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Abstract  
In this article, solvability of one the anisotropic Helmholtz-Shrodinger equation with the boundary  

conditions of the first and second type is investigated in the upper and lower half –space, (x5>0, 

x50), in 5 dimensions. Solvability of these boundary problems reduces to solvability of Rieman-

Hilbert boundary  problem, in general necessary and sufficient conditions for the correctness of the 

problem in the Sobolev space are presented as well as explicit formulas for a factorization of the 

Fourier symbol matrix of the one-medium problem. The solvability analysis is based on the 

factorization problem of some matrix-function.1 

 

 Keywords: Helmholtz-Shrodinger equation, Factorization of matrix-function, Boundary value 

problem, Wiener- Hopf equation. 

 
1. Introduction   
Was a certain class of diffraction problems leading investigated to simultaneous 22 systems of    

Wiener-Hopf equations. First the classical Wiener- Hopf technique was represented by Noble [1]. 

                                                
1 2000 Mathematics subject classifications: 47A68,47A70 
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This type of problems studied by A. J. Summerfeld for the wave diffraction on the interface of two 

media [2, 3]. 

Various physical problems in diffraction theory lead us to study modification of the  Sommerfeld       

half–plane governed by two proper elliptic partial differential equation is complementary R3 half-

space Ω± and allow different boundary or transmission conditions on two half-planes, which 

together from the common boundary of Ω±  [3]. 

These problems were investigated in the isotropic case [3, 4], and studied the problem of finding a 

function "ݑ" in a suitable space with satisfies [3]. 

We investigated solvability of the boundary value problem coordinated with the anisotropic      

Helmholtz- Shrodinger equation: 

         

⎩
⎨

ݑ∆⎧ + ൫݇ା 
ଶ + ାଶߚ2 sec ℎଶ ݑ  ൯(ݕାߚ) = 0,   ݅݊  Ωା,

ݑ∆ + (݇ି 
ଶ + ଶߚ2ି sec ℎଶ ݑ  ((ݕିߚ) = 0,   ݅݊   Ωି,

                                         (1)   

In the Sobolev spaces [5]. Also it was investigated the case of anisotropic Helmholtz-Shrodinger 

equation (1), where ݇ା=݇ି=k, and the solution of the boundary value problem gained and then 

prove solvability of this [6]. Also it was surveyed the Fredholmz property of Wiener-Hopf operator 

for anisotropic boundary value problem for the Helmholtz-Shrodinger equation with the boundary 

conditions of the first and second type on the line y=0 [7]. 

In this paper we investigate solvability of the boundary value problem coordinated with the 

anisotropic Helmholtz-Shrodinger equation, in the Sobolev spaces in 5 dimensions. Further we 

prove that solvability of the boundary value problem is equivalent to solvability of the some 

Riemann-Hilbert problem in 5 dimensions. 

Convention: As a rule, upper or lower indices ± are related to the half-spaces Ω± except for some 

standard notation R± and  ܪ±భ
మ  

 

2. Investigate solvability of anisotropic boundary value problem 

Consider the following anistropic Helmholtz-Shrodinger equation 

⎩
⎨

ݑ∆⎧ + ൫݇ା 
ଶ + ାଶߚ2 sec ℎଶ ݑ  ൯(ହݔାߚ) = 0,   ݅݊   Ωା,

ݑ∆ + (݇ି 
ଶ + ଶߚ2ି sec ℎଶ ߚି) ݑ   ((ହݔ = 0,   ݅݊   Ωି,

                                                            (2) 

Let Ω± = ൛൫ݔଵ,ݔଶ, … ହ൯ݔ, ∈ ܴହ : ݔହ ≶ 0ൟ and ∑ =± ൛൫ݔଵ,ݔଶ,ݔଷ, ,ସݔ 0൯ ∈ ܴସ  ∶ ସݔ   ≷ 0ൟ , where ܬm(k±) >0 

and let ܪ
భ
మ ൫Ω±൯ and ିܪ

భ
మ ൫Ω±൯  are the corresponding Sobolev spaces (see [3]). 

Now we suppose the boundary conditions: 
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Where           2
1

1
2
1

0
2
1

1
2
1

0 ,,, HpHpHhHh and  a0, b0, c0, d0, a1, b1, c1, d1, 

are complex constants. For finding the solution of the boundary value problem (2) in the L2(R5), 

apply  Fourier integral transform to the solution  52 RLu  over the variables 4321 ,,, xxxx , one 

derives the following  system of ordinary differential equations: 

 

⎩
⎪
⎨

⎪
⎧     

     .0,0ˆsec2,,,
ˆ

0,0ˆsec2,,,
ˆ

55
22

4321
2

2
5

2

55
22

4321
2

2
5

2









xforuxh
dx

ud

xforuxh
dx

ud




                     (4) 

Then  )(ˆ 52 RLu , we denote     4321
4

1
22

4321 ,,,,,,      ik
j j .    

If follows that the general solutions of the system of ordinary differential equations (4) in the 

 )( 52 RL -space has the following form: 

,ଵߣො൫ݑ ,ଶߣ ,ଷߣ ହ൯ݔ,ସߣ =

⎩
⎪
⎨

⎪
⎧ ,ଵߣ)ܽ ,ଶߣ ,ଷߣ (ସߣ

,ଵߣ)ାߢ݅ ,ଶߣ ,ଷߣ (ସߣ − (ହݔାߚ)ℎ݊ܽݐାߚ
,ଶߣ,ଵߣା൫ߢ݅ ,ଷߣ ସ,൯ߣ

൫݁௜఑శ(ఒభ,ఒమ,ఒయ,ఒర)௫ఱ൯, ହݔ  > 0

,ଵߣ)ܾ ,ଶߣ ,ଷߣ (ସߣ
,ଵߣ)ିߢ݅ ,ଶߣ ,ଷߣ (ସߣ + (ହݔିߚ)ℎ݊ܽݐିߚ

,ଶߣ,ଵߣ)ିߢ݅ ,ଷߣ (ସߣ ൫݁ି௜఑ష(ఒభ,ఒమ,ఒయ,ఒర)௫ఱ൯, ହݔ  < 0
 

(5) 

Let    ,sgn21 55 xx  and 

⎩
⎪⎪
⎨

⎪⎪
⎧      

     



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
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





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










5215212
5

54321

5215212
5

54321

...,...,,...
)2(

,,,,ˆ

...,...,,...
)2(

,,,,ˆ

4

1

4

1

dxdxdxexxxuxxu

dxdxdxexxxuxxu

K kk

K kk

xi

xi













                  (6) 

Then from equation (5) it follows that 

 

     543215432154321 ,,,,ˆ,,,,ˆ,,,,ˆ xuxuxu                                              (7) 
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We introduce the following notations: 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧    

   

     

  .),,,

0,,,,0,,,,(...
)2(

1,,,

),,,0,,,,

0,,,,(...
)2(

1,,,
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5
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1

0

5

4321
1
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24321
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43210
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1
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dxdxdxdxexxxxhxxxxub

xxxxuau

k kk

k kk

xi

xi
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





















   (8) 

 

Similarly 
 

⎩
⎪
⎪
⎪
⎨

⎪
⎪
⎪
⎧    

   

     

  .),,,

0,,,,0,,,,(...
)2(

1,,,

,),,,0,,,,

0,,,,(...
)2(

1,,,

432143211

0
5

4321
1

5

4321
10024321

43214321043210

0 432100024321

4

1

4

1
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xxxxucw

dxdxdxdxexxxxpxxxxud

xxxxucu

k kk
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xi
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
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
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







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

(9) 

 
So 
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




 

(10) 
 

Using boundary conditions (3) and taking into account equations (5), (10) one derives: 
 

⎩
⎪
⎨

⎪
⎧        

    
 

    
 

   432104321
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1
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1
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

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
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





 

(11) 
Where 
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⎪
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Assume that the determinant  4321 ,,,  , of system (11), is not zero, i.e. 
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In view of equation (11): 
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Then taking into account that 
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Which derives the following boundary problem of  Riemann-Hilbert with respect to 
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 








w
u

u
w
u

u 
 

 4321 ,,, u  and  4321 ,,, u  are analytical functions respectively in the vector notations 

this problem takes the following form

         16,,,,,,,,,,,, 4321432143214321  muLu 
   

Where the matrix function  4321 ,,, L  is: 

   
   
     17

,,,,,,,
,,,,,,,

,,,
1,,,

432122432121

432112432111

4321
4321 

















AA
AA

L

 
With 
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⎪
⎪
⎪
⎪
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⎪
⎪
⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎧

   
 

 
 

 
 

 
 

 

     
 

 
 

   
 

 
 

   
 

 
 

 
 

 
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2
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2
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2
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2
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2
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2
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2
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2
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2

01
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2
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2

01432111
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,,,
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,,,
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,,,
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,,,
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,,,

,,,
,,,

,,,
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,,,
,,,
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
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
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
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
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
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
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
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
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




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










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









































dacb

i
da

i
cbA
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ii
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i
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i
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The coordinates of the vector-function ݉ ሬሬሬሬ⃗  4321 ,,,     

 

ሬ݉ሬ⃗    
 








43212

43211
4321 ,,,

,,,
,,,





m
m

                                                            (18) 

 
Have the following form 
 



S.A. Hosseini Matikolai, H. Jafari, Roshanak Lotfikar/ TJMCS Vol. 4 No. 3 (2012) 301 - 309 

307 
 

⎩
⎪
⎪
⎪
⎪
⎨

⎪
⎪
⎪
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


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

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p
ii
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i
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i
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
















 



















 































(19) 

 
For find the function )( 52 RLu for the anisotropic boundary problem (ࣛ࣪) in space R5, with 

respect to vector-functions ቄݑାሬሬሬሬ⃗ ቀ 4321 ,,,  ቁ , ሬሬሬሬሬሬ⃗ିݑ  ቀ 4321 ,,,  ቁቅ, one derives the following 

Riemann-Hilbert boundary problem (16), satisfies in       2
1

2
1

ˆˆ HH . 

Therefore vector-functions ቄݑାሬሬሬሬ⃗ ቀ 4321 ,,,  ቁ , ሬሬሬሬሬሬ⃗ିݑ  ቀ 4321 ,,,  ቁቅ, with notice to (16), we take 

   43214321 ,,,0,,,,ˆ  au  , and    43214321 ,,,0,,,,ˆ  bu  , then taking into account 

that 
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xuFxxxxxu
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xuFxxxxxu

x
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x
xxxx

xxxx



















                            

(20) 
 

And function 
 
       21,,,,,,,,,,,, 543215432154321 xxxxxuxxxxxuxxxxxu    

 

Is the Solution anisotropic boundary problem (ࣛ࣪) 

In this article we have this result: 

Theorem: If the function ݑ ∈    ଶ(ܴହ) is the solution of the boundary problem (2), then the pair ofܮ

vector –functions  ቄݑାሬሬሬሬ⃗ ቀ 4321 ,,,  ቁ , ሬሬሬሬሬሬ⃗ିݑ  ቀ 4321 ,,,  ቁቅ is a solution of the boundary problem of 

Riemann-Hilbert (16).  Vice-versa, if applies inverse Fourier transform which is associated with 

vector-functions ቄݑାሬሬሬሬ⃗ ቀ 4321 ,,,  ቁ , ሬሬሬሬሬሬ⃗ିݑ  ቀ 4321 ,,,  ቁቅ, the function  



S.A. Hosseini Matikolai, H. Jafari, Roshanak Lotfikar/ TJMCS Vol. 4 No. 3 (2012) 301 - 309 

308 
 

ݑ ቀ 4321 ,,, xxxx , ହቁݔ = ܨ
൬ 4321 ,,,  ൰→൬ 4321 ,,, xxxx ൰
ିଵ ቄݑାሬሬሬሬ⃗ ቀ 4321 ,,,  ቁ + ሬሬሬሬ⃗ିݑ ቀ 4321 ,,,  ቁቅ

= ାݑ ቀ 4321 ,,, xxxx +ହቁݔ, ିݑ ቀ 4321 ,,, xxxx , ହቁݔ = ܨ
൬ 4321 ,,,  ൰→൬ 4321 ,,, xxxx ൰
ିଵ  

ቄ݁ି௫ఱఊశ൫కభ,కమ,కయ ,కర൯ݑାෞ ቀ 4321 ,,,  , 0ቁ ߯ା(ݔହ) + ݁ି௫ఱఊశ൫కభ,కమ,కయ ,కర൯ݑෞି ቀ 4321 ,,,  , 0ቁ  .ቅ(ହݔ)ି߯

By the case of relations (8), (9), the solutions of the boundary problem (2), will be derived. 

The case of ିߚ = ାߚ =  .[2,3] ݏݎ݁݌ܽ݌ ℎ݁ݐ ݊݅ ݀݁݅݀ݑݐݏ ݏܽݓ 0
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