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Abstract

The aim of this paper is to establish the existence of at least three weak solutions for the
elliptic Dirichlet problem. Our main tool is a three critical point theorem and Therorem3.1.
of Gabriele Bonanno , Giovanni Molica Bisci [4].

Keywords: Dirichlet problem; Critical points; Three noitulos

1. Introduction
In this paper we investigate the following elliptic Dirichlet problem

—Au = Af(x,u) —a(x)u inQ

{ (1.1)

u=20 on 0Q)
where ( is a non empty bounded open subset of the Euclidean space ( R",|.|), N=>3, with
boundary of classC?, 1 is a positive parameter and f: O x R — R is a function, and the positive
weight function a(x)e C(Q).
Existence of three solutions for different kinds of Dirichlet problem has been widely studied in
literature, see for instance[1, 3, 5, 6,7].

2. Preliminaries
Our main tool is the following critical point theorem.
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Theorem 2.1. Let X be a reflexive real Banach space, ¢: X — R be a coercive, continuously
Gateaux differentiable and sequentially weakly lower semicontinuous functional whose Gateaux
derivative admits a continuous invers on X*, 1: X — R be a continuously Gateaux differentiable
functional whose Gateaux derivative is compact such that ¢(0) = y(0) = 0.
Assume that there exist r > 0 and x€ X, with r< ¢(x) , such that:
Suplj)(x)grlp(x) P (x) .

(a1) " < ¢(f3p ,(_)

— X T r - _ - -
(ay) hcae rofd € A, =] pYE e r— the functional ¢ — Ay is coercive.
Then, for each A € A,, the functional J; :== ¢ — Ay has at least three distinct critical points in X.
Here and in the sequal, f: Q X R — R is a Caratheodory function such that

(hy) There exist two non negative constants a4, a, and qe]l,% [ such that
[fx,0)| < a; + ay|t]978, (2.1)
for every (x,t)e Q X R.

We recall that the symbol HZ (Q) indicates the closure of C§°(Q) in the Sobolev space W12 (Q),
with respect to the norm

1

lull=(f,, [Vu()[2dx)’

and we define
1

z
lul|, = (] (Vu@)® + a)lu)|?)dx)
! Q

then there exist positive suitable constants cy, ¢, such that
cpllul] < ||u||1 < ¢ ||ull
and a function u:Q — R is said to be a weak solution of (1.1) if ue H () and

j Vu(x)Vv(x)dx — /1] £, u(x))v(x)dx = —J a()u(x)v(x)dx
) Q )

forall v € H} (Q).
In order to study problem (1.1), we will use the functionals ¢, y: H} (Q) — R defined by putting

2
oy =

and

Y(u) = f F(x,u(x))dx, Vu € H(Q),
Q
Where
§
F(x.§) = [, f(x,t)dt,
for every (x,§) € Q X R.
From [4] clearly ¢: X — R is a coercive, continuously Gateaux differentiable and sequentially
weakly lower semi continuous functional whose Gateaux derivative admits a continuous inverse

on X*. On the other hand, y is well defined, continuously Gateaux differentiable and with
compact derivative. More precisely, one has

dW ) = [, (Vux). Vw(x) + a(x)u)v(x))dx,
P W) =[, f(xu))v)dx,
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for every u,ve Hg(Q).
A critical point of the functional J, :== ¢ — Ay is a function u € H (Q) such that

P () -4 W) =0, (2.2)

for every v e H}(Q). Hence the critical points of the functional J;are weak solutions of problem
(1.1). Now, put 2* = and denote, as usual, with T' the Gamma function defined by

(N 2)
T'(t) —f zt7le %dz, vt > 0.
From the Sobolev embedding theorem there exist c€ R* such that
lullor gy S cllull, ue HY(@. (23)

The best constant that appears in (2.3) is
__ 1 L

~ IN(-2)r (zr(1+ )) (24)

Fixing g€ [1, 2*[, again from the Sobolev embedding theorem, there exists a positive constant c,

such that

|lullLo @) < cqllul], u € Hy (), (2.5)
and, in particular, the embedding H} () < L(Q) is compact.
Due to (2.4) , as simple consequence of Holder’s inequality, it follows that

2%—q
o 1
< meas Q) 27q N! =
‘e =" Nv-r (zr(1+§))’v' (2.6)

where meas(f2) denotes the Lebesgue measure of the set .
Moreover, let

D:= sup,eqdist(x, Q). (2.7)
Simple calculations show that there is x, € Q such that B(xy,D)< Q.
Finally, we set
=% (~ ) (28)
' N N 1 .
2t oV—(2)
and
q+
2vV2c, (2N -1 Tc 2N —
= Ve ( )k, = @ -1 (2.9)
D2 qD2
3. Conclusion

Our main result is the following theorem.
eroehTm 3.1. Let f: Q X R — R be a Caratheodory function such that (h;) holds. Assume that
(hy) F(x, &) = 0 forevery (x,§) € Q X RY;
(h3) there exist two positive constants b and s < 2 such that
F(x,$) < b(1 + [§]°),
for almost every xe Q and for every ¢ € R;
(hy) there exist two positive constants y and §, with § > yk such that

inf EQF(X,(S) K1 -2
e e, takytT

where a4, a, are given in (h;) and k, Ky, K, are given by (2.8) and (2.9).
Then, for each parameter A belonging to
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A = 2(2V-1) 5°E 2(2N-1) 1 [
r.6) = D? inf xeqF (x,6) * D2 (al%%+azkqu_2) ’

the problem (1.1) possesses at least three weak solutions in Hg ().
Proof: Let us apply theorem 2.1 with X= H}(Q) and

P(u) = I|uz||121 Y = [, F(x,u(x))dx,
for every ue X. Let A>0 and put
L) = ¢@) — p(w), VueEX.

As observed in section 2, ¢ : X — R is a coercive, continuously Gateaux differentiable and
sequentially weakly lower semicontinuous functional whose Gateaux derivative admits a
continuous inverse on X*. Moreover, 1 is continuously Gateaux differentiable with compact
derivative and ¢(0) = y(0) = 0.

Owing to (hy), one has that
q
F(x$) < arlél +ar 55, 3.1

for every (x,) € Q X R.

Let re]0, +oo[ and consider the function

SUP yep =L (1—co ry ¥ (W)
. :

x(r) =
Taking into account (3.1) it follows that
a, q
b = [ Flrum)dr < allullgy +Zlullfyq,
Q

Then, for every ue X: ¢(u) < r, due to (2.5), we get

q
2

q
Yu) < (V2reiaq + 2 c; = r%).
Hence
2%cqa2 q
SUDyep1 oo P (W) S (V2reiaq + ; r2). (3.2)
Since, from (3.2), the following inequality holds
I q
)((T) < <\/§C1a1 + 22; 2 T%_1>, (33)
for every r>0.
Next, put
0 if x € Q— B(xy,D),
26 ) D
D
| 5 ifxeB(xo,E).

Clearly us € Xand we have
$us) =5 (J, (IVus (1% + a(0)lus (x)12)dx
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_1 (25)2 (26) L
= (fB(xo,D)—B(xo.z) dx +f(x0,D)_B(xO’%)a(x |D — |x — x| dx +
fB(xO'D)a(x)62dx)
N N
1 (26)* m2 N
=702 n P _<E> )
r(1+3)
(25)2 2 n2 D N
= Sup,eqa(X) max, g (e |D x0|| —F(H%) (DN — (5) )
o
+6 Supxeﬂa(x) ( )ZN)
N
_1(25)2 T2 N _
=120 —F(H%)(D () )(1+Mh+ M)
(6 nf v D\
e (D -® ) (3.5)
Bearing in mind that § > yk, it follows that y? < ¢ (uy).
At this point, by (h,) we infer
W(us) = [, F(x,us(x))dx = fB(xO'g)F(x,S)dx >
infeeq F(x,8 w2 o 3.6
infrea F(x, )mz—,v- (3.6)
Hence, by (3.5) and (3.6) one has
¢(u6) > DZ ianEQF(x:(S). (37)

d(us) — 212N-1) S2E
In view of (3.3) and taking into account (h,), we get

q
SUDyeg1 (o2 P (W) 22cla,
X2 = L (yz D <(\/_—a1 T —ya2)
D2 D2 inf yeaF (x,8) ll)(u )
-7 21 q—2 €Q E)
2(2N-1) (a1 y + @Ky ) < 22N-1)  §2E ¢(u5)

Therefore, the assumption (a;) of theorem 2.1 is satisfied.
2
Moreover, if s <2, for every ue X, |u|® € Ls(Q2) and the Holders inequality gives

2—s
f lu(x)|*dx < IIuIIizm) meas(Q) 2, Yu € X.
Q
Then, by (2.5), one has
2-=s
j |lu(x)|*dx < c3||u||® meas(Q) 2, Yu € X. (3.8)
Q

From (3.8) and due to condition (h3), it follows that

|lu 2—

| | )_ [lul]®* — Ab meas(Q), Yu € X.

Therefore, J; isa coercwe functional for every positive parameter, in particular, for every
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$(us) y?

Y(us) supgpay<?

Then, also condition (a;) holds. Hence, all the assumptions of theorem 2.1 are satisfied, so that,
foreach 4 € A, 5) the functional J; has at least three distinct critical points that are weak
solutions of the problem (1.1).

Example 3.1 Let Q be an open ball of radius one in R*, g:=3€]2,4[ and s::g <2

Pick r:=200 and consider the function f : R — R defined by

1+ t2 if t <200,
f(t):= 3.9
® { 1+ 2000v2t if t > 200. (3.9
1
and a(x) = —.
e2x3

Then, by theorem 3.1, for each
1

18000 F 124
A €] 40003 ’ 142372 ml,
the problem(1.1) possesses at least three weak positive solutions in H} (Q).
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