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Abstract
In this paper we obtain a unique common fixed point theorem for three mappings in

G-cone metric spaces and obtain an extension and improvement of a theorem of I. Beget.al.[ 1 ].
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1. Introduction and preliminaries
Based on cone metric spaces introduced by [2] and on G-metric spaces introduced by [4], L.

Beg et. al. [1] introduced generalized cone metric spaces as follows:
Let E be a real Banach space and P be a subset of E. The subset P is called a Cone if it has the

following properties:

) P is non empty, closed and P # {0};

(ii) 0<a,beRandx,y€EP=ax+by€P;

(iii) PN (-P)={0}.

For a given cone P € E, we can define a partial ordering < on E with respect to P by x <y if and only
ify - x € P. We will write x <y if x <y and x # y, while x « y will stands for y — x € P9, where P
denotes the interior of P.

Proposition 1.1 ([5]). Let P be a cone in a real Banach space E.Ifa€Pand a < Aa for some
A€ [0,1) thena=0.

Proposition 1.2 ([3],Cor.1.4).Let P be a cone in a real Banach space E .

(i) Ifa<sbandb<<c,thena<<c

(ii) Ifa€ Eand a << cforall c € P, thena=0.

Remark 1.3 ([3]). A P°C PO for A > 0 and P? + PoC PO,

Definition 1.4 ([1]). Let X be a nonempty set and let G : XxXxX — E be a function satisfying the
following properties :

(G1):G(x,y,z)=0ifx=y=1z,

(G2): 0 <G(x,x,y) forallx,y € Xwithx #y,

(G3): G(x,%x,¥) £G(x,y,z) forallx,y, z€ Xwithy # z,

(G4): G(x, ¥, 2) = G(%, Z,¥) = G(y, Z, X) = ..(symmetry in three variables),

(Gs): G(x,y,2) <G(x,a,a) + G(a,y,z) forallx,y,z, a € X.

Then the function G is called a generalized cone metric on X and X is called a generalized cone
metric space or a G - cone metric space. It is clear that if G(x, y, z) = 0 then x =y = z for any

X,y,Z€EX.

Definition 1.5 ([1]). A G - cone metric space X is called symmetric if G(x, x, y) = G(X, y, y) for all x, y
€ X.
Definition 1.6 ([1]). Let X be a G - cone metric space and {x,} be a sequence in X. The sequence {x,}
is said to converge to a point x € X if for every c € E with 0 << c there is N such that G(xn, xm, X) <<c
for all n, m > N. In this case, we write x, — xas n — oo.

The sequence {x,} is said to be a G - Cauchy sequence in X if for every c € E with 0 << c there
is N such that G(xn, Xm, x1) << c for alln, m,1 > N.

X is said to be complete if every G - Cauchy sequence in X is convergent in X.
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Proposition 1.7 ([1],Lemma 2.8). Let X be a G - cone metric space. Then for a sequence {x,} € X
and a point x € X, the following are equivalent
(i) {xn} is G - convergent to x,
(ii) G(xn, Xn, X) — 0 as n—oo,
(iii) G(xn, %, Xx) — 0 as n—oo,
(iv) G(Xm, Xn, X) — 0 as n, m —oo.
Proposition 1.8 ([1],Lemma 2.9). Let X be a G - cone metric space. Then the function
G(x,y, z) is jointly continuous in all three of its variables.
Remark 1.9 ([5]). If c € P%, 0 <a,and a, — 0, then there exists no€ N such that for alln>n, we
havea,<<c.
Ismat Beg et.al [ 1] proved the following
Theorem 1.10 ([1],Theorem 3.1). Let X be a complete symmetric G - cone metric space and T : X
— X be a mapping satisfying one of the following conditions
G(Tx, Ty, Tz) < aG(x,y, z) + bG(x, Tx, Tx) + cG(y, Ty, Ty) + dG(z, Tz, Tz)
and
G(Tx, Ty, Tz) < aG(x,y, z) + bG(x, x, Tx) + cG(y, y, Ty) + dG(z, z, Tz)
forallx,y,z€ X, where0<a+b+c+d<1.
Then T has a unique fixed point in X.
Now, we give a Lemma in G - cone metric spaces which is similar in cone metric spaces
given by Jainetal [ 6 ].
Lemma 1.11: Let X be a G - cone metric space, P be a cone in a real Banach space E and ki, ky, k3, ks
2 0 suchthatk; + ko + ks + ks> 0and k> 0. If x, > X, ya = ¥, Zo — Z and pn, — p in X and
(1.11.1) ka < k1G(Xn, Xm, X)*+Kk2G(¥n, Ym, ¥)+K3G(Zn, Zm, Z)+KsG(pn, Pm, P)
thena=0.

Proof. Since x, — X, yn — ¥, Zn — Z and pn — p, we have for c € P9, there exists a positive integer N

such that
C C
- G(Xn, Xm, X), - G(yn Ym ¥),
1k, 1k, K, o, SOy Y]
C C
- G Zn, Zm,Z ) - G n, Pmy E POVH>NC.
K 1K, +k, 1k, Commm e Tk, G Pep)
From Remark 1.3, we have
k,c k.,c
1 - kl G[Xl’l: Xm; X); 2 - k2 G[Yn: Ym; Y);
K, +k, +k; +k, K, +k, +k; +k,
k.c k,C
2 _k3 G[Zm Zm; Z)/ 4 _k4 G[pn, pm, p) E POVn >Nc.
kK, +k, +k; +k, K, +k, +k; +k,

Adding these four and by Remark 1.3, we have
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¢ —[k1G(Xn, Xm, X)+K2G(Yn, Ym, ¥)+K3G(Zn, Zm, 2)+KaG(pn, pm, p)] € POV n >N..
Now from(1.11.1) and Proposition 1.2(i), we have ka<< c for all ¢ € P°.

By Proposition 1.2(ii), we have a= 0 as k > 0.

2. Main result
Theorem 2.1. Let (X,G) be a symmetric G-cone metric space and A,B,C : X — X be satisfying

G(x,Y,2),G(x, Ax, By),
(21.1)  G(Ax,By,Cz)<  k max G(y, By,Cz), G(z, Cz, AX),
G(x, Ax, Ax), G(y, By, By),G(z,Cz, Cz),

forallx,y, z € X, where 0 < k< 1.
Then the mappings A, B and C have a unique common fixed point in X.
Proof. Choose x¢€ X. Define X3n+1 = AX3n, X3n+2 = BX3n+1, X3n+3 = CX3ne2, 1 =0, 1, 2, ......
Case(I) If x3n = x3n+1 then xz, is a fixed point of A. Denote x3, = X. Then Ax = x.
Suppose Bx# Cx. Then from (2.1.1)
G(x, Bx, Cx) G(x, Bx, Cx)
. max{o' G(X, X, Bx), G(x, Bx, Cx), G(x, Cx, x),}
0, G(x, Bx, Bx), G(X, Cx, Cx)

I\

k max {G(x, x,Bx),G(x,Bx,Cx),G(X, x,Cx)} ...(1) ,as X is symmetric
k G(x,Bx,Cx) from(Gs)

I\

It is a contradiction. Hence Bx = Cx.

Now from(1),G(x,Bx,Bx) < k G(x,Bx,Bx).

Now from Proposition 1.1, Bx = x. Hence Cx = x.

Thus x is a common fixed point of A,B and C.

Suppose x! is another common fixed point of A,B and C. Then

G(x, x, x1) = G(Ax,Bx,Cx1)

k max {G(x, x, x1), 0,G(x, %, x1),G(x1, X1, x), 0, 0, 0}

IN

k G(x, x, x1) as X is symmetric

Hence x = x1. Thus x is the unique common fixed point of A,B and C.
Similarly, if X3n+1 = X3n+2 OF X3n+2 = X3n+3 then we can show that A, B and
C have a unique common fixed point in X.

Case(II): Assume that x,# X1 for all n.

As X is symmetric and from (G3),we have
G(X3n+1, X3n+2, X3n+3)

= G(AX3n,BX3n+1,CX3n+2)
G(X3n ! X3n+l’ X3n+2)! G(XSn ! X3n+1' X3n+2)! G(X3n+l’ X3n+2’ X3n+3)
< k max G(X30421 Xanias Xansa )s CO(Xap s Xg0115 X41)

G(X3n+1’ X3n+2’ X3n+2)7 G(X3n+2’ X3n+3’ X3n+3)
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I\

k max{ G(Xsn ! X3n+1’ X3n+2)’ G(X3n+l’ X3n+2’ X3n+3) }
G(X3n ! X3n ! X3n+1)1 G(X3n+l’ X3n+2’ X3n+2)1 G(X3n+2' X3n+3' X3n+3)

I\

k maX{ G(X3n7X3n+l'X3n+2)’G(X3n+l’x3n+2’x3n+3) }
G(X3n ' X3n+1’ X3n+2)’ G(X3n+l1 X3n+2’ X3n)1 G(X3n+21 X3n+31 X3n+1)

Thus G(X3n+1, X3n+2, X3n+3) < K G(X3n, X3n+1, X3n+2) -
Similarly, we can show that G(Xan+2, X3n+3, X3n+4) < K G(X3n+1, X3n+2, X3n+3)
and G(X3n+3, X3n+4, X3n+5) < G(X3n+2, X3n+3, X3n+4).
Thus G(Xn, Xn+1, Xn+2) € K G(Xn-1, Xn, Xns1), 0 =1, 2, 3, ....
Hence
G(Xn, Xn+1, Xn+2) < k G(Xn—l, Xn, Xn+1)
< k2 (G(Xn-2, Xn-1, Xn)

s kn (G(xo, X1, X2)) «ereee(2)
From (Gs) and (2), we have
G(Xn, Xn, Xn+1) < G(Xn, Xn+1, Xn+2) Skn(G(Xo, X1, XZ))-
Now form > n,

G(Xn, Xn, Xm) < G(Xn, Xn, Xn+1) + G(Xn+1, Xn+1, Xn+2) + oo + G(Xm-1, Xm-1, Xm)
< kn G[Xo, X1, Xz) + kn+1 G[Xo, X1, Xz) + ...+ km-1 G[Xo, X1, Xz)
n
< 1k G(xo, X1, X2)
— 0 asn — oo,

n
From Remark 1.9, it follows that for 0 << c and large n,

G(xo, X1, X2) << C.

Now from Corollary 1.2(i), we have G(Xn, Xn, Xm) << ¢ for all m > n. Hence{x,} is G - Cauchy.
Since X is G - complete, there exists p € X such that x,— pasn — oo.
Now

G(Ap, p, p)

G(Ap,Bx3n+1,Bx3n+1) + G(BX3n+1, P, P)

G(Bx3n+1,CX3n+2,CX3n+2) + G(CX3n+2, Ap,BX3n+1) + G(BXzn+1, P, D)
G(X3n+2, X3n+3, X3n+3) + G(X3n+2, P, P) + G(ApP,BX3n+1,CX3n+2)
G(X3n+2, P, p) + G(P, X3n+3, X3n+3) + G(X3n+2, p, p)+

G(P. X3n.11 Xan12): G0, AP, X5.2),
k max G(Xap411 Xani21 Xan:3)s OXanizs Xani30 AP),
G(p, AR, AP), G(X 3011 Xani2+ Xani2 ) G(Xani21 Xana0 Xania)
2 G(X3n+2, P, p) + G(p, X3n+3, X3n43) +
G(P,s X 30411 X3n12), GIAR, P, P) + G(P, P, X35,2),

G(X3n+21 p’ p) + G(p’ X3n+1’ X3n+3)' G(Ap! pi p) + G(p1X3n+2 ! X3n+3)’
k max G(p. P, AP). G(X 3.2, P P) + G(P: X310 Xsn.2),

G(X3n+2’ p’ p) + G(p’ X3n+3' X3n+3)

IAN 1IN IA

I\

Thus we have

G(Ap, p, p) < 2G(x3n+2, P, p) + G(P, X3n+3, X3n+3) + K G(P, X3n+1, X3n+2) OF

(1 - k) G(Ap; p, p) < (2 + k)G(X3n+2, p, p) + G(p, X3n+3, X3n+3) or

G(Ap, p, p) < (2+Kk) G(X3n+2, P, P) + G(P, X3n+3, X3n+3) + K G(P, X3n+1, X3n+3) OF
(1-K)G(Ap, p, p) < 2G(X3n+2, P, P)+G(P, X3n+3, X3n+3)+KG (P, X3n+2, X3n+3) OT
(1 -k)G(Ap, p, p) < 2G(X3n+2, P, p) + G(P, X3n+3, X3n+3) OT
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G(Ap, p, p) < (2+K) G(X3n+2, P, P)+G(P, X3n+3, X3n43) +KG(P, X3n+1, X3ne2) OF
G(Ap, p, p) = (2 + k) G(x3n+2, p, p) + (1 + K)G(p, X3n+3, X3n+3).
Now from Proposition 1.7 and from Lemma 1.11, it follows thatG(Ap, p, p) = 0 so that Ap = p.
The rest of the proof follows as in Case(I).
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