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Abstract

In this paper we study the weak and strong convergence results for a new multi-step iterative
scheme with errors to a common fixed point for a finite family of asymptotically nonexpansive map-
pings in the intermediate sense in a uniformly convex Banach space. Our results generalize a number
of results.
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1 Introduction

Let C be a nonempty subset of real normed space X. A self mapping T : C' — C' is called nonexpansive
if

[Tz —Ty|| < [lz —yl|, for all z,y € C

A self mapping T': C' — C is called asymptotically nonexpansive if there exists a sequence {k,} C [1,00)
with lim,,_, - &k, = 1 such that

|T"x — T"y|| < ky||lz — y|| for all z,y € C and n > 1.
T ia said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

|T"2z —T"y|| < L||z — y|| for all 2,y € C' and n > 1.
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T is called asymptotically nonexpansive mapping in the intermediate sense [1] provided T is uniformly
continuous and

limsup sup ([[T"z —T"y| — |lz —y[|) <0

n—oo z,ycC
The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk[4] in 1972 as an
important generalization of the class of nonexpansive self mappings. After that Bruck et. al.[1] introduced
the class of asymptotically nonexpansive mappings in the intermediate sense. It is known that if T is
a self map on C' where C is a nonempty closed convex subset of a real uniformly convex Banach space,
then T has a fixed point. The above definitions make it clear that asymptotically nonexpansive mapping
must be asymptotically nonexpansive mapping in the intermediate sense and uniformly L-Lipschitzian
mapping, but the converse need not be true:
Example [8]: Let X = R,C = [-1, 1] and |k| < 1. for each = € C, define

{ kxsin% ifx#£0

Tx) =19 if 2 = 0

then T is asymptotically nonexpansive mapping in the intermediate sense, but is not a Lipschitzian
mapping but 7"z — 0 uniformly so that it is not asymptotically nonexpansive mapping.
To proceed we shall need the following well known Lemmas and definitions:
A Banach space X is said to satisfy Opial’s condition [10] if 2, — = (i.e. 2, — z weakly) and = # y
imply
limsup ||z, — 2| < limsup ||z, — y||
n—oo n—oo
A Banach space X is said to satisfy 7-Opial condition [1] if for every bounded {x, } € X that T-converges
to x € X then
limsup ||z, — x| < limsup ||z, — y||
n—oo n—0o0
for every z # y, where 7 is a Housdorff linear topology on X.
A Banach space X has the uniform 7-Opial property [1] if for each ¢ > 0 there exists » > 0 with the
property that for each 2 € X and each sequence {z,} such that {z,} is 7-convergent to 0 and
1 <limsup [|z,[| < oo, [[z]| > ¢
n—oo
imply that limsup,, . ||zn — 2| > 1+ 7. Clearly uniform 7-Opial condition implies 7-Opial condition.
Note that a uniformly convex space which has the 7-Opial property necessarily has the uniform 7-Opial
property, where 7 is a Housdorff linear topology on X.
Let T be a self-mapping of a nonempty subset C' of a Banach space X. A sequence {z,} in C is called
an almost orbit[3] of T" if lim,, e [SUD,, >0 |Tntm — T 2nl|] =0
A Banach space X is said to satisfy Kadec-Klee property, if for every sequence {x,} € X,z, — z and
|z || — |lz|| together imply that x,, — 2z as n — oo. There are uniformly convex Banach spaces which
have neither a F'rechet differentiable norm nor satisfy Opial’s property but their duals do have the Kadec-
Klee property (see [3],[5]).
Khan et al.[7] introduced an iterative process for a finite family of mappings as follows: let C' be a convex
subset of a Banach space X and let {T; : i = 1,2, ....,k} be a family self-mappings of C. Let {x,} be the
sequence generated by the following algorithm:

€’
Tni1 = (1 — arn)Zn + 0k TV Y(k—1)n
Yh—1)n = (I = Qe—1)n)Tn + ¢e—1)n T3 1Y (k—2)n

Yon = (1 - aQn)xn + a2nTény1n
Yin = (]- - aln)l'n + alnT{LyOn
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where yo,, = x,, for all n and {«;,} are appropriate real sequences in [0, 1] for i = {1,2,....,k}.
Very recently Kettapun et al.[6] introduced a new multistep iteration process for approximating common
fixed points for finite families of asymptotically quasi-nonexpansive mappings which is defined as follows:

z1€C
Tpt+1 = (1 - akn)y(kfl)n + aknT]zLy(kfl)n
Yk—1)n = (1 = @e—1)n)Yk—-2)n + Ch—1)nT{_1Y(k—-2)n

(1.2)

Yon = (1 - a2n)y1n + a2nT2ny1n
y1in = (1 — a1n)yon + 101" Yon

where yo,, = z,, for all n and {a;,} are appropriate real sequences in [0,1] for i = {1,2,...., k}.

We study the convergence of the following iteration process with errors for approximating common fixed
points for finite families of asymptotically nonexpansive mappings in the intermediate sense which is
defined as follows:

z1 € C
Tpy1 = (L — akn — Bren)Yk—1)n + U TLYk—1)n + BrnUn
Yk—1)n = (1 = Q—1)n = Be—1)m)¥k—2)n + -1 T 1Y(k—2)n + Blk—1)nU(k—1)n

Yon = (1 — Qg — ﬂQn)yln + O‘QnTQnyln + ﬂQnUQn
Yin = (1 — Qin — 61n)y0n + OélanlyOn + ﬂlnuln

where yo, = x, for all n, {a;n}, {B;n} are appropriate real sequences in [0,1] with a;, + G, < 1 for
j € I and {u;,} are bounded sequences in C for j € I and I ={1,2,....,k}.

The purpose of this paper is to establish several strong and weak convergence theorems of the multi-step
iterative scheme with errors (1.3) for a finite family of asymptotically nonexpansive mappings in the
intermediate sense in a uniformly convex Banach space.

We need the following lemmas which are essential in the proof of the main results.

Lemma 1.1 ([15], Lemmal) Let {a,},{bn} and {6,} be sequences of nonnegative real numbers satisfying
the inequality

an+1 S (1 + 6n)an + bn,Vn 2 1.
If 300 1 6, < 00 and Y00, by < 00, then
(1) limy,— o0 ap, exists,
(#) limy,— oo an = 0 whenever liminf, . a, = 0.

Lemma 1.2 [12] :Suppose that X is a uniformly conver Banach space and 0 < p < t, < ¢ < 1
for all positive integers n > 1 . Also suppose that {x,} and {y,} are two sequences in X such that
limsup,, o [|Zn|| < rlimsup,,_ o [|ynl] < 7 and lim, .o [|tn2n + (1 — tn)ynll = 7 hold for some r > 0.
Then limy, o0 |20 — yn|| = 0.

Lemma 1.3 [I] : Suppose a Banach space X has the uniform t-opial property, C is a norm bounded,
sequentially T-compact subset of X and T : C' — C' is asymptotically nonexpansive in the weak sense. If
{yn} is a sequence in C such that lim,,_, |y, — z|| exists for each fized point z of T and if {y, —T™yn }is
T-convergent to 0 for each m € N, then {y,} is T-convergent to a fized point of T.
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Lemma 1.4 ([5], Theorem5.3) : Let X be a uniformly convex Banach space such that X* has the Kadec-
Klee property and let C' be a nonempty bounded closed convexr subset of X. Suppose T : C — C is
asymptotically nonexpansive mappings in the intermediate sense and {x,} is an almost orbit of T. Then
{zn} is weakly convergent to a fized point of T if and only if w — limy, oo (y — Xp41) = 0.

Now we recall some well-known definitions:

Condition (I): A mapping T : C' — C with nonempty fixed point set F'(T) in C' satisfying Condition (I)
[14] if there is a nondecreasing function f : [0,00) — [0, 00) with f(0) = 0 and f(r) > 0 for all r € (0, 00)
such that

fld(z, F(T))) < ||z —Tz| forall z € C

A finite family of mappings T; : C — C, for alli = 1,2,3, ...,k with nonempty fixed point set F' =
Ni_y F(T3) # 0 satisfies

Condition (A)[2] if there is a nondecreasing function f : [0,00) — [0, 00) with f(0) = 0 and f(r) > 0 for
all r € (0,00) such that

k
(Z ||z — Tiz||) for all z € C

=1

fld(z, F)) <

El

Condition (B)[2] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0
for all r € (0, 00) such that

fld(z, F)) < 1I£1284§Xk{HJC —Tiz||} for all x € C

Condition (C)[2] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0
for all r € (0,00) such that at least one of the T;’s satisfies condition (I)(i.ef(d(x,F(T))) < ||z —
T;z|| for at least one T;,i =1,2,.., k)

Clearly if T; = T, for all i = 1,2, 3, ..., k, then Condition (A) reduces to Condition (I). Also Condition (B)
reduces to Condition (I) if all but one of T}’s are identities. Also it contains Condition (A). Furthermore
Condition (C) and Condition (B) are equivalent. It is well known that every continuous and demicompact
mapping must satisfy Condition (I) [14]. Since every completely continuous mapping is continuous and
demicompact so it must satisfy Condition (I). Therefore to study the strong convergence of the iterative

sequence {z,, } be defined by (1.3) we use Condition (B) instead of the complete continuity of the mappings
(11, T, ..., T ).

2 Main Results

In this section we begin with the following lemmas. Throughout this section we denote {1,2,...,k} by I.

Lemma 2.1 Let X be a real normed space and C be a nonempty closed convex subset of X. Let T; :

C — C(i € I) be given asymptotically nonexpansive mappings in the intermediate sense. Let
dn, = maz{mani<i<psup, yec (1T — T y| — |lz — yl), 0}, Vn > 1 (2.1)

so that Y07 | dp, < co. Let {an} be a sequence in [e,1 — €|, € (0,1), for each i € I. Let {x,} be defined
by (1.3) with 307 | Bin < 00, foralli € I andn > 1. If F = ﬂle F(T;) # 0 then limy,— o0 ||Tn — ¢
exists for all ¢ € F.

Proof: Let g € . Let M = sup ;<;<;{[|uin — ¢l : n € N}. Then for each n > 1, we have

Yin — ¢ = — O1p — P1n)Yon T Qindi Yon 1nUin — (¢
| | (1 Bin)yon + c1nT{"Yon + B |
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IN A IA

(1 = a1 = Bin)llyon — all + canll T yon — qll + Brnlluin — 4l
(1= a1n = Bin)llyon — all + a1n(lyon — all + dn) + B1nM
lyon — all + dn + Brn M

lzn — gl + G,

where G, = d,, + 1, M. So we have > - | Gl < oco.

ly2n — qll

||(1 — Qiap — ﬂ?n)yln + a2nT2ny1n + ﬁZnUZn - qH

< (1= azn = Ban)llyin — qll + a2ul|T5'y1n — 4
+Ban lluzn — |

< (1= a2n = Bon)llyin — all + a2n(lly1n — qll +dn)
+B2nlluzn — ql|

< Nyin —all + dn + Ban M

< o =gl + 2dn + (Bin + B2n) M

|zn —qll + G2

where G2 = 2d,, + (B1n + B2n)M. So we have > 2 | G2 < co. Again

llysn — 4|

||(1 — Qi3n — B3n)y2n + O‘3nT§Ly2n + ﬂ3nu3n - QH

< (1= azn — Ban)llyzn — all + aznl| T5"y2n — 4|
+ﬁ3n||u3n - q”

< (1= azn — Bsn)lly2n — all + azn(llyen — all + dy)
+Bsnllusn — 4l

< lyen — qll + dn + B3 M

< M@ = gll + 2dn + (Bin + Bon) M + dp + Ban M

< lzn — gl + 3dn + (Bin + Ban + Bsn) M

< lan —al + G5,

where G2 = 3d,, + (B1n + Bon + B3n)M. So we have Y 2 | G3 < co. Let

Hyjn - Q|| < Hxn - QH + ng

where {G7} is a nonnegative real sequence such that » >~ | GJ < oo for

1,2,.....k — 2. Now

||?J(j+1)n —q|

IN

IA

(1 = agrnn = Ba+yn) Yin — all + @G 1171 Y50 — 4l
86+ vnlluG1yn — all
(1 = agsiym = Bu+nn) lYin — dll + agriyn([yjn — all + dn)

B¢+ vnlluGryn — all
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< Ny —all + dn + By M
< lan =gl + G + dn + Byn M
= e, — gl + G (2.5)
So by induction we have
lyin = all < llon = all + G, (2.6)
where {G%} is a nonnegative real sequence such that Y > | Gi < oo for i =1,2,......,k — 1. Now
||xn+1 - ‘ZH = ||(1 — Qkn — ﬁkn)y(k—l)n + aknT]:ly(k—l)n + ﬂknukn - qH
< (1 — Ogp — ﬁk)n)”y(kfl)n - q“ + aanTl?y(kfl)n - QH
+ﬂkn”ukn - Q||
< (1 — Qgn — 5kn)||y(k’—1)n - q” + akn(”y(k—l)n - q“ + dn)
< Hy(kfl)n - QH +dn + ﬂk'rzM
< lon = all + GR7F o+ do 4 Brn M

|z = gll + G, (2.7)

where GF = GE=1+d,,+ Bk, M so it follows that {GF} is a nonnegative real sequence such that > oo | GF <
oo. By applying Lemma 1.1 we get that lim, . ||z, — ¢ exists for all ¢ € F.

Lemma 2.2 Let X be a real uniformly convexr Banach space and C be a nonempty closed convexr subset
of X. Let T; : C — C(i € I) be given asymptotically nonexpansive mappings in the intermediate sense.
Let {d,,} be defined by (2.1). Let {x,} be defined by (1.3) with {cun} be a sequence in [e,1 — €], e € (0,1)
and 3207 Bin < 00, foralli € I andn > 1. Let F = ﬂle F(T;) # 0. Then lim, . ||z, — Tizn| = 0

n=1

foralliel.

Proof: By Lemma 2.1 we have that lim,,_. ||z, — ¢|| exists for all ¢ € F.

Let limy, o ||zn, — ¢|| = d, for some d > 0. From (2.6) we get
lyin = all < llzn = qll + Gy,

where {G?,} is a nonnegative real sequence such that > - | G! < oo fori = 1,2,.....,k—1. Taking limsup

on the both sides of above we get
lim sup [|yin — q|| < limsup(||z, — gl + G4 ||) =d (2:8)
n—oo n—oo
fori=1,2,...... k — 1. Now for 2 <1 <k,
1T y(i—1yn — all < lya-1yn —all + dn

so for 2 <i <k,

limsup |77y (;—1)n — qll < limsup(||y—1)n — qll +dn) < d (2.9)
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Now
d = lim [l
=l (1= akn) (Ye—1)n = @+ Brn(Whn = Yr-1)n)) +
e (TR Ykh=1yn — 4+ Brn(Ukn — Ye—1)n)) |l (2.10)
Since {z,} is bounded and {u;,}’s are bounded for i € I so by (2.6) it follows that {y;,}’s are also
bounded for i = 1,2,.....;k — 1 and hence{us, — y(i—1)n} is bounded for i € I. Now
||y(k—1)n —q+ Bkn(ukn - y(k—l)n)” < ||y(k—1)n - QH + 5kn||ukn - y(k—l)n” (211)

Taking limsup on both sides of (2.11) we get

lim sup [|ye—1)n — ¢ + Brn (Ukn — Ye—1)n) ||

n—oo

< limsup(lyg—1yn — all + Benllwrn — ya—1)al) < d (2.12)

n—oo

Also

17w Yy (k—1yn — @ + Bren(Ukn — Y—1)n) |l
< NTEY k=1 — all + Brnllwrn — yr—1ynll < 1Yk-1)n — all + dn + Bnlltrn — yge—1ynll

(2.13)
Taking limsup on the both sides of (2.13) we get
lim sup || T y(k—1yn — ¢ + Brn (Ukn — Ye—1)n) ||
< limsup(‘ly(kfl)n - QH +dn + 5kn||ukn - y(kfl)nH) <d (214)
From Lemma 1.2 by using (2.10), (2.12), (2.14) we get
Jim ([T Yk -1)n = Ye-1ynll = 0 (2.15)
Now
||xn+1 —(IH < (1 — Op _ﬁkn)”y(k—l)n —(IH +akn”Tgy(k—1)n _q”
+Bkn”uk:n - QH
< (1= akn = Bra)llYk—1)n — 2l + en(|[Yk—1)n — all + dn)
S ||y(k71)n - QH + dn + ﬁan
which implies that
N (2.16)
So from (2.8) and (2.16) we have
d = nh_{lolo 1Y (k—1)n — 4l
= lm [[(1 = ag-1)n) Ye-2)n = ¢+ Be—1n (W10 = Yk—2)n)) +
-1y (Th—1Yk—2)n — 4+ Ble—1)n (U(k=1)n — Yk—2)n)) |l (2.17)
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Now

lYk—2yn — @+ Be—1yn (Ug—1)n — Yk—2n) | < 1Wk—2yn — all + Bre—iynl[U—1)n — Y—2)nll

(2.18)
Taking limsup on the both sides of (2.18) we get
lim sup ||y (x—2)n — ¢ + Bk—1)n (Uk—1)n = Y—2)n) |l
n—oo
< limsup(||ygr—2)n — @l + Bir—1)nlUr—1)n — Yp—2)nll) < d (2.19)
n—oo
Also
1Te1Y(k—2yn — 4+ Be—1)n (Uk—1)n — Yk—2)n) |l
< T 1Y—2yn — all + Bar—1)nllUk—1yn — Yk—2)nll
< Ngk—2yn — @l + dn + Bre—ynlltg—1)n — Ye—2)nll (2.20)
Taking limsup on the both sides of (2.20) we get
limsup |77 1Y (k—2yn — ¢+ Bk—1)n Uk—1)n — Ye—2)n) |l
n—oo
< limsup(||ygr—2yn — qll + dn + Br—1)nlltg—1)n — Yr—2)nl) < d (2.21)
From Lemma 1.2 by using (2.17), (2.19), (2.21) we get
Jim [T Y(e—2)n = Y(h-2)nll =0 (2.22)
Now
lye-1 —al < (= ag—1)n = Br—1)n)l¥k—2)n — all + 1)l TE=1Y(k—2)n — 4|
+Bk—-1)n [ k—1)n — 4l
< (= ag—1yn = Bo—nn)Yg—2n — adll + @1y (|Yk—2)n — all + d)
+Bk—1)ynM
< ||y(k—2)n - q” +dn + 5(k—1)nM
which implies that
¢ < it ez~ 229
So from (2.8) and (2.23) we have
d = lim [Jyg_2yn — 4l
n—oo
= lm [[(1 = ag—2n) Ye-3)n = 4+ Br—2)n (Uk—2)n = Yk-3)n)) +
=2y (T8 2Yt—3)n — 4+ Bk—2)n (U(k—2)n — Y(k—3)n)) |l (2.24)
Then proceding as above we get
Jim T 5y -3)n — Y-zl =0 (2.25)
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Continuing the above process we can get

Jim |[T5'y2n — yanll = 0 (2.26)
Jm [Ty~ g1l =0 227
lim ||TV' @, —x,|| =0 (2.28)
Now
1Yin — vi—vmll = [[(1 = @in = Bin)Yi—1)n + @in T Y—1)n + Bintin — Y-1)nll

< OfinHTz‘ny(ifl)n - y(zfl)n” + ﬁlnHuzn - y(zfl)n”
— Oasn — o0 (2.29)
2 = Yinll < llzn — y1all + ly1n — y2nll + oo + 1Y—1yn — Yinll — 0 as n — oo (2.30)

fori=1,2,.....k—1. Now for 2 <37 <k,

< 220 = Ya-vnl + 1Y6-1)n — T Y-yl + dn — 0 as n — oo (2.31)
Again
Hxn—i-l - .13»”” < (1 - ak:n)”y(kfl)n - xn” + O‘kn”Tiny(ifl)n - xn“ + ﬁkn”ukn - y(kfl)n”
— Oasn— oo (2.32)
Since T;’s are uniformly continuous and lim,, o ||z, — T7*@, || = 0 so we have
lim || Tz, — T/ a,| =0 (2.33)
n—oo

[zn = Tiznll < 2041 — zull + 2041 — Tz‘n+1xn+1”

+HTin+1wn+l - Tz'nJrlxn” + HTinJrlmn — Tizal|

IN

2| pt1 — zall + |2n41 — Tin+1xn+1H + dpi1 + ||7;n+1xn — Tizy||

— 0 as n — oo(by(2.31),(2.32),(2.33))

Theorem 2.1 Let X be a uniformly conver Banach space and C' be a nonempty closed convex subset of
X. LetT; : C — C(i € I) be given asymptotically nonezpansive mappings in the intermediate sense. Let
{d,} be defined by (2.1). Let {x,} be defined by (1.3) with {an} be a sequence in [e,1 —¢€],e € (0,1) and
Yoo Bin <00, foralliel. Let F = ﬂle F(T;) #0. If {T; : i € I} satisfies Condition (B), then {z,}

converges strongly to some common fized point of {T1,Ta, ..., Tk}
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Proof: By Lemma 2.1 we have that lim, . ||z, — g|| exists for all ¢ € F. Let lim,, . ||z, — ¢|| = d, for

some d > 0. If d = 0, then there is nothing to prove. Let us assume that d > 0. From (2.7) we get
|zns1 —all < llon —all + G,

where {Gk} is a nonnegative real sequence such that Y~ | G¥ < co. This gives that
d(@n41, F) < d(zn, F) + GL

By Lemma 1.1 we have that lim, . d(z,, F') exists. Also by Lemma 2.2 we get that lim, , ||z, —
Tiz,| = 0 for all i € I. Again since {11, T, ...., Ty } satisfy Condition (B) we have that lim,, . f(d(xp, F)) =
0. Since f : [0,00) — [0, 00) is a nondecreasing function with f(0) = 0 and lim,,_, o d(x,, F) exists so we
conclude that lim,,_, d(x,, F) = 0. Now we will show that {z,} is a Cauchy sequence. From (2.7) we

get
201 — all < |on —qll + GE

where {G¥} is a nonnegative real sequence such that Y>> | G% < co. Thus for any p > 1 we have that

[Zntp —all < NTntp-1 =l +Gryps
k k
S Hanrp*Q - qH + Gn+p72 + Gn+p71
n+p—1
< Jon—gl+ 3 G
j=n

Since >, GF < 0o and lim,, .o d(2y, F) = 0 so there exists N € N such that for all n > N; we have
d(zn, F) < § and 372 Gr < &. Therefore there exists T € F such that [|zn, — 7| = d(zn,,7) < §.

Therefore we have

[Znsp = Znll < Nongp =Tl + lz0 — 7|
n+p—1 n—1
< lewy =7l + Y GY+llan, — 7+ Y G
Jj=N1 j=N1
< € n € n € n €
S 4 -4 —
3 6 3 6

Hence {x,} is a Cauchy sequence. Since C is closed subset of X so C' is complete. Hence there exists

z* € C such that z,, — x* as n — 0co. Now note that

|d(z*, F) —d(zn, F)| < ||J* —zp| — 0 for all n (2.34)
Since lim,, 00 @, = 2* and lim,_,o d(zy, F') = 0 therefore from (2.34) it follows that d(z*, F') = 0 that
is * € F. Thus {z,} converges strongly to a common fixed point of {T},Ts,...., Tk }.

Theorem 2.2 Let X be a uniformly convexr Banach space satisfies Opial’s property and C' be a nonempty
closed convex subset of X. Let T; : C — C(i € I) be given asymptotically nonexpansive mappings in the
intermediate sense. Let {d,} be defined by (2.1). Let {x,} be defined by (1.3) with {a;n} be a sequence
inle,1 —¢,e€ (0,1) and 3.°°, Bin < 00, foralli € 1. Let F = (i, F(T;) # 0. Then {x,} converges
weakly to some common fized point of {T1,To,.....;Tk}.
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Proof: By Lemma 2.2 we get lim, o ||€, — Tiz,|| = 0, for all i € I. So by the uniform continuity of
Ty we get lim,, o0 ||2n, — T{"@,|| = 0 for all m € N. Then by applying Lemma 1.3 with the 7-topology
taken as weak topology and we get the conclusion as follows: By Lemma 1.3 there exist z; € F(T}) such

that x,, — z1(x, — 21 weakly) as n — oco. Similarly by Lemma 1.3 there exist zo € F(T%) such that

Tp — 23 asn — 00 and z3 € F(T3) such that z,, — 23 as n — oo and ..... zr € F(Ty) such that z,, — 2z
as n — oo. Since weak limit is unique so we must have z; = zo = z3 = ..... =z, € ﬂle F(T;) = F. Thus
{z,,} converges weakly to a common fixed point of {T},T5, ...., Ty }.This completes the proof.

Theorem 2.3 Let X be a uniformly convex Banach space such that X* has the Kadec-Klee property and
C be a nonempty closed convex subset of X. Let T; : C — C(i € I) be given asymptotically nonexpansive
mappings in the intermediate sense. Let {d,} be defined by (2.1). Let {x,} be defined by (1.3) with
{ain} be a sequence in [e,1 —¢€|,e € (0,1) and Y.~ Bin < 00, for alli € I. Let F = ﬂf:l F(T;) # 0.
If {T\, Ty, ..., Ty} satisfy Condition (B), then {x,} converges weakly to some common fized point of
(T1, T, ..., Ty}

Proof: By Lemma 2.2 we get lim,,_, |2, — T;x,|| = 0, for all i € I. So by the uniform continuity of T;

we get
lim ||, —T"x,|| =0 for any m > 1 (2.35)

Now by Lemma 2.1 we have that lim,, . ||z, — ¢|| exists for all ¢ € F. Again as in the proof of Theorem

2.1 we can prove that {z,} is a Cauchy sequence. So for any m € N we have
|Zntm — x| — 0 as n — oo (2.36)
From (2.35) and (2.36) we get
|Zntm — T xn|| — 0 as n — oo
which in other word implies that

lim [sup |Zn4m — ;" 2n|]] =0 (2.37)

=0 m>0

So from (2.37) it follows that {x,} is almost orbit of T; for all ¢ € I. Also from (2.32) we have that
|nt1 —xn|| — 0 as n — oo. So {&p41 — x,} is strongly convergent to 0, therefore {x,11 — 2, } is weakly
convergent to 0. Thus by Lemma 1.4 we conclude that {z,} is weakly convergent to a fixed point of
T;. Since weak limit is unique so we must have that {z,} converges weakly to a common fixed point of
{T1,T5,....,T}. This completes the proof.
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