M. Khaleghi Moghadam, G.A. Afrouzi and J. Vahidi/ TIMCS Val. 4 No. 3 (2012) 350 - 360

Available online at

The Journal of Mathematics and Computer Science Vol. 4 No.3 (2012) 350 - 360

A minimax inequality for a class of functionals and its
applications to existence of multiple solutions for elliptic
equations

M. Khaleghi Moghadam?®, G. A. Afrouzi® and Javad Vahidi
“Department of Basic Sciences, Faculty of Agriculture Engineering,
Sari Agricultural Sciences and Natural Resources University,
P. O. Box 578 Sari, Iran
e-mail: m.khaleghi@sanru.ac.ir
"Department of Mathematics, Faculty of Basic Sciences,
Mazandaran University, Babolsar, Iran
e-mail: afrouzi@Qumz.ac.ir
‘Department of Applied Mathematics,

Iran University of Science and Technology, Behshahr, Iran
e-mail address: j.vahidi@iust.ac.ir

Received: February 2012, Revised: May 2012
Online Publication: July 2012

Abstract

In this paper, we establish an equivalent statement of minimax inequality for a special
class of functionals. As an application, we discuss the existence of three solutions to the
Dirichlet problem

Apu+ M (x,u) = a(x)|ulP~u in Q,
u=20 on Of.
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1 Introduction

Throughout the sequel, @ C RY(N > 1) is a nonempty bounded open set with smooth
boundary 0f) and p > N.

Given two Gateaux differentiable functionals & and ¥ on a real Banach space X, the
minimax inequality

sup inf (®(u) + AMp — ¥(u))) < inf sup(®(u) + Mp — ¥(u))), p € R, (1)

A>0 ueX ueX A>0

plays a fundamental role for establishing the existence of at least three critical points for the
functional ®(u) — AV (u).

In this work some conditions that ensure the minimax inequality (1) are pointed out and
equivalent formulations are proved. Lemma 2.1 establishes an equivalent statement of the
minimax inequality (1) for a special class of functionals, while its consequences (Lemma 2.3
and Lemma 2.5) guarantee some conditions so that the minimax inequality (1) holds. The
technique used in our proof has been introduced in [4].

Finally, as an application of our results, we study the following Dirichlet boundary value
problem

{ Apu+ Af(x,u) = a(x)|ulP~u in €, 2)
u=0 on 0f),

where f : Q2x R — Ris an L'-Carathéodory function and a(z) € C(Q) is a positive function.
and A > 0.
We say that u is a weak solution to the problem (2) if u € Wy ?(Q) and

/Q Vu(z) P2 Vu(z)Vo(z)de — A /Q (o, u(z))v(z)de = — /Q a(x)|u(@) [P 2u(z)v(z)de

for every v € Wy (Q).

In recent years, many authors have studied multiple solutions from several points of view
and with variational methods and critical point theory and we refer to [1, 2, 4, 5, 6]and the
references therein.

For basic notations and definitions we refer to [9].

We now recall the three critical points theorem of B. Ricceri [7] by choosing h(A) = Ap:

Theorem 1.1. Let X be a separable and reflexive real Banach space; ® : X — R a
continuously Gateaux differentiable and sequentially weakly lower semicontinuous functional
whose Gateaux derivative admits a continuous inverse on X*; 7' : X — R a continuously
Gateaux differentiable functional whose Gateaux derivative is compact.

Assume that
lim (®(u) + AT (u)) = +o0

[Ju|| =400

for all A € [0, +o0], and that there exists p € R such that

sup inf (P(u) + AT'(u) + Ap) < inf sup(P(u) + AT (u) + Ap).
A>0 ueX ueX A>0
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Then, there exists an open interval A C [0, +00[ and a positive real number ¢ such that, for
each A € A, the equation
Q' (u) + A\T"(u) =0

has at least three solutions in X whose norms are less that than q.

2 Main results

In the sequel, X will denote the Sobolev space I/VO1 () equipped with the norm

lull:= ([ [vupar) ",

f:9Qx R — Ris an L'-Carathéodory function and g : Q x R — R is the function defined
as follows

owt) = [ £l )

for each (z,t) € Q x R.
Now, we define

ol = ( [(9u + ate)upyar)

so by using the positivity of the function a(z) € C(), there exist positive suitable constants
¢y and ¢y :
alfull < lull« < eolful] (3)

(i.e., the above norms are equivalent).
We now introduce two positive special functionals on the Sobolev space X as follows

I

O(u) : )

and

for every u € X.
Let p,r € R, w € X be such that 0 < p < ¥(w) and 0 < r < ®(w). We put

Al(puw) :pi(fj};’ (4>
Ay(r,w) := ri[gz; (5)

and
Ay(pow) = C’j<p A, (p, ), (6)
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where k = k(N,p) is a positive constant. Clearly, A;(p,w), As(r,w) and Asz(p,w) are
positive. Now, we put

..k
by =nf{ |l ul.€ B ¥(u) 2 p},

.. k
bg; = 1nf{c—1 || w|]«€ RT; m(Q) sup g(z,t) > p}

() €0 [~ & lull., £ lull.]

and
8, = 6y — 0y (7)

We prove 0, > 0 as follows:

Taking into account that for every u € X, one has
sup |u(z)| < kf|ul]
zeQ

for each u € X, namely
k
sup |u(z)| < —|lull,
z€eQ C1

for each u € X so that

W) = | gla,u(@))dz < m(Q) sup g(a, 1

where (x,t) € Q x [—% 1K g || u ||+« ]. Namely

U (u) <m(Q)sup g(,1),

where (z,t) € Q x [—g | wl]s % || w ||« ]; therefore,
k n k "
{—llullie BTV (u) = p} C{— [l ull.e RT;m(Q) sup glz,t) = p }.
€1 €1 @ex =Ll , £l ]
So, we have
inf{ X || u[l.€ R*; U(u) > p} >
ek n
mf{c— || u||l«€ R™;m(£2) sup g(x,t) >p }.
1

k k
()€ [~ L full. , £lull. ]

Hence 9, > 0.

Now, our main results fully depend on the following lemma:
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Lemma 2.1. Assume that there exist p € R, w € X that
(1) 0 < p < ¥(w),
(’LZ) m<Q) Sup(z,t)EQX[—Ag;(p,w)—‘er , Az(p,w)—6,) g(mu t) <p;

where As(p, w) is given by (6) and J, by (7).
Then, there exists p € R such that

sup inf (®(u) + AMp — ¥(u))) < inf sup(®(u) + Mp — ¥(u))).

A>0 ueX ueX A>0

Our proof of this lemma is motivated by that of [6, Proposition 2.1].
Proof: From (ii), we obtain

As(pyw) =6, ¢ {l€ R, m(Q)  sup  g(z,t) > p}.
(z,6)€QX[~1,]]

Moreover
inf{l € R";m(Q) sup  g(z,t) > p} > As(p, w) — 0,;
(.)€ 1]

in fact, arguing by contradiction, we assume that there is [; € R such that

m(Q)  sup  g(z,t) >p
(:E,t)GQX[—ll,lﬂ

and

ll < Ag(p, 'LU) — 5,9,

SO

m(£2) sup g(z,t) =m(Q)  sup  g(z,1) = p
(z,0)eQx[—Az(p,w)+6, , A3(p,w)—b,] (z,t)eQX[—11,l]

and this is a contradiction. So

inf{l € R";m(Q) sup  g(z,t) > p} > As(p,w) — 0,
(@,6)€Qx[-L,]

Therefore,

k
mf{~ || ull.€ R"5m(Q) sup g9(z.t) > p} > Az(p,w) — 0,3
1

() €Qx (= Elulls , £ lull.]

namely Az(p,w) < ;. So, we have

P
inf{"”p”* € R U(u) = p} > A(pyw),
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namely

inf ,
w1 ([p,+o0|) U (w)
and, taking in to account that (7) holds, one has
infueqj—l([p7+oo[) <I>(u) CID(w) - infueq,—l([p’Jroo[) CID(u)
p U(w) = p
Now, there exists A € R such that

P(w) — infuep—1(jp+00p P(w)

o V(w) —p

and

\ < infueq,_1([p7+oo[) (I)(u)’

p

or equivalently
inf P(u) > ¢(w) + Ap — ¥(w))

ue¥~*([p,+o0))

and

Ap < inf D(u).
P ueW=1([p,+o0l) ()

Therefore, thanks to the 0 < p < ¥(w), we obtain

inf (®(u) + AMp — ¥(u))) < inf{@(u); ue€ ¥ ([p, +o0])}, (8)

ueX

and in other hand,

inf (®(u) + A(p = ¥(u))) < (2(0) + A(p — ¥(0)) = Ap. (9)

ueX

So , with (8) and (9), one has

sup inf ((u) + Ap = ¥ (w)) < inf{®(u); v € U ([p, +oo])}-

Therefore, thanks to the

inf sup(®(u) + AMp— T(w)) = inf  B(u),
Sof sup(®(u) + AMp = W) = inf @)

we have the

sup inf (B(u) + A(p — (u))) < inf sup(®(u) + A(p — U(w)). O

A>0 ueX ueX A>0

Remark 2.2. If in Lemma 2.1, A3(p,w) — 6, < 0; the lemma holds again. Because,
As(p,w) < 01 — dy < 61, and by arguing as in the proof of Lemma 2.1, the results holds.
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Here we give an immediate consequence of Lemma 2.1.
Lemma 2.3. Assume that there exist p € R, w € X such that

(1) 0 < p < ¥(w),
(44) m(§2) SUP (4 1y erx [ Ag(pw) , As(pw) 9(T:T) < p.

where As(p, w) is given by (6).
Then, there exists p € R such that

sup inf (@(u) + A(p = V() < inf iglg@(%) + Alp — ¥ (u))).

Proof: Since

m(€2) sup g(x,t) <m(Q) sup g(x,t) <p,
(z,0)eQx[—A3z(p,w)+6, , A3(p,w)—b,] (z,t)eQX[—Asz(p,w) , Az(p,w)]

the result holds.
Now, we point out the following result:

Proposition 2.4. The following assertions are equivalent:
(a) there are p € R, w € X such that

(1) 0 < p < ¥(w),
(44) m(§2) SUP (4 1y erx [ Ag(pw) , As(pw)] 9(T5T) < p;

where As(p, w) is given by (6).
(b) there are r € R, w € X such that

(7) 0 <r < ®(w),
(47) m(2) SUP(z,ex[-£ g , & ypr] g(z,t) < As(r,w);

where As(r,w) is given by (5).

Proof:
(a) = (b). First we note that 0 < ®(w), because if ®(w) = 0, one has £||w||* = 0. Hence,
taking into account (ii), one has

U(w) < m(Q) sup g(z,t) =0

(z0)€0x [~ £ lwll , & ]l ]

and that is in contradiction to (7). We now put A;(p,w) = r. We obtain p = As(r, w) and
As(p,w) = %W Therefore, from (i) and (ii), one has

0<r<d(w)
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and
m(§2) sup g(x,t) < Asy(r,w).
(@)eQx [~ & opr , £ ypr]

(b) = (a). First we note that 0 < ¥(w), because if 0 > ¥(w), from (j) one has ry < 0;

(w

~

namely, Ay(r,w) < 0. Hence, from (jj) one has
0=U(0) <m() sup g(x,t) <0,
(@) eQx ([~ ypr & Y]

and this is a contradiction. We now put As(r,w) = p. We obtain r = A;(p,w) and
gﬁp/pr = As(p, w). Therefore, from (j) and (jj), we have the conclusion. O

The following lemma is another consequence of Lemma 2.1.
Lemma 2.5. Assume that there exist » € R, w € X such that

() 0 <r < d(w),
(j]) m(Q) Sup(x,t)eﬂx[fﬁ Yor % o/pr] g(ma t) < AQ(T, w)

where A (r,w) is given by (5).

Then, there exists p € R such that

sup 1£1)f((<1>(u) +AMp—¥(u))) < inf sup(®(u) + A(p — ¥(u))).
0 u

A> ueX A>0

Proof: It follows from Lemma 2.3 and Proposition 2.4. O

Finally, we interested in ensuring the existence of at least three weak solutions for the
Dirichlet problem (2). Now, we have the following result:

Theorem 2.6. Assume that there exist p € R, by € L'(Q), w € X and a positive
constant v with v < p such that

(1) 0 < p < Jo (@, w(z))dz,

(“) TTL(Q) Sup(z,t)EQX[—Ag(p,w) , Asz(p,w)] g(&?,t) <p

where As(p, w) is given by (6),

(173) g(x,t) < by(z)(1 + [t]7) almost everywhere in Q and for each t € R.

Then, there exists an open interval A C [0, +00[ and a positive real number ¢ such that, for
each A € A, the problem (2) admits at least three solutions in X whose norms are less than q.

Proof: Our aim is to apply Theorem 1.1. For this end, fix A € [0,400[, and set For
each u €X, we put
i

O (u) )
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and

T(u) = —/Qg(;v,u(x))dx.

It is well known that T is a continuously Gateaux differentiable functional whose Gateaux
derivative at the point u € X is the functional 7"(u) € X*, given by

T'(w)(v) = = [ f(,u(@)o()da

for every v € X. Moreover, T’ : X — X* is a compact operator. Moreover, the functional ®
is continuously Gateaux differentiable whose Gateaux derivative at the point u € X is the
functional ®'(u) € X*, given by

®'(u)(v) = /Q(\VU(IB)V’_QVU(@W(@ +a(@)|u(@) P u(r)v(z))d.

Clearly, @ is a sequentially weakly lower semicontinuous functional and its Gateaux derivative
admits a continuous inverse on X*.
Thanks to (7ii), for each A > 0 one has that

lim (®(u) + AT (u)) = +o0

[lul[—+oo

for all A € [0, 4o00].
Furthermore, thanks to Lemma 2.4, from (¢) and (ii) we have

sup inf (P(u) + AT(u) + Ap) < inf sup(P(u) + AT (u) + Ap).

A>0 ueX ueX A>0

Therefore, we can apply Theorem 1.1. Hence, since the weak solutions of the problem (2)
are exactly the solutions of the equation ®'(u) + A\T"(u) = 0, our conclusion follows from
Theorem 1.1. O

We also have the following existence result:

Theorem 2.7. Assume that there exist r € R, by € L'(Q), w € X and a positive
constant v with v < p such that

() 0 <r< L,

(J7) m(S2) Sup(g;,t)eﬂx[_% ypr 5 £ ) g(w,t) < Ag(r,w)

where Ay(r, w) is given by (5),

(777) g(z,t) < bo(z)(1 + |t|”) almost everywhere in €2 and for each ¢t € R.

Then, there exists an open interval A C [0, +00[ and a positive real number ¢ such that, for
each A € A, the problem (2) admits at least three solutions in X whose norms are less than q.
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Proof: It follows from Lemma 2.5 and Theorem 2.6. O

Remark 2.8. In applying above theorems, it is enough to know an explicit upper bound
for the constant k. In particular, if €2 is convex, then the following estimate holds
N-/p N

L1+ Y ) (s

k<

TV

and equality occurs when € is a ball(see [8], for more details).
We illustrate the results by giving the following example:

Example 2.9. Let Q = {(z,y) € R*;z > 0,2? + y* < 9} and consider the problem

(10)

div(|Vu|Vu) + A\(2u) = z|u|u in Q,
u=20 on Of.

Then, there exists an open interval A C [0, +oo[ and a positive real number ¢ such that,
for each A\ € A, the problem (10) admits at least three solutions in Wy*(€2) whose norms

are less than ¢. In fact, taking into account k = \6/% by choosing p = 97 and w(z) =

{ g: :5 so that As(p,w) = éf/%, all assumptions of Theorem 2.8, are satisfied
with v = 2, ¢; is positive constant such that the inequality (3) holds for m(xz) = x and n
sufficiently large, also with choose r = 7 so that Ay(r, w) = 2237, all assumptions of Theorem

— 801
2.9, are satisfied with u sufficiently large.
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