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Abstract

In this article, solvability of one the anisotropic Helmholtz-Shrodinger equation with the boundary
conditions of the first and second type is investigated in the upper and lower half —space, (xs>0,
x5<0), in 5 dimensions. Solvability of these boundary problems reduces to solvability of Rieman-
Hilbert boundary problem, in general necessary and sufficient conditions for the correctness of the
problem in the Sobolev space are presented as well as explicit formulas for a factorization of the
Fourier symbol matrix of the one-medium problem. The solvability analysis is based on the

factorization problem of some matrix-function.?

Keywords: Helmholtz-Shrodinger equation, Factorization of matrix-function, Boundary value

problem, Wiener- Hopf equation.

1. Introduction
Was a certain class of diffraction problems leading investigated to simultaneous 2x2 systems of

Wiener-Hopf equations. First the classical Wiener- Hopf technique was represented by Noble [1].

1 2000 Mathematics subject classifications: 47A68,47A70
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This type of problems studied by A. J. Summerfeld for the wave diffraction on the interface of two
media [2, 3].
Various physical problems in diffraction theory lead us to study modification of the Sommerfeld
half-plane governed by two proper elliptic partial differential equation is complementary R3 half-
space Q* and allow different boundary or transmission conditions on two half-planes, which
together from the common boundary of Q* [3].
These problems were investigated in the isotropic case [3, 4], and studied the problem of finding a
function "u" in a suitable space with satisfies [3].
We investigated solvability of the boundary value problem coordinated with the anisotropic
Helmholtz- Shrodinger equation:

(Du+ (k2 +2B2sech?(B,y)) u=0, in QF,
Au+ (k2 +2Bp%sech?(B_y)) u=0, in Q7, D

\

In the Sobolev spaces [5]. Also it was investigated the case of anisotropic Helmholtz-Shrodinger
equation (1), where k,=k_=k, and the solution of the boundary value problem gained and then
prove solvability of this [6]. Also it was surveyed the Fredholmz property of Wiener-Hopf operator
for anisotropic boundary value problem for the Helmholtz-Shrodinger equation with the boundary
conditions of the first and second type on the line y=0 [7].

In this paper we investigate solvability of the boundary value problem coordinated with the
anisotropic Helmholtz-Shrodinger equation, in the Sobolev spaces in 5 dimensions. Further we
prove that solvability of the boundary value problem is equivalent to solvability of the some
Riemann-Hilbert problem in 5 dimensions.

Convention: As a rule, upper or lower indices + are related to the half-spaces Q* except for some

1
standard notation R: and H*z

2. Investigate solvability of anisotropic boundary value problem
Consider the following anistropic Helmholtz-Shrodinger equation
(Au+ (k2 +2B2sech?(Byxs5)) u=0, in QF,

Au+ (k% +2B2sech? (B_xs)) u=0, in Q, 2)

\

Let O = {(x1x, ...,xs5) ER®: x5 S 0}and X ={(x;x;,%5,%4,0) € R* : x, = 0}, where Jm(ks) >0

and let Hz (Q*)and H - (Q*) are the corresponding Sobolev spaces (see [3]).

Now we suppose the boundary conditions:
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( aou(X11 Xy1 X3, X41+O)+ bou(xv Xy1 Xg, X41_0) = ho(X11 Xys X3, X4)

OU( X, X,y Xq, X,,+0 Ou( Xy, X,, X5, X,,—0 . N
(1 23)(: 4 )+b1 (1 28)(53 4 ):h1(X11X21X31X4) in z

CoU(X, Xy, Xg, X,,40) + dgu(X,, Xy, X, X,,—0) = Py (X, Xy, X5, X, )

: au(x,, xza,xxg, x4,+0)erl GU(X11X281XX31 X=0) _ P gx) i Y
\ 5 5

1 1 1 1
Where h, € H2(Z+),h1 eH 2(Z+), P, € H2(Z‘), p,eH 2(2‘) and ao, bo, Co, do, a1, b1, €1, ds,
are complex constants. For finding the solution of the boundary value problem (2) in the L2(R5),
apply Fourier integral transform to the solution u e L° (R“”) over the variables x;, x,, X,, X, , one

derives the following system of ordinary differential equations:

(52 (A, 2, A, A, )+ 282 sech?(B,x;))  G=0, for x>0
(4)

dX2+(Kf(ﬂq,iz,ls,l4)+2ﬁ_2sechz(ﬁ_xs)) G=0, for x <O.
5

Then GeL*(R%), wedenote y (A, 4, Ay, Ay) =D A~k =ik, (A, Ay, A, Ay)

If follows that the general solutions of the system of ordinary differential equations (4) in the
L*(R®) -space has the following form:

iy (A1, 22, A3, 44) — B tanh(B,xs)
iy (11,22, 23,14

iK_ (/111 /121 /131 /14-) + ﬂ—tanh(ﬂ—xS)
iK— (/111 /121 /131 /14-)

(

| a(/ll,/12,/131/14)
ﬁ(/ll;/121/131/14,x5) = 4

Ikb(/ll,/lz,/h./h)

(el"€+(/11v/12v/"hsv/b,)xs)l x5 >0

(e_ix—(ﬂ'llevﬂﬁvAAl—)xS)l x5 < 0

(5)
Let y.(x;)=1/2(sgn x,),and

(. X ) pre (o (o i ek
u+(ﬂﬂ,lz,l3,l4,x5):%j_w Lo ...Lou(xl,x2,...,x5)eZH'1 dx,dx,...dx,

a1 _ %—(X ) ro e +o iZAKzilka
G4y, Ay, A5, Ay, X ) = (271)52 Lo Lo ...I_wu(xl,xz,...,xs)e dx,dx,...dx, (6)

\
Then from equation (5) it follows that

lj(ﬂ"l’j“Z’j“S’j%’XL’;):lj+(}"1’j“2’j“3’j“4’)(L’;)_'_lj—(}‘l’j“Z’/lS’jﬂ’ XS) (7)

303



S.A. Hosseini Matikolai, H. Jafari, Roshanak Lotfikar/ Timcs vol. 4 No. 3 (2012) 301 - 309

We introduce the following notations:

( 1 0 0 0
U_(%izﬂs,%):WJ'_w LO ...J'_w(aou(xl,xz,xs,x4,+0)

i
+bU(X, X5, X5, X4, —=0) = Ny (X, X5, Xs, X, ))e'Zk:l e dx, dx, dx,dx,

()]
1 o0 0 6u(x1,X2,X3,X4,+0) 6U(X1,X2,X3,X4,—0)
Wi t)=oz )L [ o +b, o
L= hy (X, %, X3, X, ))eiztk:l'lka dx, dx,dx,dx,.
Similarly
( 1 +00  e+00 +o0
u+(}11121131i4)zwj'0 J; J; (Cou(X11X21X31X41+0)
) + dou(X11 Xy 1 X3 X41_0)_ po(X11 Xy1 X34 )(4))(:3i2k:l/lka Xmdxzdxstm (9)
1 e e e OU(XG Xy Xgy X, H0) 1 BU(X,, Xy, Xy, X,,—0)
W+(}11121231A4)_WJ'0 J:) J:) (c, : 26X53 : +d, : 26X53 :
\~ pl(X11 Xo1 X3 Xy ))eiZk:lika dx, dx, dx,dx, .
( : B..
a(ﬂ“l’ﬂ?’ﬂ‘g’ﬂ% IK+(2‘172“2’2“3’2“4)_ﬁ+ tanh(ﬁ+x5)_i’< (ﬂ.‘l 2{ 2{ 2{ )COShz(ﬁ X )
+ 12173 M +75
(eim(ai,/lz,ag,/u)xs ) X, >0
60(X1,X2,X3,X4,Xs): < —b(ﬂi,lz,13,14){i1<_(/11,2,2,2,3,2,4)+ﬁ_ tanh(B_x; )+ - P . }
OXs 'K-(Zvlz’ls’ﬂﬂ)COSh (ﬁ_xs)

(e—i;c_(ﬁi,ﬂ-zvﬂ'sv}'4)x5 ), X5 < 0.

\
(10)
Using boundary conditions (3) and taking into account equations (5), (10) one derives:
(80802, 2y, 20, A )+ D, A s ) = U (s e s )+ P (B A s )
— ) (Ao o, )+ B2 B 20 I, 20) | B (s 2 2, 1)+ B (s 20, 20 2)
irc, (A A Aas ) LACEAVAYY
k:W-(ﬂmAzJ“sJ%)"' ho(ﬂﬂJ“zJ“sJ%)
(11)

304



S.A. Hosseini Matikolai, H. Jafari, Roshanak Lotfikar/ Timcs vol. 4 No. 3 (2012) 301 - 309

1 o ¢o 0 i A

j o (s 20 A5, 4, )= 20y J._w J._w ...J._Ooho(xl,xz,xs,x4)eZk:li dx, dx,dx,dx,
1 o o0 0 i A

t (A, Ay, Ag, A, )= WLO J._w ...J._whl(xl,xz,xs,x4)eZHA dx, dx,dx,dx,

Assume that the determinantA(A,, A,, A,, 4, ), of system (11), is not zero, i.e.

_ KE(}%J?JG’M)"'ﬁ_Z Kf(}‘wlz!ls’ﬂﬂ)"'ﬁf
Al e a) =2 i oo o 2a) 0 ik (g, s )

v2(A, Ay Ay Ay ) — B2 Y2 (A, gy 2g, )= B2
+a,b,
v (A Ags A5, Ay) v (A Aoy Ags 2y)

(12)

= aob1

In view of equation (11):
(

~ 1 K2(A, Ags Ay 2y )+ B
a‘”ﬂ'%'%'l‘*)‘m.a.z@m{bl TOWN

: ){bo(W(%1/12-/13'/14)"'ﬁl(%'%'%'l“))}

X _A(A‘u;tz';ts'/h
1 K22, Ay Agy Ay )+ B2
b(A, 4y, A5, Ay) = -
(Al ) A(ﬂi'lzlﬂa'/14){al IK*(%'AZ'%'A“)

s Bl G ) 4R 22, 2)

(u(A,Az.ﬂa.a%HO(A.AZ.13-14>)}

o )+l )

(13)
Then taking into account that

.

u+(ﬂ'1’}“2’}“3’ﬂ~4):Coa(ll’lzilsi&t)"'dob(ﬂmlzilsijm)_ f’o(ﬂmlz’}“s’ﬂm)
e (A A, Ay )+ B2 IR Ay Ay )
1 Vet di)= i, (A, 2, 25, 24) (9
dyic? (A, 2 2 )+ BP0 g A )
L+ iK_(ﬂ.l,lz,ﬂ.a,&l) pl(ﬂ“l’}?’}?’}%)

Where

1 oo o0 oo i A
Ay Ags Ag) = —— p()(xl,xz,xs,x‘1)<32k:1'l dx, dx,dx,dx,
(27)2 % b 0

(%,
~ 1 iz;::lﬂ.kxk
B 2, 24)= )j [ ] B, %, e 2 i,

Which derives the following boundary problem of Riemann-Hilbert with respect to
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G, (A, 4,,4,4,) and d_(4,4,,4,, 4,) are analytical functions respectively in the vector notations

this problem takes the following form

U+(A1J~21131A4): L(}ﬂjz’is’jm)u—(ﬂm12123114)"‘m(}miz’ls’jm) (16)

Where the matrix function L(4,,4,,4,, 4,) is

B 1 Al 2o Ao )y Aol 20 25, 2)
o2 l“)‘A(wz,aa,14)(&1(21,&2,13,14), Azz(ﬂﬂ,zz,zs,m]

17)
With

_ Kf(}‘wlz’ls’ﬂm)"'ﬁf KE(}%Az!%Jm)"'ﬁ_Z
All(}‘i12“212‘31j‘4)_a1d0 i (}Ll 2“21}*3 l) +b1C0 iK (21112113114)
_ad, Leladada 2) =B o 7P R R) = B

7+(21 1212“312“) ()‘1 2‘212“312“)
Au (s 2y, A5, 44) = 3,d, —bic,

_ _ Kf(}%lz’ls’ﬂm)"'ﬁf XKE(%,12,13,14)+ﬁ_2
Ay (A, 29, 25, 2,) = (a0, — bycy) T G
= (a,d, - b, 73(2112“2113114)_ﬁf X7E(21J“2J“3J“4)_ﬁ_2

e FR Y Ry RPN N

o k(A Ay A A )+ B K2 (A Ay Agu )+ B

A22(}L112“2J“3J“4)_bocl i (}L1 12,13,1) +aod1 iK_(}ﬂJ“zJ“st)
g, Lol da e )= BE o g 7Py )= B
\ (21 2“212“312“ ) (21 2‘212“312“4)

A

The coordinates of the vector-function (4, A,, 4;, 4, )

171’(21,&2,13,14):( (18)

ml(ﬂl12‘212‘3’ﬂ“4)]
M, (A, Ay, 25, Ay)

Have the following form
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M, (2, 2,2 A):ﬁo(%’lzv%/h) LA OV L S GO VYo
1\ M Ao Az Ay A(Aulzvlsv}%) 0 iKJr(AUAZ,Aa,M) 1Co iK,(ﬂ,l,lz,ﬂg,l‘l)

a,d,—bc, -~ a

200700 (A, Ay Ags Ay ) Po(Ags Ay Ay Ay

{+A(ﬂl,lz,ﬂ@,l)h1(ll Aas2g)= Bol(Aas 2y, 25, 2) (19)
(2 0 2) [ o K200, A 2, )+ B K2 (A 2y s 2 )+ B2

LCRIRERES. Mo o 2) |2 i, G 2a) P ik Gl )

_ad-be ) J@ﬁz,%,a)wfXKE(@,AZ,AG,@)%_A
k-|-A(/’Ll,/'Lz,/’13,/14)ho(/’l'u/lzv/’le,/h} iKJr(/’lq,/’Lz,/’lg,/’L‘;) iK,(/’Ll,/’LZ,/’lg,/’L‘l) pl(ﬂ,l,lz,ﬂg,&l)

or find the function u e or the anisotropic boundary problem in space RS, wit
For find the functi L*(R®) for th i ic bound blem (AP) i RS, with

respect to vector-functions {I,’(il,iz,ﬂg,ﬂﬂ),T_’(Ai,iz,ﬂg,ﬂﬂ)}, one derives the following

1 1
Riemann-Hilbert boundary problem (16), satisfies in H 5(2 +)>< H Z(Z ‘).

Therefore vector-functions {I,’(il,iz,ﬂg,ﬂﬂ),u__’(ﬂi,iz,ﬂg,ﬂﬂ)}, with notice to (16), we take
G,(A, 4,4, 4,,0)=a(A, 4, A, 4,), and G_(4,4,,4,,4,,0)=b(4,, 4,, 4, 4,), then taking into account

that

(U7 (X, Xy, Xy, X X ) = ittt o) Us (A A, Agy Ay, Xs)
 F st B SS9 (4, 2, 25, 2,.0)x, (%) e HE Q")
U™ (X0, X0 Xa0 Xa0 X5 ) = Bl oo O (A A2 gy Ay Xs)
(= it € OS50 (2, 25, 24, 40,07 (%) e HY(Q)

N

(20)
And function
u(Xl’ X2’ X3’ X4’ XS): U+(X1, X2’ X3’ X4’ X5)+ U_(Xl, X2’ X3’ X4’ XE) (21)
Is the Solution anisotropic boundary problem (A®P)

In this article we have this result;

Theorem: If the function u € L?(R®) is the solution of the boundary problem (2), then the pair of

vector —functions {I,’ ( A 12,13,14) RTI ( A Ay Ay Ay )} is a solution of the boundary problem of

Riemann-Hilbert (16). Vice-versa, if applies inverse Fourier transform which is associated with

vector-functions {I,’ ( Ay 2y A, 14) ,u” ( Ay Ay Ay Ay )} the function
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u(X1’X2’X3’X4’x5) = F(_;ﬁ’lziﬂaih)—’(xpX2’X3’X4){u—;(}j’%’ﬂg’%) +u——)(}1’lziﬂail4)}

=ut (X, %, X, X, % )+ u" [ X, %X, %X, X,,xc) = F 1
2131 Mg A5 2131 Mg AS

(}1112123114)"()(1’)(2’)(3’)(4)

{e—xsy+(f1,fz,fsf4)ﬁ1 (}11}“21231}“4 , 0) X+(x5) + e—xs}’+(f1,fz,53vf4)ﬁ: (11112123114 , 0) X—(XS)}-
By the case of relations (8), (9), the solutions of the boundary problem (2), will be derived. A
The case of B_ = B, = 0 was studied in the papers [2,3].
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