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Abstract

In this paper we study the weak and strong convergence results for a new multi-step iterative

scheme with errors to a common fixed point for a finite family of asymptotically nonexpansive map-

pings in the intermediate sense in a uniformly convex Banach space. Our results generalize a number

of results.
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1 Introduction

Let C be a nonempty subset of real normed space X. A self mapping T : C → C is called nonexpansive
if

‖Tx− Ty‖ ≤ ‖x− y‖, for all x, y ∈ C

A self mapping T : C → C is called asymptotically nonexpansive if there exists a sequence {kn} ⊂ [1,∞)
with limn→∞ kn = 1 such that

‖Tnx− Tny‖ ≤ kn‖x− y‖ for all x, y ∈ C and n ≥ 1.

T ia said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

‖Tnx− Tny‖ ≤ L‖x− y‖ for all x, y ∈ C and n ≥ 1.
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T is called asymptotically nonexpansive mapping in the intermediate sense [1] provided T is uniformly
continuous and

lim sup
n→∞

sup
x,y∈C

(‖Tnx− Tny‖ − ‖x− y‖) ≤ 0

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk[4] in 1972 as an
important generalization of the class of nonexpansive self mappings. After that Bruck et. al.[1] introduced
the class of asymptotically nonexpansive mappings in the intermediate sense. It is known that if T is
a self map on C where C is a nonempty closed convex subset of a real uniformly convex Banach space,
then T has a fixed point. The above definitions make it clear that asymptotically nonexpansive mapping
must be asymptotically nonexpansive mapping in the intermediate sense and uniformly L-Lipschitzian
mapping, but the converse need not be true:
Example [8]: Let X = R,C = [− 1

π , 1
π ] and |k| < 1. for each x ∈ C, define

T (x) =
{

kx sin 1
x if x 6= 0

0 if x = 0

then T is asymptotically nonexpansive mapping in the intermediate sense, but is not a Lipschitzian
mapping but Tnx → 0 uniformly so that it is not asymptotically nonexpansive mapping.
To proceed we shall need the following well known Lemmas and definitions:
A Banach space X is said to satisfy Opial’s condition [10] if xn ⇀ x (i.e. xn → x weakly) and x 6= y
imply

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

A Banach space X is said to satisfy τ -Opial condition [1] if for every bounded {xn} ∈ X that τ -converges
to x ∈ X then

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

for every x 6= y, where τ is a Housdorff linear topology on X.
A Banach space X has the uniform τ -Opial property [1] if for each c > 0 there exists r > 0 with the
property that for each x ∈ X and each sequence {xn} such that {xn} is τ -convergent to 0 and

1 ≤ lim sup
n→∞

‖xn‖ < ∞, ‖x‖ ≥ c

imply that lim supn→∞ ‖xn − x‖ ≥ 1 + r. Clearly uniform τ -Opial condition implies τ -Opial condition.
Note that a uniformly convex space which has the τ -Opial property necessarily has the uniform τ -Opial
property, where τ is a Housdorff linear topology on X.
Let T be a self-mapping of a nonempty subset C of a Banach space X. A sequence {xn} in C is called
an almost orbit[3] of T if limn→∞[supm≥0 ‖xn+m − Tmxn‖] = 0
A Banach space X is said to satisfy Kadec-Klee property, if for every sequence {xn} ∈ X, xn ⇀ x and
‖xn‖ → ‖x‖ together imply that xn → x as n → ∞. There are uniformly convex Banach spaces which
have neither a Frèchet differentiable norm nor satisfy Opial’s property but their duals do have the Kadec-
Klee property (see [3],[5]).
Khan et al.[7] introduced an iterative process for a finite family of mappings as follows: let C be a convex
subset of a Banach space X and let {Ti : i = 1, 2, ...., k} be a family self-mappings of C. Let {xn} be the
sequence generated by the following algorithm:

x1 ∈ C
xn+1 = (1− αkn)xn + αknTn

k y(k−1)n

y(k−1)n = (1− α(k−1)n)xn + α(k−1)nTn
k−1y(k−2)n

·
·
·
·
y2n = (1− α2n)xn + α2nTn

2 y1n

y1n = (1− α1n)xn + α1nTn
1 y0n

(1.1)
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where y0n = xn for all n and {αin} are appropriate real sequences in [0, 1] for i = {1, 2, ...., k}.
Very recently Kettapun et al.[6] introduced a new multistep iteration process for approximating common
fixed points for finite families of asymptotically quasi-nonexpansive mappings which is defined as follows:

x1 ∈ C
xn+1 = (1− αkn)y(k−1)n + αknTn

k y(k−1)n

y(k−1)n = (1− α(k−1)n)y(k−2)n + α(k−1)nTn
k−1y(k−2)n

·
·
·
·
y2n = (1− α2n)y1n + α2nTn

2 y1n

y1n = (1− α1n)y0n + α1nTn
1 y0n

(1.2)

where y0n = xn for all n and {αin} are appropriate real sequences in [0, 1] for i = {1, 2, ...., k}.
We study the convergence of the following iteration process with errors for approximating common fixed
points for finite families of asymptotically nonexpansive mappings in the intermediate sense which is
defined as follows:

x1 ∈ C
xn+1 = (1− αkn − βkn)y(k−1)n + αknTn

k y(k−1)n + βknukn

y(k−1)n = (1− α(k−1)n − β(k−1)n)y(k−2)n + α(k−1)nTn
k−1y(k−2)n + β(k−1)nu(k−1)n

·
·
·
·
y2n = (1− α2n − β2n)y1n + α2nTn

2 y1n + β2nu2n

y1n = (1− α1n − β1n)y0n + α1nTn
1 y0n + β1nu1n

(1.3)

where y0n = xn for all n, {αjn}, {βjn} are appropriate real sequences in [0, 1] with αjn + βjn ≤ 1 for
j ∈ I and {ujn} are bounded sequences in C for j ∈ I and I = {1, 2, ...., k}.
The purpose of this paper is to establish several strong and weak convergence theorems of the multi-step
iterative scheme with errors (1.3) for a finite family of asymptotically nonexpansive mappings in the
intermediate sense in a uniformly convex Banach space.
We need the following lemmas which are essential in the proof of the main results.

Lemma 1.1 ([15], Lemma1) Let {an}, {bn} and {δn} be sequences of nonnegative real numbers satisfying
the inequality

an+1 ≤ (1 + δn)an + bn,∀n ≥ 1.

If
∑∞

n=1 δn < ∞ and
∑∞

n=1 bn < ∞, then

(i) limn→∞ an exists,

(ii) limn→∞ an = 0 whenever lim infn→∞ an = 0.

Lemma 1.2 [12] :Suppose that X is a uniformly convex Banach space and 0 < p ≤ tn ≤ q < 1
for all positive integers n ≥ 1 . Also suppose that {xn} and {yn} are two sequences in X such that
lim supn→∞ ‖xn‖ ≤ r, lim supn→∞ ‖yn‖ ≤ r and limn→∞ ‖tnxn + (1 − tn)yn‖ = r hold for some r ≥ 0.
Then limn→∞ ‖xn − yn‖ = 0.

Lemma 1.3 [1] : Suppose a Banach space X has the uniform τ -opial property, C is a norm bounded,
sequentially τ -compact subset of X and T : C → C is asymptotically nonexpansive in the weak sense. If
{yn} is a sequence in C such that limn→∞ ‖yn−z‖ exists for each fixed point z of T and if {yn−Tmyn}is
τ -convergent to 0 for each m ∈ N , then {yn} is τ -convergent to a fixed point of T .
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Lemma 1.4 ([3], Theorem5.3) : Let X be a uniformly convex Banach space such that X? has the Kadec-
Klee property and let C be a nonempty bounded closed convex subset of X. Suppose T : C → C is
asymptotically nonexpansive mappings in the intermediate sense and {xn} is an almost orbit of T . Then
{xn} is weakly convergent to a fixed point of T if and only if w − limn→∞(xn − xn+1) = 0.

Now we recall some well-known definitions:
Condition (I): A mapping T : C → C with nonempty fixed point set F (T ) in C satisfying Condition (I)
[14] if there is a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0 for all r ∈ (0,∞)
such that

f(d(x, F (T ))) ≤ ‖x− Tx‖ for all x ∈ C

A finite family of mappings Ti : C → C, for all i = 1, 2, 3, ..., k with nonempty fixed point set F =⋂k
i=1 F (Ti) 6= ∅ satisfies

Condition (A)[2] if there is a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0 for
all r ∈ (0,∞) such that

f(d(x, F )) ≤ 1
k

(
k∑

i=1

‖x− Tix‖) for all x ∈ C

Condition (B)[2] if there is a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0
for all r ∈ (0,∞) such that

f(d(x, F )) ≤ max
1≤i≤k

{‖x− Tix‖} for all x ∈ C

Condition (C)[2] if there is a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0
for all r ∈ (0,∞) such that at least one of the Ti’s satisfies condition (I)(i.ef(d(x, F (T ))) ≤ ‖x −
Tix‖ for at least one Ti, i = 1, 2, .., k)
Clearly if Ti = T, for all i = 1, 2, 3, ..., k, then Condition (A) reduces to Condition (I). Also Condition (B)
reduces to Condition (I) if all but one of Ti’s are identities. Also it contains Condition (A). Furthermore
Condition (C) and Condition (B) are equivalent. It is well known that every continuous and demicompact
mapping must satisfy Condition (I) [14]. Since every completely continuous mapping is continuous and
demicompact so it must satisfy Condition (I). Therefore to study the strong convergence of the iterative
sequence {xn} be defined by (1.3) we use Condition (B) instead of the complete continuity of the mappings
{T1, T2, ...., Tk}.

2 Main Results

In this section we begin with the following lemmas. Throughout this section we denote {1, 2, ..., k} by I.

Lemma 2.1 Let X be a real normed space and C be a nonempty closed convex subset of X. Let Ti :

C → C(i ∈ I) be given asymptotically nonexpansive mappings in the intermediate sense. Let

dn = max{max1≤i≤ksupx,y∈C(‖Tn
i x− Tn

i y‖ − ‖x− y‖), 0},∀n ≥ 1 (2.1)

so that
∑∞

n=1 dn < ∞. Let {αin} be a sequence in [ε, 1− ε], ε ∈ (0, 1), for each i ∈ I. Let {xn} be defined

by (1.3) with
∑∞

n=1 βin < ∞, for all i ∈ I and n ≥ 1. If F =
⋂k

i=1 F (Ti) 6= ∅ then limn→∞ ‖xn − q‖
exists for all q ∈ F .

Proof: Let q ∈ F . Let M = sup 1≤i≤k{‖uin − q‖ : n ∈ N}. Then for each n ≥ 1, we have

‖y1n − q‖ = ‖(1− α1n − β1n)y0n + α1nTn
1 y0n + β1nu1n − q‖
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≤ (1− α1n − β1n)‖y0n − q‖+ α1n‖Tn
1 y0n − q‖+ β1n‖u1n − q‖

≤ (1− α1n − β1n)‖y0n − q‖+ α1n(‖y0n − q‖+ dn) + β1nM

≤ ‖y0n − q‖+ dn + β1nM

= ‖xn − q‖+ G1
n (2.2)

where G1
n = dn + β1nM . So we have

∑∞
n=1 G1

n < ∞.

‖y2n − q‖ = ‖(1− α2n − β2n)y1n + α2nTn
2 y1n + β2nu2n − q‖

≤ (1− α2n − β2n)‖y1n − q‖+ α2n‖Tn
2 y1n − q‖

+β2n‖u2n − q‖

≤ (1− α2n − β2n)‖y1n − q‖+ α2n(‖y1n − q‖+ dn)

+β2n‖u2n − q‖

≤ ‖y1n − q‖+ dn + β2nM

≤ ‖xn − q‖+ 2dn + (β1n + β2n)M

= ‖xn − q‖+ G2
n (2.3)

where G2
n = 2dn + (β1n + β2n)M . So we have

∑∞
n=1 G2

n < ∞. Again

‖y3n − q‖ = ‖(1− α3n − β3n)y2n + α3nTn
3 y2n + β3nu3n − q‖

≤ (1− α3n − β3n)‖y2n − q‖+ α3n‖Tn
3 y2n − q‖

+β3n‖u3n − q‖

≤ (1− α3n − β3n)‖y2n − q‖+ α3n(‖y2n − q‖+ dn)

+β3n‖u3n − q‖

≤ ‖y2n − q‖+ dn + β3nM

≤ ‖xn − q‖+ 2dn + (β1n + β2n)M + dn + β3nM

≤ ‖xn − q‖+ 3dn + (β1n + β2n + β3n)M

≤ ‖xn − q‖+ G3
n (2.4)

where G3
n = 3dn + (β1n + β2n + β3n)M . So we have

∑∞
n=1 G3

n < ∞. Let

‖yjn − q‖ ≤ ‖xn − q‖+ Gj
n

where {Gj
n} is a nonnegative real sequence such that

∑∞
n=1 Gj

n < ∞ for

j = 1, 2, ....., k − 2. Now

‖y(j+1)n − q‖ ≤ (1− α(j+1)n − β(j+1)n)‖yjn − q‖+ α(j+1)n‖Tn
j+1yjn − q‖

+β(j+1)n‖u(j+1)n − q‖

≤ (1− α(j+1)n − β(j+1)n)‖yjn − q‖+ α(j+1)n(‖yjn − q‖+ dn)

+β(j+1)n‖u(j+1)n − q‖
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≤ ‖yjn − q‖+ dn + β(j+1)nM

≤ ‖xn − q‖+ Gj
n + dn + β(j+1)nM

= ‖xn − q‖+ Gj+1
n (2.5)

So by induction we have

‖yin − q‖ ≤ ‖xn − q‖+ Gi
n (2.6)

where {Gi
n} is a nonnegative real sequence such that

∑∞
n=1 Gi

n < ∞ for i = 1, 2, ....., k − 1. Now

‖xn+1 − q‖ = ‖(1− αkn − βkn)y(k−1)n + αknTn
k y(k−1)n + βknukn − q‖

≤ (1− αkn − βkn)‖y(k−1)n − q‖+ αkn‖Tn
k y(k−1)n − q‖

+βkn‖ukn − q‖

≤ (1− αkn − βkn)‖y(k−1)n − q‖+ αkn(‖y(k−1)n − q‖+ dn)

+βknM

≤ ‖y(k−1)n − q‖+ dn + βknM

≤ ‖xn − q‖+ Gk−1
n + dn + βknM

= ‖xn − q‖+ Gk
n (2.7)

where Gk
n = Gk−1

n +dn+βknM so it follows that {Gk
n} is a nonnegative real sequence such that

∑∞
n=1 Gk

n <

∞. By applying Lemma 1.1 we get that limn→∞ ‖xn − q‖ exists for all q ∈ F .

Lemma 2.2 Let X be a real uniformly convex Banach space and C be a nonempty closed convex subset

of X. Let Ti : C → C(i ∈ I) be given asymptotically nonexpansive mappings in the intermediate sense.

Let {dn} be defined by (2.1). Let {xn} be defined by (1.3) with {αin} be a sequence in [ε, 1− ε], ε ∈ (0, 1)

and
∑∞

n=1 βin < ∞, for all i ∈ I and n ≥ 1. Let F =
⋂k

i=1 F (Ti) 6= ∅. Then limn→∞ ‖xn − Tixn‖ = 0

for all i ∈ I.

Proof: By Lemma 2.1 we have that limn→∞ ‖xn − q‖ exists for all q ∈ F .

Let limn→∞ ‖xn − q‖ = d, for some d ≥ 0. From (2.6) we get

‖yin − q‖ ≤ ‖xn − q‖+ Gi
n

where {Gi
n} is a nonnegative real sequence such that

∑∞
n=1 Gi

n < ∞ for i = 1, 2, ....., k−1. Taking limsup

on the both sides of above we get

lim sup
n→∞

‖yin − q‖ ≤ lim sup
n→∞

(‖xn − q‖+ Gi
n‖) = d (2.8)

for i = 1, 2, ....., k − 1. Now for 2 ≤ i ≤ k,

‖Tn
i y(i−1)n − q‖ ≤ ‖y(i−1)n − q‖+ dn

so for 2 ≤ i ≤ k,

lim sup
n→∞

‖Tn
i y(i−1)n − q‖ ≤ lim sup

n→∞
(‖y(i−1)n − q‖+ dn) ≤ d (2.9)
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Now

d = lim
n→∞

‖xn+1 − q‖

= lim
n→∞

‖(1− αkn)(y(k−1)n − q + βkn(ukn − y(k−1)n)) +

αkn(Tn
k y(k−1)n − q + βkn(ukn − y(k−1)n))‖ (2.10)

Since {xn} is bounded and {uin}’s are bounded for i ∈ I so by (2.6) it follows that {yin}’s are also

bounded for i = 1, 2, ....., k − 1 and hence{uin − y(i−1)n} is bounded for i ∈ I. Now

‖y(k−1)n − q + βkn(ukn − y(k−1)n)‖ ≤ ‖y(k−1)n − q‖+ βkn‖ukn − y(k−1)n‖ (2.11)

Taking limsup on both sides of (2.11) we get

lim sup
n→∞

‖y(k−1)n − q + βkn(ukn − y(k−1)n)‖

≤ lim sup
n→∞

(‖y(k−1)n − q‖+ βkn‖ukn − y(k−1)n‖) ≤ d (2.12)

Also

‖Tn
k y(k−1)n − q + βkn(ukn − y(k−1)n)‖

≤ ‖Tn
k y(k−1)n − q‖+ βkn‖ukn − y(k−1)n‖ ≤ ‖y(k−1)n − q‖+ dn + βkn‖ukn − y(k−1)n‖

(2.13)

Taking limsup on the both sides of (2.13) we get

lim sup
n→∞

‖Tn
k y(k−1)n − q + βkn(ukn − y(k−1)n)‖

≤ lim sup
n→∞

(‖y(k−1)n − q‖+ dn + βkn‖ukn − y(k−1)n‖) ≤ d (2.14)

From Lemma 1.2 by using (2.10), (2.12), (2.14) we get

lim
n→∞

‖Tn
k y(k−1)n − y(k−1)n‖ = 0 (2.15)

Now

‖xn+1 − q‖ ≤ (1− αkn − βkn)‖y(k−1)n − q‖+ αkn‖Tn
k y(k−1)n − q‖

+βkn‖ukn − q‖

≤ (1− αkn − βkn)‖y(k−1)n − q‖+ αkn(‖y(k−1)n − q‖+ dn)

+βknM

≤ ‖y(k−1)n − q‖+ dn + βknM

which implies that

d ≤ lim inf
n→∞

‖y(k−1)n − q‖ (2.16)

So from (2.8) and (2.16) we have

d = lim
n→∞

‖y(k−1)n − q‖

= lim
n→∞

‖(1− α(k−1)n)(y(k−2)n − q + β(k−1)n(u(k−1)n − y(k−2)n)) +

α(k−1)n(Tn
k−1y(k−2)n − q + β(k−1)n(u(k−1)n − y(k−2)n))‖ (2.17)
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Now

‖y(k−2)n − q + β(k−1)n(u(k−1)n − y(k−2)n)‖ ≤ ‖y(k−2)n − q‖+ β(k−1)n‖u(k−1)n − y(k−2)n‖

(2.18)

Taking limsup on the both sides of (2.18) we get

lim sup
n→∞

‖y(k−2)n − q + β(k−1)n(u(k−1)n − y(k−2)n)‖

≤ lim sup
n→∞

(‖y(k−2)n − q‖+ β(k−1)n‖u(k−1)n − y(k−2)n‖) ≤ d (2.19)

Also

‖Tn
k−1y(k−2)n − q + β(k−1)n(u(k−1)n − y(k−2)n)‖

≤ ‖Tn
k−1y(k−2)n − q‖+ β(k−1)n‖u(k−1)n − y(k−2)n‖

≤ ‖y(k−2)n − q‖+ dn + β(k−1)n‖u(k−1)n − y(k−2)n‖ (2.20)

Taking limsup on the both sides of (2.20) we get

lim sup
n→∞

‖Tn
k−1y(k−2)n − q + β(k−1)n(u(k−1)n − y(k−2)n)‖

≤ lim sup
n→∞

(‖y(k−2)n − q‖+ dn + β(k−1)n‖u(k−1)n − y(k−2)n‖) ≤ d (2.21)

From Lemma 1.2 by using (2.17), (2.19), (2.21) we get

lim
n→∞

‖Tn
k−1y(k−2)n − y(k−2)n‖ = 0 (2.22)

Now

‖y(k−1) − q‖ ≤ (1− α(k−1)n − β(k−1)n)‖y(k−2)n − q‖+ α(k−1)n‖Tn
k−1y(k−2)n − q‖

+β(k−1)n‖u(k−1)n − q‖

≤ (1− α(k−1)n − β(k−1)n)‖y(k−2)n − q‖+ α(k−1)n(‖y(k−2)n − q‖+ dn)

+β(k−1)nM

≤ ‖y(k−2)n − q‖+ dn + β(k−1)nM

which implies that

d ≤ lim inf
n→∞

‖y(k−2)n − q‖ (2.23)

So from (2.8) and (2.23) we have

d = lim
n→∞

‖y(k−2)n − q‖

= lim
n→∞

‖(1− α(k−2)n)(y(k−3)n − q + β(k−2)n(u(k−2)n − y(k−3)n)) +

α(k−2)n(Tn
k−2y(k−3)n − q + β(k−2)n(u(k−2)n − y(k−3)n))‖ (2.24)

Then proceding as above we get

lim
n→∞

‖Tn
k−2y(k−3)n − y(k−3)n‖ = 0 (2.25)
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Continuing the above process we can get

lim
n→∞

‖Tn
3 y2n − y2n‖ = 0 (2.26)

lim
n→∞

‖Tn
2 y1n − y1n‖ = 0 (2.27)

lim
n→∞

‖Tn
1 xn − xn‖ = 0 (2.28)

Now

‖yin − y(i−1)n‖ = ‖(1− αin − βin)y(i−1)n + αinTn
i y(i−1)n + βinuin − y(i−1)n‖

≤ αin‖Tn
i y(i−1)n − y(i−1)n‖+ βin‖uin − y(i−1)n‖

→ 0 as n →∞ (2.29)

‖xn − yin‖ ≤ ‖xn − y1n‖+ ‖y1n − y2n‖+ ......... + ‖y(i−1)n − yin‖ → 0 as n →∞ (2.30)

for i = 1, 2, ...., k − 1. Now for 2 ≤ i ≤ k,

‖xn − Tn
i xn‖ ≤ ‖xn − y(i−1)n‖+ ‖y(i−1)n − Tn

i y(i−1)n‖+ ‖Tn
i y(i−1)n − Tn

i xn‖

≤ 2‖xn − y(i−1)n‖+ ‖y(i−1)n − Tn
i y(i−1)n‖+ dn → 0 as n →∞ (2.31)

Again

‖xn+1 − xn‖ ≤ (1− αkn)‖y(k−1)n − xn‖+ αkn‖Tn
i y(i−1)n − xn‖+ βkn‖ukn − y(k−1)n‖

→ 0 as n →∞ (2.32)

Since Ti’s are uniformly continuous and limn→∞ ‖xn − Tn
i xn‖ = 0 so we have

lim
n→∞

‖Tixn − Tn+1
i xn‖ = 0 (2.33)

‖xn − Tixn‖ ≤ ‖xn+1 − xn‖+ ‖xn+1 − Tn+1
i xn+1‖

+‖Tn+1
i xn+1 − Tn+1

i xn‖+ ‖Tn+1
i xn − Tixn‖

≤ 2‖xn+1 − xn‖+ ‖xn+1 − Tn+1
i xn+1‖+ dn+1 + ‖Tn+1

i xn − Tixn‖

→ 0 as n →∞(by(2.31), (2.32), (2.33))

Theorem 2.1 Let X be a uniformly convex Banach space and C be a nonempty closed convex subset of

X. Let Ti : C → C(i ∈ I) be given asymptotically nonexpansive mappings in the intermediate sense. Let

{dn} be defined by (2.1). Let {xn} be defined by (1.3) with {αin} be a sequence in [ε, 1− ε], ε ∈ (0, 1) and∑∞
n=1 βin < ∞, for all i ∈ I. Let F =

⋂k
i=1 F (Ti) 6= ∅. If {Ti : i ∈ I} satisfies Condition (B), then {xn}

converges strongly to some common fixed point of {T1, T2, ...., Tk}.
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Proof: By Lemma 2.1 we have that limn→∞ ‖xn − q‖ exists for all q ∈ F . Let limn→∞ ‖xn − q‖ = d, for

some d ≥ 0. If d = 0, then there is nothing to prove. Let us assume that d > 0. From (2.7) we get

‖xn+1 − q‖ ≤ ‖xn − q‖+ Gk
n

where {Gk
n} is a nonnegative real sequence such that

∑∞
n=1 Gk

n < ∞. This gives that

d(xn+1, F ) ≤ d(xn, F ) + Gk
n

By Lemma 1.1 we have that limn→∞ d(xn, F ) exists. Also by Lemma 2.2 we get that limn→∞ ‖xn −
Tixn‖ = 0 for all i ∈ I. Again since {T1, T2, ...., Tk} satisfy Condition (B) we have that limn→∞ f(d(xn, F )) =

0. Since f : [0,∞) → [0,∞) is a nondecreasing function with f(0) = 0 and limn→∞ d(xn, F ) exists so we

conclude that limn→∞ d(xn, F ) = 0. Now we will show that {xn} is a Cauchy sequence. From (2.7) we

get

‖xn+1 − q‖ ≤ ‖xn − q‖+ Gk
n

where {Gk
n} is a nonnegative real sequence such that

∑∞
n=1 Gk

n < ∞. Thus for any p > 1 we have that

‖xn+p − q‖ ≤ ‖xn+p−1 − q‖+ Gk
n+p−1

≤ ‖xn+p−2 − q‖+ Gk
n+p−2 + Gk

n+p−1

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

≤ ‖xn − q‖+
n+p−1∑

j=n

Gk
j

Since
∑∞

n=1 Gk
n < ∞ and limn→∞ d(xn, F ) = 0 so there exists N1 ∈ N such that for all n ≥ N1 we have

d(xn, F ) < ε
3 and

∑∞
n=N1

Gk
n < ε

6 . Therefore there exists x ∈ F such that ‖xN1 − x‖ = d(xN1 , x) < ε
3 .

Therefore we have

‖xn+p − xn‖ ≤ ‖xn+p − x‖+ ‖xn − x‖

< ‖xN1 − x‖+
n+p−1∑
j=N1

Gk
j + ‖xN1 − x‖+

n−1∑
j=N1

Gk
j

<
ε

3
+

ε

6
+

ε

3
+

ε

6
= ε

Hence {xn} is a Cauchy sequence. Since C is closed subset of X so C is complete. Hence there exists

x? ∈ C such that xn → x? as n →∞. Now note that

|d(x?, F )− d(xn, F )| ≤ ‖x? − xn‖ → 0 for all n (2.34)

Since limn→∞ xn = x? and limn→∞ d(xn, F ) = 0 therefore from (2.34) it follows that d(x?, F ) = 0 that

is x? ∈ F . Thus {xn} converges strongly to a common fixed point of {T1, T2, ...., Tk}.

Theorem 2.2 Let X be a uniformly convex Banach space satisfies Opial’s property and C be a nonempty

closed convex subset of X. Let Ti : C → C(i ∈ I) be given asymptotically nonexpansive mappings in the

intermediate sense. Let {dn} be defined by (2.1). Let {xn} be defined by (1.3) with {αin} be a sequence

in [ε, 1 − ε], ε ∈ (0, 1) and
∑∞

n=1 βin < ∞, for all i ∈ I. Let F =
⋂k

i=1 F (Ti) 6= ∅. Then {xn} converges

weakly to some common fixed point of {T1, T2, ...., Tk}.
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Proof: By Lemma 2.2 we get limn→∞ ‖xn − Tixn‖ = 0, for all i ∈ I. So by the uniform continuity of

T1 we get limn→∞ ‖xn − Tm
1 xn‖ = 0 for all m ∈ N . Then by applying Lemma 1.3 with the τ -topology

taken as weak topology and we get the conclusion as follows: By Lemma 1.3 there exist z1 ∈ F (T1) such

that xn ⇀ z1(xn → z1 weakly) as n → ∞. Similarly by Lemma 1.3 there exist z2 ∈ F (T2) such that

xn ⇀ z2 as n →∞ and z3 ∈ F (T3) such that xn ⇀ z3 as n →∞ and ..... zk ∈ F (Tk) such that xn ⇀ zk

as n →∞. Since weak limit is unique so we must have z1 = z2 = z3 = ..... = zk ∈
⋂k

i=1 F (Ti) = F . Thus

{xn} converges weakly to a common fixed point of {T1, T2, ...., Tk}.This completes the proof.

Theorem 2.3 Let X be a uniformly convex Banach space such that X? has the Kadec-Klee property and

C be a nonempty closed convex subset of X. Let Ti : C → C(i ∈ I) be given asymptotically nonexpansive

mappings in the intermediate sense. Let {dn} be defined by (2.1). Let {xn} be defined by (1.3) with

{αin} be a sequence in [ε, 1 − ε], ε ∈ (0, 1) and
∑∞

n=1 βin < ∞, for all i ∈ I. Let F =
⋂k

i=1 F (Ti) 6= ∅.
If {T1, T2, ...., Tk} satisfy Condition (B), then {xn} converges weakly to some common fixed point of

{T1, T2, ...., Tk}.

Proof: By Lemma 2.2 we get limn→∞ ‖xn − Tixn‖ = 0, for all i ∈ I. So by the uniform continuity of Ti

we get

lim
n→∞

‖xn − Tm
i xn‖ = 0 for any m ≥ 1 (2.35)

Now by Lemma 2.1 we have that limn→∞ ‖xn− q‖ exists for all q ∈ F . Again as in the proof of Theorem

2.1 we can prove that {xn} is a Cauchy sequence. So for any m ∈ N we have

‖xn+m − xn‖ → 0 as n →∞ (2.36)

From (2.35) and (2.36) we get

‖xn+m − Tm
i xn‖ → 0 as n →∞

which in other word implies that

lim
n→∞

[ sup
m≥0

‖xn+m − Tm
i xn‖] = 0 (2.37)

So from (2.37) it follows that {xn} is almost orbit of Ti for all i ∈ I. Also from (2.32) we have that

‖xn+1−xn‖ → 0 as n →∞. So {xn+1−xn} is strongly convergent to 0, therefore {xn+1−xn} is weakly

convergent to 0. Thus by Lemma 1.4 we conclude that {xn} is weakly convergent to a fixed point of

Ti. Since weak limit is unique so we must have that {xn} converges weakly to a common fixed point of

{T1, T2, ...., Tk}. This completes the proof.
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