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Abstract

Recently, Piri et al. [H. Piri, P. Kumam, Fixed Point Theory Appl., 2014 (2014), 11 pages] refined the result of Wardowski
[D. Wardowski, Fixed Point Theory Appl., 2012 (2012), 6 pages] by launching some weaker conditions on the self-map regarding
a complete metric space and over the mapping F. In the article, we inaugurate Boyd-Wong type generalized F-p-contraction
and prove some new fixed point results in partial metric spaces, also we deduce fixed point results involving cyclic Boyd-
Wong type generalized F-p-contraction in the same setup. These results substantially generalize and improve the corresponding
theorems contained in Wardowski ([D. Wardowski, Fixed Point Theory Appl., 2012 (2012), 6 pages] [D. Wardowski, N. Van
Dung, Demonstr. Math., 47 (2014), 146-155]), Matthews [S. G. Matthews, Papers on general topology and applications, Flushing,
NY, (1992), 183-197, Ann. New York Acad. Sci., New York Acad. Sci., New York, 728 (1994)], and others. The paper includes
two applications and some illustrative examples to highlight the realized improvements. (©2017 all rights reserved.
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1. Introduction and preliminaries

The notion of partial metric space, departs from the usual metric spaces due to removing the assump-
tion of self-distance. In other words, in partial metric space self-distance needs not to be zero. This
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interesting distance function is introduced by Matthews [9]. A motivation behind introducing the concept
of a partial metric space was to present an altered version of a Banach contraction principle, more conve-
nient to solve certain problems arising in computer science. Valero [20], Oltra and Valero [12] and Altun
et al. [3] gave some further generalization of the results in [9]. Romaguera introduced in [15] the notion
of a 0-Cauchy sequence in a partial metric space and of a 0-complete partial metric space.

In recent times, Romaguera [16] obtained the fixed point theorems of Boyd-Wong type due to Boyd
et al. [5]. Further, Abbas et al. [1] extended the result of Romaguera [16] to cyclic mappings and proved
the result, taking ¢ € @ as a continuous map. Most recently, Aydi et al. [4] presented the result of Abbas
et al. [1] for a shaky assumptions over ¢ € ®. Ones can find new results on the fixed point theory and
application in partial metric spaces in [2, 6, 11].

Recently, Wardowski [21] introduced a new contraction called F-contraction and proved a fixed point
theorem as a generalization of the Banach contraction principle. Secelean [17] characterized a large class
of functions by renewal the condition (F2) instead of the condition (F2) in the definition of F-contraction
presented by Wardowski [21]. Very recently, Piri et al. [14] improved the result of Secelean [17] by
replacing condition (F3') instead of the condition (F3). Moreover, Hussain [7] extended Wardowski fixed
point results for F-contractions in complete metric spaces.

In the sequel, R, N and IN* will represent the set of all real numbers, natural numbers and positive
integers, respectively. Some elementary definitions and fundamental results of partial metric space and
F-contraction are borrowed, which are essential in our subsequent discussion.

Definition 1.1 ([9]). A partial metric on a nonempty set X is a function p : X x X — [0, co) such that for all
x, Y,z € X

(pl) x =y, iff p(x,x) =p(x,y) =p(y,y);
P2) plx,x) <plxy);

P3) p(x,y) =p(y,x);

P4H pxy) <plx,z)+p(z,y) —plz2).

The function p is called a partial metric on X and the pair (X, p) is called a partial metric space.
Supposing that p is a partial metric on X, at that time the function d,, : X x X — [0, 00) given by

dp(x,y) =2p(x,y) —p(x,x) =Py, y), (1.1)
is a metric on X.

Example 1.2 (see, e.g., [9]). Let X = {[a,b] : a,b € R,a < b}, and define p([a, b], [c, d]) = max{b,d} —
min{a, c}. Then (X, p) is a partial metric space.

Each partial metric p on X generates a Ty topology T, on X, that carries as a base the class of open
p-balls {By, (x, €),x € X, e > 0}, where B, (x,e) ={y € X:p(x,y) <p(x,x)+ €} forall x € X and € > 0.

Definition 1.3 ([9, 12, 15]). Let (X, p) be a partial metric space. Then

(i) a sequence {xn} converges to a point x € X, if and only if p(x,x) = Efﬂ P(x, xn);
n o

(ii) a sequence {x} is called a Cauchy sequence, if ligl+ P(xn, xm ) exists and is finite;
n,m 00
(iii) (X,p) is said to be complete, if every Cauchy sequence {x,} in X converges to some x € X (with
respect to T,) such that p(x,x) = lign+ P(Xn, Xm);
n,m o0

(iv) a sequence {xn} in (X,p) is called 0-Cauchy sequence, if lim p(xn,xm) = 0. The space (X, p)

n,m—-+o0o
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is said to be 0-complete whenever every 0-Cauchy sequence in X converges with respect to T, to a
point x € X such that p(x,x) = 0.

Lemma 1.4 ([9, 12, 15]). Let (X, p) be a partial metric space. Then
1. {xn} is a Cauchy sequence in (X, p), if and only if it is a Cauchy sequence in the metric space (X, dp).
2. (X,p) is complete, if and only if the metric space (X, dp) is complete. Furthermore, E)IE dp(xn,x) =0, if
n oo
and only if p(x,x) = ngrﬂoop(xn,x) = TL’11111£>r1+oop(xn,xm).
3. Every 0-Cauchy sequence in (X,p) is Cauchy in (X, d).
4. If (X, p) is complete then it is O-complete.

Lemma 1.5 ([9]). Let (X, p) be a partial metric space. Then
1. if p(x,y) =0, then x =y. But if x =y, then p(x,y) may not be zero;
2. if x # vy, then p(x,y) > 0.
Lemma 1.6 ([13]). Let x, — zasn — oo in a partial metric space (X, p) where p(z,z) = 0. Then h_r)n Pxn,y) =
n [o¢]
plz,y) for every y € X.
Let @ be the set of functions ¢ : [0,00) — [0, 00) such that

1. ¢ is upper semi-continuous (i.e. for any sequence {t,,} in [0, co) such that t, — t as n — oo, we have
limsup ¢(tn) < $(1));

n—oo

2. ¢(t) < t, for each t > 0.

Let ¥ denote the set of all decreasing functions \ : (0, c0) — (0, co).
Recently, Romaguera [16] developed the following fixed point theorem of Boyd-Wong type [5].

Theorem 1.7. Let (X, p) be a complete partial metric space along with T : X — X being a map such that for all
x,Yy €X

p(Tx, Ty) < (M(x,y)), (1.2)
where

L p(x, Ty) +ply, Tx)1},

M(x,y) = max{p(x,y),p(x, Tx), p(y, Ty), 5

and ¢ € ©. Then, T has a unique fixed point.
Following definition is due to Wardowski [21].
Definition 1.8. Let F: RT — R be a mapping satisfying:
(F1) F is strictly increasing, that is, for all «, f € RY, if & < § then F(x) < F(B);

(F2) for each sequence {x,} of positive numbers lgrl an =0, if and only if 1131 Flon) = —o0;
mn (ee) n o0

(F3) there exists k € (0,1) such that lim o*F(«x)=0.

x—0t

We denote the set of all functions satisfying (F1)-(E3) by F. In [21], Wardowski defined F-contraction
as follows:

Let (X, p) be a metric space, then the mapping T : X — X is said to be an F-contraction, if there exist
F € F and t > 0 such that for all x,y € X, p(Tx, Ty) > 0, we have

T+ F(p(Tx, Ty)) < Flp(x,y)). (1.3)

On the other hand, Secelean [17] reintegrated the condition (F2) by more elementary condition (F2).
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(F2') infF = —o0,
or, also by

(F2") there exists a sequence {0} of positive real numbers such that lim F(ay,) = —oo.
n—oo

Most recently, Piri et al. [14] used the following condition (F3') instead of (F3).
(F3') Fis continuous on (0, c0).

We denote the set of all functions satisfying (F1), (F2') and (F3') by Ar.

Our work is devoted to introduce the Boyd-Wong type generalized F-\p-contraction, by integrating
the ideas of Wardowski [21] and Romaguera [16]. Moreover, the Boyd-Wong type cyclic generalized F-1-
contraction by combining the essence of Wardowski [21] and Aydi et al. [4] is also established. Invoking
aforesaid developments some new fixed point theorems in complete partial metric space are proved.

2. Main results

2.1. Results on Boyd-Wong type generalized F-\p-contractions in partial metric space
In this section we present our essential results. For this, we introduce the following definition.

Definition 2.1. Let (X, p) be a partial metric space and T : X — X be a mapping. Then T is said to be
a Boyd-Wong type generalized F-\p-contraction, if there exist F € Af, € ¥ and ¢ € © such that for all
x,y € X with p(Tx, Ty) >0,

P(p(x,Y) +Fp(Tx, Ty)) < F(6(M(x,y)), 2.1)

where

1
M(x,y) = max{p(x,y), p(x, Tx), p(y, Ty), E[p(x, Ty) +p(y, Tx)I- (2.2)
One of our main results is as follows.

Theorem 2.2. Let (X,p) be a 0-complete partial metric space and T : X — X be a Boyd-Wong type generalized
F-\-contraction on X. Then T has a unique fixed point u € X, moreover p(u, u) = 0.

Proof. For an arbitrary x € X, we construct a sequence {xn, } in the following way:
x =xg and x 11 = Txy, foralln € IN*.

If there exists ng € IN* such that x,,, = x,+1, then x,,, is the desired fixed point of T which completes
the proof. Consequently, we assume that xn, # Xn41 or p(Txn_1, Txn) > 0 for all n € IN*; then it follows
from (2.1) that

P(P(xn1,%m)) +FP(xn 0 11)) = (P (xn1,%0)) + FP(Tn 1, Txn)) < F(0Mxn-1,%n))),  23)

where

1
M(Xn—lz Xn) = maX{P (Xn—lz Xn)/ P(Xn—1, Xn)/p (an Xn+1 )/ E [P (XTL—ll Xn—i—l) + P(Xn, Xn”}

= maX{P (anlr Xn)/ P (an Xn+1 )}

If for some n € N*, M(xn_1,Xn) = P(Xn,Xn+1), then taking (2.3) into account, we obtain that

B(POn1,x0)) + Fplxn, X 11)) < F((p 0t Xns1)))-
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On using the property of ¢ and from (F1), we acquire that

B(p(xn—1,%n)) + F(plxn, xn1)) < F(Plxn, xni1))-
Since, P (p(xn—1,%n)) > 0, which gives a contradiction, yielding thereby
M(xn_1,%Xn) =pP(xXn_1,%xn), Vn € IN*.
Therefore from (2.3) and by the property of F, ¢ and {, we arrive at
FpOn, X 1)) < F(0(p0n1,%0)) ) = b(pxn1,x0)) < F(6(P(xn-1,x0))),
F(p(xn, xn41)) < F(p(xn—1,%n)).

(2.4)

It follows from the above inequality and the property (F1) that
P(Xn, Xn+1) < p(Xn—_1,%Xn), foralln e IN*.
Thus {p(xn,Xn+1)} is a decreasing sequence of positive real numbers. Consequently from (2.4), we have
F(P(n %n41) < F(Pxn-1,%n) ) = $(plxn-1,xn))
< F(plxn-2,%n-1)) = (P (xn-2,%n 1)) = (P (xn1,%n)).
As 1 is a decreasing function, we get
F(P(n %n41) < F(P(xn-2,%n1)) = 20 (p(xn2,xn1)):

It follows by successive application that

F(pen, Xns1)) < F(plxo,x1) ) = mib(p(xo, x1). 25)

Since, F € A¥, letting the limit as n — oo in (2.5) we must have
lim F(p(xn,Xn+1)) = —00 <= lim p(xn,xn41) =0. (2.6)

n—,oo n—,oo

Further, by (p2) we have the following equality
lim p(xn,xn) =0. (2.7)

n—o00

Next, we shall show that {x» }%°_; is a Cauchy sequence in X. Suppose, to the contrary, that {x,}%°_; is not

a Cauchy sequence in a complete partial metric space (X, p). Then there exist € > 0 and two sub-sequences
{Xn )} and {xm (1)} of {xn}X_; such that, n(k) > m(k) > k and
P(Xm (k) Xn(x)) = €
which yields
p(xm(k)/xn(k)fl) <é€. (28)
Utilizing the property (p4) and inequality (2.8), we acquire that

€ <PXm) Xn (k) < PXm), Xmk)+1) T PXmao)+1 Xn (k) —PXm (k) 41, Xm (k) +1)
<PXmk) Xm)+1) FPXm k)41, Xm (k) + PXm k) Xn ) — PXm(k)r Xm(x))
< 2p(Xm(k)r Xm (k) +1) + P Xm k), Xn (k)
< 2p(Xm (k) Xm(k)+1) TP Xm k) Xn(k)—1) TP (Xn()=1,%n (k) =P (Xn(k)—1, Xn(k)—1)
< 2p(Xm (k) Xm(k)+1) TP Xm (k) Xn(k)—1) P (Xn(k)—1, Xn (k)
< 2P (Xm (k) Xm(k)+1) + € + P Xn (k) =1, Xn (k) )/
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which on making k — oo, reduces to

lim p(Xm k), Xn(k)) = € (2.9)

k—o0

Moreover, from (p4), (2.6), (2.7) and (2.9), one can easily get

li , =€,
kg{}op(xm(k) Xn(k)+1)

li , =€
kglgop(xm(k)—i—l Xn(k)) = €

and

klim PXm(k)+1 Xn(k)+1) = €. (2.10)
—o0

Also from (2.7) there exists a natural number ng € IN such that

€ €
P(Xn (k) Xn(k)+1) = 1 and P (X (k) Xm(k)+1) = T

for all n, m > ny. Now we claim that

P(Mxn k) TXm)) = PXn(k)+1, Xm(k)+1) > 0. (2.11)

On the contrary assume that, p(xy (x)+1,Xm(k)+1) = 0. Then

€ < PXn(k) Xmk)) < PXn k) Xn(k)+1) + PXn )41 Xmk)) — P Xn (k)41 Xn (k) +1)
SPXn (k) Xn(k)+1) F PXn o) +1 Xm(k)+1) TP Xm k)41, Xmk)) =P Xm (k)41 Xm (k) +1)
<P (k) Xn(k)+1) T PXn (i) +1, Xm (k) +1) + PXm (k) +1, Xm (k)
<Syo+i=3,
4 4 2

which yields a contradiction, thus (2.11) holds. Then it follows by the contractive condition (1.1) and the
property of 1 that

PP (Xn (k) Xmk))) FFPXn ()41 Xmk)+1)) = VP Xn (k) Xmk))) + FP(Txn k), TXmk)))

N

F(6Mxn i xmi))), e, (2.12)
F(& M, Xm))))-

N

F(p(Xn (k)41 Xm (k) +1))
By the definition of M(x,y), (2.9), (2.10) and after routine calculations, we have

lim ]M(xn(k),xm(k)) = €. (213)

k—o0

Letting k — oo in (2.12) and taking into account (2.6), (2.9), (2.10), (2.13), property (F3') and upper semi-
continuity of ¢, we find that F(e) < F(¢d(e)) < F(e), which gives a contradiction. Thus, we conclude that

lirg> P(xn,xm) = 0, that is, the sequence {x, }}7_; is a 0-Cauchy sequence. Therefore, the 0-completeness
n,Mm—0o00

of X ensures that there exists a point u € X such that

lim p(xn,xm) = lim p(xn,u) =p(u,u) =0. (2.14)
n,m—oo n—oo
We will prove that u is the fixed point of T. Since T is continuous, therefore by using (2.14) and Lemma
1.6, we have
p(u, Tu) = lim p(xn, Tu) = 1i_r>n P(Txn—1, Tu) =p(Tu, Tu).
n—oo

n—o0
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Next, we show that p(Tu,Tu) = 0. On the contrary assume that p(Tu, Tu) > 0, therefore from the
inequality (2.1), we get

b(p(w,w)) + Fip(Tw, Tw) < F($(M(w,u)),
where

~Ip(w, T + play, Tu)l} = plu, Tw).

M(u,u) = max {p(u, u), plu, Tu), p(u, Tu), 5

It follows from the above inequality that

F(p(Tu, Tu) < F(o(p(u, Tw)) —(p(u,w),
which implies
F(p(Tu, Tw) < Flp(u, Tu)),

a contradiction. Thus, p(Tu, Tu) = p(u, Tu) = 0, which yields u = Tu, that is, u is a fixed point of T.
Again, if p(u,u) > 0, then by repeating the same process as mentioned above, one can easily obtain

Fp(ww) < F(6M(wu)) —b(pwu),
which gives
Flp(w,u)) < Flp(u,u)),

a contradiction. Thus, p(u,u) = 0. For uniqueness, let v be another fixed point of T, that is, Tv = v. If
p(u,v) > 0, then from (2.1), we can obtain

B(P(w,v)) + F(p(Tu, Tv)) = (p(u,v)) + F(p(w,v)) < F(6(M(w,v)),

where

M(u,v) = max {p(u,v),p(u, Tu),plv, Tv), %[p(u, T™v)+pv, Tu)]} =p(u,v).

Therefore, the above inequality turns into the following

F(p(wv) < F((p(w,v))) =¥ (plu,v)),

which yields
Fip(w,v)) < Flp(w,v)),

a contradiction. Hence we conclude that p(u,v) =0, that is, u = v. Thus the fixed point of T is unique. [

Here, we present an example which illustrates the usefulness of Theorem 2.2.

Example 2.3. Let X = [0,1] and define p : X x X = R™" by

0, iff x=vy;
max{x, y}, otherwise.

P(X/U) = {

Without loss of generality, let us assume that x > y. It is obvious that (X, p) is a 0-complete partial metric

space. Let T: X — X given by Tx = Xﬁ%m, then T is continuous. Let F(«) = log o, for all « € R™.

Define, ¥ : (0,00) = (0,00) by $(t) = 5557y and let ¢ : [0,00) — [0,00) be given by ¢(t) = Hh.
It is easy to see that T is a Boyd-Wong type generalized F-{-contraction on X. In short we proceed as

follows:

1 x+0.01
B X +0.01 y+001, 1 y+0.01 X +0.01
RH.S. = F(( max {p(x,y), p(x, “5=), ply, 2257, 5 [p0e S50 + 9y, 5] 1))

=log(0.98x + 0.01).
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Few choices of x € [0, 1] give following:
atx=.1 L.H.S. =—-1.9404255 < —0.9665762 = R.H.S.

at x=.5 LH.S. =-1.2790964 < —0.3010299 = R.H.S.
at x =.8 LH.S. =-1.0804039 < —0.1001794 = R.H.S.
atx =1 LH.S. =-0.9856786 < —0.0043648 = R.H.S..

Thus, all the conditions of Theorem 2.2 are satisfied and x = 0.00111111111 is the unique fixed point of
T in X. In Figure 1 red line represents T and blue line represents y = x. It is clearly shown that there is
unique fixed point of T.

© 000551 x=0.00111111111 -
-+ 1 is the required

+ unique fixed

+ pointof T

PR Tx=(x+0.01)/10
—t—t—t—+—F—+—+—+ —— "+ x
-0.0045 1 0.0053

/ -0.0045 +

Figure 1: Plot of T.

In Figure 2 red curve represents RHS and green curve represents LHS of above example. Clearly red
curve dominates green curve, which validates our inequality. Furthermore the values at some points are
highlighted therein.

-02 22
| ' ' ' ' ' ' ' ' ' ' ' —x

= RHS

N /
T <y (1.0,-0.0043648)

[ (0.8,-0.1001794)

(0.5,-0.3010299) ~al-
LHS

(0.1,-0.9665762) ~t——— — = (1.0,-0.9856786)

(0.5,-1.2790964) =+ T (0.8,-1.0804039)

(0.1,-1.9404255) =t

S22 71

Figure 2: Validation of inequality.
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The following corollaries are immediate consequences of Theorem 2.2.

Corollary 2.4. Let (X,p) be a 0-complete partial metric space and T : X — X be a self-map on X. Suppose that
there exist F € Ag, b € W and ¢ € @ such that for all x,y € X with p(Tx, Ty) >0,

Pp(x,y)) +Flp(Tx, Ty)) < F(d)(max{p(x,y),p(x, TX),p(y,Ty)})).

Then T has a unique fixed point u € X, moreover p(u,u) = 0.

Corollary 2.5. Let (X, p) be a 0-complete partial metric space. Let T : X — X be a self-mapping on X. Suppose that
there exist F € Ag, b € W and ¢ € @ such that for all x,y € X with p(Tx, Ty) >0,

P(p(x,y)) +Fp(Tx, Ty)) < F(6(p(x,y))).

Then T has a unique fixed point u € X, moreover p(u,u) = 0.

Corollary 2.6. Let (X,p) be a O-complete partial metric space and T : X — X be an upper semi-continuous
Boyd-Wong type generalized F-\p-contraction on X. Then T has a unique fixed point u € X, moreover p(u,u) = 0.

Remark 2.7. Taking P(t) =1 > 0 and ¢(t) =t in Theorem 2.2, we obtain the Corollary 13 of Shukla et al.
[19] respectively.

Remark 2.8. If we take the function {(t) =t > 0 and ¢(t) = t in Corollary 2.5, then we find a F-contraction
construction of the Banach fixed point theorem, obtained by Matthews [9] in the context of partial metric
space.

Remark 2.9. Notice that by taking, (t) = T > 0 and ¢(t) = t in Corollary 2.5, the result in Wardowski
[21] can be also generalized for a 0-complete partial metric space. That is, we give a proper extension of
the result in [21] in different aspect, more precisely, in the frame of 0-complete partial metric spaces.

2.2. Results on cyclic Boyd-Wong type generalized F-\p-contractions in partial metric space

The succeeding definition and theorem will be needed to prove our next result.

Definition 2.10 ([8]). Let X be a nonempty set, m a positive integer, and T : X — X a mapping. X = Ji"; Ay
is said to be a cyclic representation of X with respect to T, if

(i) Ay,i=1,2,---,mare nonempty closed sets;
(11) T(Al) C AZ/ T /T(Amfl) C T(Am)z T(Am) C A1~

Theorem 2.11 ([4]). Let (X, p) be a complete partial metric space on X and let m be a positive integer, A1, - -+ ,Am
nonempty closed subsets of (X, dp) and Y = Ji=; Ay. Let T:Y — Y be a mapping such that

(1) Y =U", Ay is a cyclic representation of Y with respect to T;

(2) there exists & € ® such that
p(Tx, Ty) < ¢(M(x,y)),

where

1

M(x,y) = max{p(x,y), p(x, Tx), p(y, Ty), Qho(x, Ty) +p(y, ™)1},
foranyx € Ay, y € Ai4q,i1=1,2,--- ,m, where A1 = A1

Then, T has a unique fixed point z € ({1 Ai.

Utilizing the concept of Wardowski [21] and Aydi et al. [4], we introduce the following definition.
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Definition 2.12. Let (X, p) be a partial metric space, m be a positive integer, A1, Ay, - -, Ay nOnempty
closed subsets of X, and Y = [J{"; Ai. A mapping T : Y — Y is called a cyclic Boyd-Wong type generalized
F--contraction, if

(1) Uit Ay is a cyclic representation of Y with respect to T;

(2) there existp € ¥,p € @ and F € Af such that for all p(Tx, Ty) > 0, the inequality (1.1) is satisfied,
where the value of M(x,y) is given by (1.2), for any x € A,y € Aitq1,i = 1,2,---,m, where
Am+1 - Al.

Theorem 2.13. Let (X,p) be a 0-complete partial metric space and T : Y — Y be a cyclic Boyd-Wong type
generalized F-\p-contraction on X. If T is continuous, then T has a unique fixed point z € (){~; Ai.

Proof. Let xg € Y = |Ji-; Ai. Consider the Picard iteration {x,,} be given by Tx;, = xn;41 for n € IN*. If
there exists ng € IN* such that xn, = Xn,+1, then xn, is the required fixed point of T and the proof is
completed.

Consequently, suppose that xn, # xn1 or p(Txn_1, Txn) > 0 for all n € IN*. Also keep in mind that
Y = U, Ay, thus for each n € IN¥, there exists in € {1,2,---,m} such that x € A; and xp 1 = Txn €
T(A4,,) C Ay, 1. It follows from inequality (2.1) that

Y(p(xn—1,xn)) + F(p(xn, xn+1)) = W(p(xn-1,%n)) + F(p(Txn—1, Txn))
< F((b(M(anl/Xn))) .

On the similar lines of done in Theorem 2.2, one can easily show that

lim F(p(xn/XnJrl)) = —00 <= lim P(Xn,Xn+1) =0.
n—oo n—oo

Now, we claim that {x,}?°_; is a Cauchy sequence in the partial metric space (Y = [Ji"; Ai, p). On the

contrary assume that {x,}%°_; is not a Cauchy sequence in (Y, p). Then there exists ¢ > 0 for which we
can find two sub-sequences {x, (i)} and {x; (x)} of {xn}}{_; such that, n(k) is the smallest index for which
n(k) > m(k) > k and

P(Xm (k) Xn(x)) = €.

Again, in a similar way as in the proof of Theorem 2.2, one can show that

im p(Xm k), Xn(x)) = €. (2.15)

k—o00

Moreover,

lim , =€,
k_mP(Xm(k) Xn(k)+1)

Jim p O (1)1, Xn (1)) = €

and

klim PXm(k)+1 Xn(k)+1) = €. (2.16)
— 00

On the other hand, for all k we can find j(k), where 0 < j(k) < p such that n(k) —m(k) +j(k) = 1(p),
which yields X, (x)—j(x) (for k large enough, m(k) > j(k)) and x,, (i) lies in the different adjacently labeled
sets Aj and A4 for certaini=1,2,---,p.

From inequalities (2.15) and (2.16) we have

dim PO o) Xmi)—j k) = Hm PO o)1, Xm ()= () = €
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and

lim , s = lim , s =ec. 2.17
kl_mp(xn(k) Xm(k)—j(k)+1) kl_mP(Xn(k)H X (k)—j (k)+1) (2.17)

As p(Txn k), TXm(k)—j(k)) > 0, by the contractive condition (1.1) we acquire

PP (Xn (i) Xm(k)—jk))) F FPXn ) +1 Xm k)= (k)+1)) = VP Xn k) Xm ) —j(x)))
+FP(Txn ), TXm (1) () ))

< F(d)(M(Xn(k)/Xm(k)—j(k))))-

It follows from the property of 1, that

Fp(Xn ()41, Xm(k)—j(k)+1)) < F(d)(M(Xn(k)sz(k)fj(k)))) =P Xn (k) Xmk)—jx)))

(2.18)
< F(d)(]M(Xn(k),Xm(k)—j(k))))-
By the definition of M(x,y) and taking into account (2.17), we find that
lim M(xn(k),xm(k)_j(k)) = €. (219)

k—o00

Indeed

M (X (k) Xm (k) —j (k) = MaX {P (X (k) Xom (k) —j (k) ) P Xnu (k)5 X (k) 1)

P (X (k)= (k) Xm(k)—j (k) +1)»

1
E[p(xn(k)rxm(k)—j(k) + 1) 4+ P (Xn (k)1 Xm (k) —j (k) )] -

Letting k — oo in (2.18) and using (2.17), (2.19), property (F3') together with the upper semi-continuity
of ¢, we get F(e) < F(d(e)) < F(e) a contradiction. Thus {x,}_; is a Cauchy sequence in the partial
metric space (Y,p). By Lemma 1.4 {x,}° ; is a Cauchy sequence in the complete metric space (Y =
Ut Ay, dp), which yields, there exists u € Y such that u = T}grgo xn € (Y, dp).

It is clear that the sequence {xn}necN has an infinite number of terms in each Aj,i = 1,2,---,m, as
(Y, dp) is complete, hence from each Aj,i = 1,2,---,m, one can easily construct a sub-sequence of {x}
that converges to u. Ai,i=1,2,---,mare closed in (Y, dp), therefore u € (;"; A;. Hence {2, A; = A #
.

Clearly, A is closed in (Y,dp) and it is a complete subspace of (Y, d,) and it follows that (A,p) is a
complete partial metric space. Consider the restriction of T on A, i.e.,, T)5 : A — A. Then T, satisfies all
the conditions of Theorem 2.2. Hence, T, has a unique fixed point. O

Following example authenticates the effectiveness of the hypotheses and degree of generality of The-
orem 2.13.

Example 2.14. Let X = [0, 1]. Let the partial metric p on X is described by

0, iff x=vy;
max{x,y}, otherwise.

P(XIU) = {

Without loss of generality, let us assume that x > y. It is easy to see that (X,p) is a 0-complete partial
metric space. Set A; = [0,0.25], A, =[0,0.5] and Y = A UA; = [0,0.5]. Also define the mapping T by
Tx = x+0.04‘

Note that, T(A1) = T([0,0.25]) = [0.002,0.0145] C [0,0.5] = A and T(A;) = T([0,0.5]) = [0.002,0.027] C
[0,0.25] = A;. Hence Y = A U A; has a cyclic representation of T.

Clearly T is continuous and let F(«) =logx + o for all o € RY.
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Take, P : (0,00) = (0,00) by P(t) = m and let ¢ : [0,00) — [0, 00) be given by ¢(t) = 12?;‘;2. It
is easy to see that T satisfies condition (1.1). Succinctly we progress as follows:

1 x+0.04 x+40.04
LH.S. =¥ (plx,y)) + Fp(Tx, Ty)) = m +log 20 + 0
_ x + 0.04 y+0.04. 1 y+0.04 x +0.04
RHS. = F(¢(max {p(x,y), plx, =), ply, 50, 5 [plx, =) +p(y, )| 1))

120x + 2 n 120x + 2
123 123

Some choices of x € [0,0.5] give as follows:

= log

atx=.1 LH.S. =-21388110 < —0.8299559 = R.H.S.

aty=.2 LH.S. =-1.9004854 < —0.4635496 = R.H.S.
aty=.3 LH.S. =-1.7448587 < —0.2011784 = R.H.S.
aty=.4 LH.S =-1.6284344 < 0.0155689 = R.H.S.
aty=.5 LH.S. =-1.5349695 < 0.2065516 = R.H.S..

Hence, all the hypotheses of Theorem 2.13 are satisfied and x = 0.00210526316 is the unique fixed point
of Tin X.

In Figure 3 red curve represents T and blue line represents Tx = x. It is clearly shown that there is
unique fixed point of T.

0.014 +

Tx=(x+0.04)/20

dim T " T } \ e
0.00210526316
is the required

unique fixed
L  pointof T

- -0.014 +

Figure 3: Plot of T.

In Figure 4 red curve represents RHS and green curve represents LHS of above example. Clearly red
curve dominates green curve, which validates our inequality. Furthermore the values at some points are
highlighted therein.

Remark 2.15. As every partial metric space is a metric space with zero self-distance. Thus if we replace
partial metric p by a metric d in Theorem 2.2 and Theorem 2.13, then we get the fixed point theorems for
Boyd-Wong type generalized F-p-contraction and cyclic Boyd-Wong type generalized F-{p-contraction in
complete metric space, respectively. Also our theorems generalize and extend the following theorems in
the following aspects.
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(i) Taking P(t) = T > 0 and ¢(t) = t in Theorem 2.2, then the result in Theorem 2.2 is a natural
generalization of Ciric type Generalized F-contractions due to G. Minak et al. [10] and F-weak
contractions due to Wardowski et al. [22].

On the other hand, we see that G. Minak et al. [10] claimed the definition as Ciric type generalized
F-contraction while Wardowski et al. [22] claimed F-weak contraction in their note.

(ii) Taking P(t) =7 >0 and ¢(t) =t in Theorem 2.13, we generalize the result of Kirk et al. [8].

4 RHS
04+

— = (0.5,0.2065516)

[ (0:1-0.8299559) ~—| LHS

= (0.5,-1.5349695)

| (0.1,-2.1388110) —1

26+

Figure 4: Validation of inequality.

Remark 2.16. By introducing F-contraction, Wardowski [21] stated the modified version of Bananch con-
traction principle. In [21], Wardowski proved that the Bananch contractions are particular case of F-
contractions. Meanwhile, the author presented some F-contractions which are not Banach contractions.
In view of aforesaid, we obtained generalized, extended new version of main results of Romaguera [16]
and Aydi et al. [4] by launching Theorem 2.2 and Theorem 2.13 in 0-complete partial metric spaces for
F-contraction, respectively.

Remark 2.17. Notice that we get the same result, if we replace 0-complete partial metric space with com-
plete partial metric space in Theorem 2.2 and Theroem 2.13.

3. Some applications

3.1. Application to a dynamical programming
Basically a dynamical process consists of:

(i) a state space, which is the set of the initial state, actions, and transition of the process;
(ii) a decision space, which is the set of possible actions that are allowed for the process.

The dynamic processing gives fruitful tools for mathematical optimization and computer programming.
In aforesaid system, the problem of dynamic programming associated to multistage process reduces to
the problem of solving the functional equation

q(x) = sup{f(x,y) + G(x,y,q(p(x,y)))}, xeW, 3.1)
yeb
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where p: WxD =W, f:WxD —Rand G: W x D xR — R. We suppose that W C U is a state space,
D C Vis a decision space, U and V are Banach spaces. Let B(W) denote the set of all bounded real valued
functions on W and for an arbitrary h € B(W), define |[h|| = sup, ., [h(x)[. Clearly, the pair (B(W),||.]|)
with the metric d defined by

d(h, k) = sup |h(x) —k(x)I,
xeW

for all h,k € B(W) is a Banach space. Precisely, the convergence in the space B(W) with respect to ||. ||
is uniform and thus, if we consider a Cauchy sequence {h,,} in B(W), then {h,,} converges uniformly to
a function, say h*, that is bounded and so h* € B(W). Now for all h,k € B(W), x €« Wand b > 0, we
consider the partial metric p defined by

p(h, k) = d(h, k) +b = sup [h(x) —k(x)|+b,
xXEW

and we also define T : B(W) — B(W) by

T(h)(x) = sup{f(x,y) + G(x,y,h(p(x,y)))}, (3.2)
yeb

for all h € B(W) and x € W. Obviously, T is well-defined, if the functions f and G are bounded.
The subsequent result is followed:

Theorem 3.1. Let T be an upper semi-continuous operator defined by (3.2) and suppose that the following conditions
hold:

1) G:WxDxR —Randf:WxD — R are continuous and bounded;
(2) there exist a decreasing function 1\ : (0,00) — (0, 00) and a function ¢ : [0,00) — [0, co0) such that
(i) ¢ is upper semi continuous and $(t) < t for each t > 0;
v G(x,y, hix)) = Glx,y, k(x))] < e PN o (M (R, K)),
with 1
M(h, k) = max{p(h, k), p(h, T(h)), p(k, T(k)), 5 lp(h, T(k)) +p(k, T(h)I},
forallh,k € B(W),x e Wandy € D.

Then the functional equation (3.1) has a bounded solution.

Proof. Let A be an arbitrary positive number, x € W and hy, h, € B(W), then there exist y;,y2 € D such
that
f(x,y1) + G(x,y1, halp(x,y1))) —b+A,

f(XIUZ) + G(X/y2/h2(p(xly2))) —b +}\/

T(hy)(x)
T(h2)
T(hy)(x) = f(x,y2) + G(x,y1, hi(p(x,y1))),

(
T(h2)(x) > f(x,y1) + G(x,y2, ha(p(x,y2))),

(x) <
(x) <

which yields

T(hl)(x) 7T(h2)(x) < G(Xryllhl(p(xlyl))) - G(X/yZ/hZ(p(X/yZ))) —b +A
< |G(X/y1/h1(p(xly1))) - G(X/y2/h2(p(XIUZ)))| —-b +)\
< e PIMTR g (M(hy, o)) — b+ A,
In a same manner, we arrive at

T(hy)(x) — T(hy)(x) < e P IM=h2l+8) g (M(hy, hy)) — b+ A.
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Therefore
T(hy)(x) — T(ha) (x)] < e ¥ IM=h2l 0l (M(hy, hy)) — b+ A,

<
p(T(hy), T(hy)) < e VP2 g (M(hy, hy)) + A

Since the above inequality does not depend on x € W and A > 0 is taken arbitrary, then we conclude that
p(T(h1), T(hp)) < e VPTG (M(hy, hy)),
for each x € W. Consequently, by passing to logarithms, one can get

Y (p(hy, h2)) +1log(p(T(hi), T(h2))) < log d((M(hy, ha))).

This turns up to
b(p(hy, ha)) + F(p(T(he), T(h2))) < F(d(M(hy, ha))),

for F(t) = logt,t > 0. Thus we conclude that T is an F-contraction. Due to Corollary 2.6, T has a fixed
point h* € B(W), that is h* is a bounded solution of the functional equation (3.1). O

Remark 3.2. We also suggest some change of notation given by Sgroi et al. [18]. Notice that, in the context
of equation (9), authors used the notation 1, where T : W x D — W and in Theorem 5.1, they used the
same notation T, where T € R* which is puzzling, so one need to replace notation 7 in (9), to avoid any
confusion among researchers.

3.2. Application to an integral inequality
Let A denote the set of functions p : [0, c0) — [0, c0) satisfying the following hypotheses:

(i) pis a Lebesgue integrable mapping on each compact of [0, c0);
(i) for every € >0, we have [ u(t)dt > 0.

Theorem 3.3. Let (X,p) be a O-complete partial metric space and T be a mapping on X. For all x,y € X with
fg(TX’TU) u(t)dt > 0 we have

P(xy) p(Tx,Ty) max{p (x,y),p (x,Tx),p (y,Ty), 2 [p(x,Ty)+p(y,Tx)1}
J () dt + F(J p(t)dt) < F(J pa(t)dt),
0 0 0

where W, w1, wp € A. Then T has a unique fixed point.

4. Conclusions

In our finding, recognizing the concept of F-contraction due to Wardowski [21] and Piri and Kumam
[14], some unique fixed point theorems for Boyd-Wong and cyclic Boyd-Wong type generalized F--
contractions in 0-complete partial metric space are established. The applications and illustrative examples
show the high degree of reliability to other authors to generalize and improve these results for future
research.
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