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Abstract

We investigate the existence of three distinct solutions for a class of quasilinearDirichlet ellipticsystems involving
the (p,q)-Laplacian operator. Our main tool is a recentthree critical points Theorem of B. Ricceri [On a three critical
points theorem, Arch. Math (Basel) 75 (2000) 220-226.
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1. Introduction
In this work, we consider the boundary value system

A, (W) + Af (x,u,v) = a(x)|ulP~*u inQ
A, (W) + Ag(x,u,v) = b(x)|v|9%v inQ (1.1)
u=v=0 on dQ

Where A_(u) = div| Vu[*? Vu)is the s-Laplacian operator, Q< R“(N >2)is a non-empty bounded
open set with smooth boundarydQ, p,q>N,A>0and f,g:Qx R? > Ris a continuous functions
differentiable and the positive weight functions a(x),b(x) e C(Q)_
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To be precise, we deal with the existence of an open interval A < [0, +oo[ and a positive real number ¢,
such that, for A € A ,problem (1.1) admits at least three weak solutions whose norms in Wol’p(Q) are less
than ¢.

In the literature many papers [1, 2, 4] discuss quasilinear elliptic systems. For example in [6] the authors
studied a class of quasilinear elliptic systems involving the p-Laplacian operator where the right hand
side is closely related to the critical Sobolevexponet and they proved the existence of at least one
nontrivial solution under suitable assumptions on the nonlinearities. In [7], A. Kristaly using an abstract
critical point result of B. Ricceriestablished the existence of an interval A < [0,+od such that for each

A € A the quasilinear elliptic system

=4, (W) = AE,(x,u,v) inf)
—A0q (v) = AF,(x,u, v)inQ
u=v=0 in dQ

Where Qs a strip-like domain and A > Qis a parameter, has at least two distinct nontrivial solutions and
in [8] Chun-Li and Chun-Lei Tang established the existence of an interval A [0, +oc[ and a positive real

number p such that for each A € A problem above admits at least three weak solutions whose norms in

W,"P(Q) x W, (Q) are less than p . In [4] authors prove existence of at least three solutions for the
problem

u=0

with use of a recent critical points Theorem of B. Ricceri [9]. By a solution (weak) of problem (1.1) ,we
mean any (U,V) € X such that

[ AVUE) VU (Vi (x) +a(x) [u(3) P u(h, () dx +
[ AVV0) [PV Vh, () +b(x) [VO) 72 v, (x))dx +

A= £ (x,U(x), VO ()~ g (x,U(X), VX)), (¥)dx =0

In the sequel, X will denote the Sobolev space W,""(€2) x W,"(Q2) equipped with the norm
[w,v)] = Jull+ v where Ju] = (]I Vu(x) [Pdx)”?, V] = (I Vv(x) [Fdx)
Q Q

{Ap(u)+lf (x,u)=a(x)|ul"2u

We define
ul, = (II vux) " +a() [u(x)[* dx)*" , |v], = (II W) " +b(x) [ v(x) [ dx)"
Q Q
Put
max,_; [u(x)|® max,  [V(X)[*
k = max SupueWOl‘p(Q)\{O} W R Fvew e ()\{o} ”(\ZIHq (1.2)

Since p,q> N one has kK <-+oo0.moreover, from [11] one has
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max_ - |u(x)| N‘l"[ N T’ p-1.y UN-V/p

u xeQ < I 1—|—— P m(Q
pugwol,P(Q)\{o; ||u|| \/; ( 2 ) ( N) [ ( )]

And

max_ -~ |v(x)] Nl’q[ N }’ q-1..4 UN-1/q
u xet? < r@+— m(Q
pvewolvp((z)\{o} ||V|| ,72' ( ) ( [ ( )]

Where m(Q) is the lebesgue measure of the set Q, and equality occurs whenQ is aball. hence,

InW,"" (€2) x W, () the norm |(u, V)”l = ||u||1

we denote by K, (C) the set
p q
{(ti,tz)eRz:MJrltZl < }(1.3)
p q

Put
K(xt, V(%)) = jf(x EV(X))E, E(,u(X),t,) = j g(x,u(¥),m)dn
wW(X, u(x) V(X)) = (K(x,u(x),v(x)) + E(x, u(x) V(X))

Now, fix x° € Qand pick I, r,with 0<r, <r, such that
S(x%,r)=S(x°,r,) cQ
2. Main result

First we here recall for the readers convenience the three critical points theorem of [9] and proposition

3.1 [10] and proposition 1 [5]:

Theorem 2.1.Let X be a separable and reflexive real banach space; ¢: X — R a continuously Gateaux

differentiable and sequentially weakly lower semi continuous functional whoseGateaux derivative admits

a continuous invers on X ; : X — Ra continuously Gateauxdifferentiable functional whose Gateaux

derivative is compact. Assume that
lim, ... (#(U) + Ay (u)) = +o0

forall 4 €[0,+o0[, and that there exists a continuous concave function h : [0, +oc[— R such that

SUp .o inquX (p(u) + Ay (u) + h(A)) < inquX SUp 150 (p(u) + Ay (u) + h(A4))

Then, there exists an open interval A — [0, +oc[ and a positive real number g such that, foreach 2 € A, the

equation
¢'(u) + Ay’ (u) =
has at least three solution in Xwhose norms are less than gq.

Proposition 2.2.Let Xbe a non-empty set and ¢, J two real functions on X . Assume that
there are r >0 and such that

P(%) = I (%) =0,8(x) > r

J(x)
xeg™ (-=,r]) JO)<r— $(x)

sup

Then, foreach p satisfying
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J(x)
$(x)

SUP, s oo JX)<p<r
One has

SUP 1.0 INf, . (#(X) + A0 = I (X))) <inf,  SUP 1.0 (#(X) + A(0 = I (X)))..

Proposition 2.3.Let T : X — X be the operator defined by

T(u,v)(h,h)= I(I Vu(x) [P Vu(x)Vh (x) +a(x) [u(x) " u(x)h, (x))dx
+f (I Vv(x) Iq‘ZVT/(X)th(X) +b(X) [v(x) [** v(x)h, (x))dx

For every (U,V), (hgf, h,) € X . Then Tadmits a continuous invers on X .

Now, we state our main result:

Theorem 2.4.Let f,g:QxR* — R be functions such that f (.,t,,t,),g(.,t,,t,) are continuous in Q for all
(t,t,)eR?*, f(x.,.),9(x,.,.) is C' inR?and exist two positive constans y, 3 such that y < p, < gand

a positive functions 7 € L such that

(Hw(x,u(x),v(x)) =0
[SUP ey WOGE )X [w(x,u(x), v(x))dx
(ii) 2 <2 . -
r ueal? |, ool

Y q

p q
Where K, (kr) = {(tl,tz) e R?%; % +% < kr}, (see (1.3)) and kis given by (1.2) ;

(iin)w(x, u(x),v(x)) <n(X)(+|t, | +|t,|”) for almost every XxeQ and for all (t,t,) e R*, Then, there
exists an open interval A [0, +oc[ and a positive real number gsuch that, for each A € A, problem (1.1)
admits at least three solutions in X whose norms are less than q .

Proof.For u,v e X, we put

=l + 21
p q
y(u,v) == wix,u(x), v(x))dx (22)

Since p, q > N, X is compactly embedded in C°(Q) x C°(Q) and it is well know that gand
are well defined and continuously Gateaux differentiable functionals whose Gateaux derivatives
at the point (uU,V) € X are the functionals ¢'(u, V), '(u,v) € X, given by
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#(uv)(h, hy) = [ (VU0 P2 Vu()Vhy(x) +a(x) | u(x) P2 u(h, (3))dx
+ [ ( PV [2VV()Vh, () +b(x) [V(X) [ v(x)h, (X)) dx

And
' (V) hy) = (] £ (% U0, VDR (X + [ 9, (9, VX)), (X))

For every (h,,h,) € X . Hence, the weak solution of (1.1) are exactly the solution of the equation
4'(u,v)+Ay'(u,v)=0

respectively, as well as y is sequentially weakly upper semicontinuous. We claim that y': X — X"is a
compact operator. Indeed for fixed (u,v) € X,assume (u,,v,) — (U,v) weakly in X asn— +co. Then
(u_,v,) — (u,V) strongly in C(Q). Sincef (x,.,.), g(x,.,.)is C*in R*for every X € Q, so it is continuous in
R? for every X € Q, and we get that f (x,u,,v,) — f(X,u,v),g(x,U,,V,) = g(X,U,V) strongly as N — +0.
By the Lebesguecontrolconvergence theorem, y'(u,,v,) — y(u,V)strongly which means that y'is

strongly continuous, then it is a compact operator. Hence the claim is true. Furthermore, proposition

2.3gives that ¢’ admits a continuous invers on X and since ¢' is monotone, we obtain that gis
sequentially weakly lower semicontinuous (see [12, proposition 25.20] ).
Thanks to (iii), for each A > 0 one has that

limy, . (#(U,V) + 2y (U, V) = +oo

and so one of the assumptions of theorem 2.1 holds. Moreover, since
P q
SUP,cq [UO P < K u]” and sup, o V0 ['< k||

For each (u,v) € X, we see that
Sup,., |u(x) [P<k]ul,” and sup,, | v(X) ['< kv’
For each (u,v) € X, and so

sup, . (WO IVOQIT WO, +||v<:)||2) 23)

q p
For each (u,v) € X, thus we have

¢ (1—o0,r]) ={(u,v) e X;g(u,v)<r}=4(u,v) e x;%Jr@s r

p q
g{(u,v) € X;lu(x)l +|V(X)| < Kkrvx eQ}
p q
and it follows that

sup (w)es Qomr]) (- (u,v)) =sup (w)egQoemr] iw(x, u(x), v(x))dx

< Isup(tl,tz)eKl(kr)W(X’ t,,1,)dx.
o
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Therefore, from (ii), we have
SUP gy (P UNV) =SUD £w(x, u(x), v(x))dx

< J-SUp(tl,tz)eKl(kr)W(X’ti'tz)dx'
Q

r £w(x, u(x), v(x))dx v
ol M Hu.v)
P q
Fix p such that

and define h(1) = Ap for everyd > 0, from proposition 2.2, with X, =(0,0), x, = (u,Vv),J = -y, we obtain
SUP 10 INF, ox (B(U,V) + Ay (U, V) + pA) <inf, ,_x SUP .0 (U, V) + Ay (U,V) + pA).

Now, our conclusion follows from theorem 2.1 o
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