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Abstract 

  In this paper we obtain a unique common fixed point theorem for three mappings in  

G-cone metric spaces and obtain an extension and improvement of a theorem of I. Beg et. al. [ 1 ]. 

Keywords:  G – cone metric space, common fixed points, symmetric space. 

2010 Mathematics Subject Classification:  47H10; 54H25 . 
 
 
 

The Journal of 
Mathematics and Computer Science 

http://www.tjmcs.com/
mailto:kprrao2004@yahoo.com
mailto:bhanulaks@gmail.com
mailto:varanasi@mopipi.ub.bw


K.P.R. Rao, K. Bhanu Lakshmi and V.C.C. Raju / TJMCS Vol .4 No.4 (2012) 585-590 
 

586 
 

   1.   Introduction and preliminaries 
 Based on cone metric spaces introduced by [2] and on G-metric spaces introduced by [4], I. 

Beg et. al. [1] introduced generalized cone metric spaces as follows: 

Let E be a real Banach space and P be a subset of E. The subset P is called a Cone if it has the 

following properties: 

 

(i) P is non empty, closed and P ≠ {0}; 

(ii) 0 ≤ a, b ∈ R and x, y ∈ P ⇒ ax + by ∈ P; 

(iii) P ∩ (−P) = {0} . 

For a given cone P ⊆ E, we can define a partial ordering ≤ on E with respect to P by x ≤ y if and only 

if y − x ∈ P. We will write x < y if x ≤ y and x ≠ y, while x ≪ y will stands for y − x ∈ P0, where P0 

denotes the interior of P. 

Proposition 1.1 ([5]). Let P be a cone in a real Banach space E . If a ∈ P and  a  ≤  λ a   for some  

λ∈ [0, 1) then a = 0. 

Proposition 1.2 ([3],Cor.1.4).Let P be a cone in a real Banach space E . 

(i) If a ≤ b and b << c, then a << c 

(ii) If a ∈ E and a << c for all c ∈ P0, then a = 0. 

Remark 1.3 ([3]). λ P0⊆ P0 for λ > 0 and P0 + P0⊆ P0. 

Definition 1.4 ([1]). Let X be a nonempty set and let G : X×X×X → E be a function satisfying the 

following properties : 

(G1): G(x, y, z) = 0 if x = y = z , 

(G2): 0 < G(x, x, y) for all x, y ∈ X with x ≠ y, 

(G3): G(x, x, y) ≤ G(x, y, z) for all x, y, z ∈ X with y ≠ z, 

(G4): G(x, y, z) = G(x, z, y) = G(y, z, x) = ...(symmetry in three variables), 

(G5): G(x, y, z) ≤ G(x, a, a) + G(a, y, z) for all x, y, z, a ∈ X. 

Then the function G is called a generalized cone metric on X and X is called a generalized cone 

metric space or a G – cone metric space. It is clear that if G(x, y, z) = 0 then x = y = z for any  

x, y, z ∈ X. 

 

Definition 1.5 ([1]). A G – cone metric space X is called symmetric if G(x, x, y) = G(x, y, y) for all x, y 

∈ X. 

Definition 1.6 ([1]). Let X be a G – cone metric space and {xn} be a sequence in X. The sequence {xn} 

is said to converge to a point x ∈ X if for every c ∈ E with 0 << c there is N such that G(xn, xm, x) << c 

for all n, m > N. In this case, we write xn → x as n → ∞. 

The sequence {xn} is said to be a G – Cauchy sequence in X if for every c ∈ E with 0 << c there 

is N such that G(xn, xm, xl) << c for all n, m, l > N. 

X is said to be complete if every G – Cauchy sequence in X is convergent in X. 
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Proposition 1.7 ([1],Lemma 2.8). Let X  be  a  G – cone metric space. Then for a sequence {xn} ⊆ X 

and a point x ∈ X, the following are equivalent 

(i) {xn} is G – convergent to x, 

(ii) G(xn, xn, x) → 0 as n→∞, 

(iii) G(xn, x, x) → 0 as n→∞, 

(iv) G(xm, xn, x) → 0 as n, m →∞. 

Proposition 1.8 ([1],Lemma 2.9). Let X be a G – cone metric space. Then the function  

G(x, y, z) is jointly continuous in all three of its variables. 

Remark 1.9 ([5]). If c ∈ P0, 0 ≤ an and a n → 0, then there exists n0∈ N such that for all n > n0   we 

have a n << c. 

Ismat Beg et.al [ 1] proved the following 

Theorem 1.10 ([1],Theorem 3.1). Let X be a complete symmetric G – cone metric space and T : X 

→ X be a mapping satisfying one of the following conditions 

G(Tx, Ty, Tz) ≤ aG(x, y, z) + bG(x, Tx, Tx) + cG(y, Ty, Ty) + dG(z, Tz, Tz) 

and 

G(Tx, Ty, Tz) ≤ aG(x, y, z) + bG(x, x, Tx) + cG(y, y, Ty) + dG(z, z, Tz) 

for all x, y, z ∈ X, where 0 ≤ a + b + c + d < 1. 

Then T has a unique fixed point in X. 

Now, we give a Lemma in G – cone metric spaces which is similar in cone metric spaces 

given by Jain et.al [ 6 ]. 

Lemma 1.11 : Let X be a G – cone metric space, P be a cone in a real Banach space E and k1, k2, k3, k4 

≥ 0 such that k1 + k2 + k3 + k4> 0 and k > 0. If xn → x, yn → y, zn → z and pn → p in X and 

(1.11.1) ka ≤ k1G(xn, xm, x)+k2G(yn, ym, y)+k3G(zn, zm, z)+k4G(pn, pm, p) 

then a = 0. 

Proof. Since xn → x, yn → y, zn → z and pn → p, we have for c ∈ P0, there exists a positive integer Nc 

such that 

4321 kkkk
c

+++
 − G(xn, xm, x), 

4321 kkkk
c

+++
 −  G(yn, ym, y), 

4321 kkkk
c

+++
− G(zn, zm, z), 

4321 kkkk
c

+++
− G(pn, pm, p) ∈ P0∀ n >Nc. 

From Remark 1.3, we have 

4321

1

kkkk
ck

+++
 − k1 G(xn, xm, x), 

4321

2

kkkk
ck

+++
 −  k2 G(yn, ym, y), 

4321

3

kkkk
ck

+++
− k3 G(zn, zm, z), 

4321

4

kkkk
ck

+++
− k4 G(pn, pm, p) ∈ P0∀ n >Nc. 

Adding these four and by Remark 1.3, we have 
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c −[k1G(xn, xm, x)+k2G(yn, ym, y)+k3G(zn, zm, z)+k4G(pn, pm, p)]  ∈ P0∀ n >Nc. 

Now from(1.11.1) and Proposition 1.2(i), we have ka<< c for all c  ∈ P0. 

By Proposition 1.2(ii), we have a = 0 as k > 0. 

 
 
2. Main result 
Theorem 2.1 . Let (X,G) be a symmetric G–cone metric space and A,B,C : X → X be satisfying 

(2.1.1) G(Ax, By, Cz) ≤ k 
















Cz), Cz, G(z, By), By, G(y, Ax), Ax, G(x,
 Ax), Cz, G(z, Cz), By, G(y,

 By), Ax, G(x, z), y, G(x,
max  

for all x, y, z ∈ X, where 0 ≤ k< 1. 

Then the mappings A, B and C have a unique common fixed point in X. 

Proof. Choose x0∈ X. Define x3n+1 = Ax3n,  x3n+2 = Bx3n+1, x3n+3 = Cx3n+2, n = 0, 1, 2, ...... 

Case(I) If x3n = x3n+1 then x3n is a fixed point of A. Denote x3n = x. Then Ax = x. 

Suppose Bx≠ Cx. Then from (2.1.1) 

G(x, Bx, Cx) = G(x, Bx, Cx) 

 ≤   k 








Cx) Cx, G(x, Bx), Bx, G(x, 0,
 x),Cx, G(x, Cx), Bx, G(x, Bx),  x,G(x, 0,

max  

 =  k  max {G(x, x,Bx),G(x,Bx,Cx),G(x, x,Cx)} ...(1) ,as X is symmetric 

≤  k G(x,Bx,Cx)  from(G3) 

It is a contradiction. Hence Bx = Cx. 

Now from(1),G(x,Bx,Bx) ≤  k G(x,Bx,Bx). 

Now from Proposition 1.1, Bx = x. Hence Cx = x. 

Thus x is a common fixed point of A,B and C. 

Suppose x1 is another common fixed point of A,B and C. Then 

G(x, x, x1)  = G(Ax,Bx,Cx1) 

≤  k  max {G(x, x, x1), 0,G(x, x, x1),G(x1, x1, x), 0, 0, 0} 

=  k  G(x, x, x1) as X is symmetric 

Hence x = x1. Thus x is the unique common fixed point of A,B and C. 

Similarly, if x3n+1 = x3n+2 or x3n+2 = x3n+3 then we can show that A , B and  

C have a unique common fixed point in X. 

Case(II): Assume that xn≠ xn+1 for all n. 

As X is symmetric and from (G3),we have 
G(x3n+1, x3n+2, x3n+3) 
 = G(Ax3n,Bx3n+1,Cx3n+2) 

 ≤ k 
















++++++

+++++

+++++++

) x, x,G(x ), x, x,G(x
) x, x,G(x ), x, x,G(x

) x, x,G(x ), x, x,G(x ), x, x,G(x
 max

33n33n23n23n23n13n

13n13n3n13n33n23n

33n23n13n23n13n3n23n13n3n
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 ≤ k 








+++++++

+++++

) x, x,G(x ), x, x,G(x ), x, x,G(x
) x, x,G(x ), x, x,G(x

 max
33n33n23n23n23n13n13n3n3n

33n23n13n23n13n3n  

 ≤ k 








+++++++

+++++

) x, x,G(x ), x, x,G(x ), x, x,G(x
) x, x,G(x ), x, x,G(x

 max
13n33n23n3n23n13n23n13n3n

33n23n13n23n13n3n  

Thus G(x3n+1, x3n+2, x3n+3) ≤ k G(x3n, x3n+1, x3n+2) . 
Similarly, we can show that G(x3n+2, x3n+3, x3n+4) ≤ k G(x3n+1, x3n+2, x3n+3) 
and G(x3n+3, x3n+4, x3n+5) ≤ G(x3n+2, x3n+3, x3n+4). 
Thus G(xn, xn+1, xn+2) ≤ k G(xn−1, xn, xn+1), n = 1, 2, 3, .... 
Hence 
G(xn, xn+1, xn+2) ≤ k G(xn−1, xn, xn+1) 

≤ k2 (G(xn−2, xn−1, xn) 
. 
.  
. 
≤ kn (G(x0, x1, x2)) .......(2) 

From (G3) and (2), we have 
G(xn, xn, xn+1) ≤ G(xn, xn+1, xn+2) ≤kn(G(x0, x1, x2)). 
Now for m > n, 
G(xn, xn, xm)  ≤ G(xn, xn, xn+1) + G(xn+1, xn+1, xn+2) + ... + G(xm−1, xm−1, xm) 

≤ kn G(x0, x1, x2) + kn+1 G(x0, x1, x2) + ... + km−1 G(x0, x1, x2) 

≤ 
k1

k n

−
 G(x0, x1, x2) 

→ 0 as n → ∞. 

From Remark 1.9, it follows that for 0 << c and large n, 
k1

k n

−
 G(x0, x1, x2) << c. 

Now from Corollary 1.2(i), we have G(xn, xn, xm) << c for all m > n. Hence{xn} is G – Cauchy. 
Since X is G – complete, there exists p ∈ X such that xn→ p as n → ∞. 
Now 
G(Ap, p, p) 

≤ G(Ap,Bx3n+1,Bx3n+1) + G(Bx3n+1, p, p) 
≤ G(Bx3n+1,Cx3n+2,Cx3n+2) + G(Cx3n+2, Ap,Bx3n+1) + G(Bx3n+1, p, p) 
=  G(x3n+2, x3n+3, x3n+3) + G(x3n+2, p, p) + G(Ap,Bx3n+1,Cx3n+2) 
≤ G(x3n+2, p, p) + G(p, x3n+3, x3n+3) + G(x3n+2, p, p)+ 

 k  
















++++++

+++++

+++

) x, x,G(x ), x, x,G(x Ap), Ap, G(p,
 p), , x,G(x ), x, x,G(x

 ), xAp, G(p, ), x, xG(p,
 max

33n33n23n23n23n13n

33n23n33n23n13n

23n23n13n

A  

≤ 2 G(x3n+2, p, p) + G(p, x3n+3, x3n+3) +  

 k 

























+
+

++
+

+++

+++

+++++

+++

) x, x,G(   p) p, ,G(x
 ), x, xG(p,  p) p, ,G(xAp),p,G(p,

 ),x,xG(p,p)p,G(Ap, ), x, xG(p,  p) p, ,G(x
), xp, G(p, p) p, G(Ap, ), x, xG(p,

 max

33n33n23n

23n13n23n

33n23n33n13n23n

23n23n13n

p
 

Thus we have 
G(Ap, p, p) ≤ 2G(x3n+2, p, p) + G(p, x3n+3, x3n+3) + k G(p, x3n+1, x3n+2) or 
(1 − k) G(Ap, p, p) ≤ (2 + k)G(x3n+2, p, p) + G(p, x3n+3, x3n+3) or 
G(Ap, p, p) ≤ (2+k) G(x3n+2, p, p) + G(p, x3n+3, x3n+3) + k G(p, x3n+1, x3n+3) or 
(1−k)G(Ap, p, p) ≤ 2G(x3n+2, p, p)+G(p, x3n+3, x3n+3)+kG(p, x3n+2, x3n+3) or 
(1 − k)G(Ap, p, p) ≤ 2G(x3n+2, p, p) + G(p, x3n+3, x3n+3) or 



K.P.R. Rao, K. Bhanu Lakshmi and V.C.C. Raju / TJMCS Vol .4 No.4 (2012) 585-590 
 

590 
 

G(Ap, p, p) ≤ (2+k) G(x3n+2, p, p)+G(p, x3n+3, x3n+3)+kG(p, x3n+1, x3n+2) or 
G(Ap, p, p) ≤ (2 + k) G(x3n+2, p, p) + (1 + k)G(p, x3n+3, x3n+3). 
Now from Proposition 1.7 and from Lemma 1.11, it follows thatG(Ap, p, p) = 0 so that Ap = p. 
The rest of the proof follows as in Case(I). 
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