E

06 0= ) (1 0 i) )|

i=0 K=0

|

x”am)—x”m)—iT}”(ﬂn»wnxanj+2f%(ﬂnnuamxann h

s.t ¥ (0) = X_oak (14)

X () <X ()

U™ () <u (t)

as a V\}holep pgr(%rgr%’o(lgél)k i% :TNLP problem and we may obtain its solution by many
packages such as Matlab, Lingo,etc. since f “<(x,u,t)is a linear function , can transfer it
to a linear programming problem (LPP)[9], so we may decompose the value of E™ by a
difference of two nonnegative values S;* and S35 ,i.e, S;, S5 >0 as follow:

B =S5 =S5

Where i =0,...,N—-1and k=0,...,m.consider the determination of absolute value in
definition of norm function, so that

Q) (04 a
Ei ‘= Slik "‘Szik

Then we have
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K () X" (ti)—%ﬁ“k (et T 0t i)

=y, +
K () - X° 0) =2 (1 00 e dien) ¢ O T (xt .0t i)

=y
X (t|+1) " (ti) _%(Tak (x(t),u(, );ak)) "‘2 o (x(t ) ult L))

=7," +w,™

K )X 0) -2 (T i) )+ (1806 i)
=z, —w™
k=0,...,mi=0,....N-10<a<1

yak v 7% ak >0

(15)
At the end ,the minimization problem (14) is formed as below LPP
N-1 m
Q) a (04
Minimize ZZ {yl ‘ ;™ +w }X h
i=0 k=0

s.t

K () -5 (1) -2 (1 (X)) o T 0t D i)
= Yiak - Viak

K =x @) -2 T i) 2 (17 (e ) i)

=z —w.

ay

X (0) =%, X" (@) =%

X0 =% X @O=x"

X () <X @)U @) <u (),

XA(L) < xE (), u (L) Sue (), (16)
X ) < x()u™ ) <u™ ()

yi Vlak’zl ! :XKZO
k=0,....mi=0,...,.N-10<a <1

Then non linear programming (10) translate to linear programming (16)
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Finally by obtaining the solution of problem (16) we recognize the value of unknown
admissible pair (x;,u;) state and control function .We can construct the optimal solution

for FIVP (1) by two functions (x*,u®;).

6 Example
In this section, we use our algorithm for fuzzy differential equation with fuzzy parameter
and fuzzy initial value, Consider the fuzzy system given by

Y'(x) - &y'(x) = by (x) - (x) =0

a(r)=(0.1+0.01r,0.12-0.01r)

b(r) = (1+0.01r,1.03—0.02r)

¢(r) = (0.3+0.01r,0.32—0.01r)

y(0; 1) = (0.01+ 0.01r,0.021—0.001r) (17)
y'(0;r) =(3+.1r,3.2-0.1r)

y(@@r)=(4+0.5r,5-0.5r)

y'(Lr)=(6.2+0.1r,7.4-1.1r)

0<r<i1

In order to obtain optimal control of FDEs (17) ,suppose that

{yl(X) =y(x)

Y.() =y'(x)

Then we transformed this second order FDEs (17) to the following system of first
order FDEs

yllzyz
7 by, + &, +¢0

Now by using a -level sets we have
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Yy (xa)=y, (X a)

Y, (%a) =b(@)y. (X a) +a(@)y, (X a) + cla)u(x; a)
Y¥,(0;a) =(0.01+0.01),

Y, (0;a) =(3+0.1a),

y,Ga)=(4+0.50q),

y,Ga)=(6.2+0.1a),

yi(xa)=y,(xa)

V', (X a) =b(a)y,(X;a)+a(a)y,(X;a) +c(a)u(x; a)
y,(0;a) = (0.021-0.001),

y,(0;0) = (3.2-0.1a),

y, (L) =(5-0.5a),

Y, (La) = (7.4-11a),

For some values of « , 0<a <1the state and control function of(17) with N=5 and
m=5 are given in Figure(1) and Figure(2)

r-level

05} |E=‘1 / H'j \\ \

r-level

1 1 1
0.2 0.4 06 08 1 1.2 1.4 16 18
control

Figure 1:state and control function
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control

0

04a
time

1

0

02

0.4
time

Figure 2:state and control function

the value of total error functional for N =10 and m =5 is E =0.06400,thus the state and

control function
are optimal solution problem (17).
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