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Abstract.  
 
In this paper, we will consider variational iteration method (VIM) for solving 
systems of integral–differential equation. This method is based on the use of 
Lagrange multipliers for identification of optimal value of a parameter in a 
functional. Using the variational iteration method, it is possible to find the 
exact solution or an approximate solution of the problem. In this paper, 
variational iteration method is introduced to overcome the difficulty arising in 
calculating Adomian polynomials. 
 
2000 Mathematics Subject Classification.  45J05;  65R20. 
 
Key words: . Variational iteration method;  Systems of integral–differential equations. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Available online at 
http://www.TJMCS.com 
 
Journal of  Mathematics and Computer Science  Vol .1  No.2 (2010) 46 - 57 
 



M. Matinfar, M.Ghanbari / TJMCS   Vol .1  No.2 (2010) 46-57 

47 
 

1. Introduction 

A system of integral–differential equations can be considered, in general form, as: 
 

ە
ۖ
۔

ۖ
ۓ 1ݕ

′ ሺݐሻ ൌ ݂1ሺݐ, ,ሻݐ1ሺݕ ,ሻݐ2ሺݕ … , ,ሻݐሺ݉ݕ  ݃1 ቀݐ, ,ሻݏ1ሺݕ ,ሻݏ2ሺݕ … , ሻቁݏሺ݉ݕ 1ሺ0ሻݕ       ,ሻݏ݀ ൌ ܽ1
ݐ

0
,

2ݕ 
′ ሺݐሻ ൌ ݂2ሺݐ, ,ሻݐ1ሺݕ ,ሻݐ2ሺݕ … , ,ሻݐሺ݉ݕ  ݃1 ቀݐ, ,ሻݏ1ሺݕ ,ሻݏ2ሺݕ … , ሻቁݏሺ݉ݕ 2ሺ0ሻݕ       ,ሻݏ݀ ൌ ܽ2

ݐ
0

,

ڭ
݉ݕ
′ ሺݐሻ ൌ ݂݉ሺݐ, ,ሻݐ1ሺݕ ,ሻݐ2ሺݕ … , ,ሻݐሺ݉ݕ  ݃1 ቀݐ, ,ሻݏ1ሺݕ ,ሻݏ2ሺݕ … , ሻቁݏሺ݉ݕ ሺ0ሻ݉ݕ       ,ሻݏ݀ ൌ ܽ݉

ݐ
0

 

(1) 
where each equation represents the first derivative of one of the unknown functions as a 
mapping involving the independent variable t, and n unknown functions ଵ݂, ଶ݂,, . . . , ݂ 

which have  appeared appeared partly in the integral sign. 
 

*   Corresponding author. (E-mail address: m.matinfar@umz.ac.ir ) 

     In this paper, we use variational iteration method for solving system (1).This method 
was first proposed by J. He [7,8],  and systematically illustrated in [5]. 

 

2. Variational iteration method 

     In this section, we use the following non-homogeneous system of differential 
equations 

ە
ۖ
۔

ۖ
ۓ ሻݐଵሺݑଵܮ  ଵܰ൫ݑଵሺݐሻ, ,ሻݐଶሺݑ … , ሻ൯ݐሺݑ ൌ ݃ଵሺݐሻ,

ሻݐଶሺݑଶܮ  ଶܰ൫ݑଵሺݐሻ, ,ሻݐଶሺݑ … , ሻ൯ݐሺݑ ൌ ݃ଶሺݐሻ,
ڭ

ሻݐሺݑܮ  ܰ൫ݑଵሺݐሻ, ,ሻݐଶሺݑ … , ሻ൯ݐሺݑ ൌ ݃ሺݐሻ

                                             

(2) 
to illustrate the basic idea of the variational iteration method. In the above system of 
equations ܮଵ, ܮଶ, . . . ,ܮ are linear differential operators with respect to t and ଵܰ, ଶܰ, . . . 
,ܰ are nonlinear operators and ଵ݃ሺݐሻ , ݃ଶሺݐሻ, . . . , ݃ሺݐሻ are some given functions. 
According to the variational iteration method, we can construct a correct functional as 
follows : 

ە
ۖ
۔

ۖ
ۓ ሻݐଵశభሺݑ ൌ ሻݐଵሺݑ   ଵሺ߬ሻݑଵܮଵሺ߬ሻ൛ߣ  ଵܰ൫ݑଵ, ,ଶݑ … , ൯ݑ െ ݃ଵሺ߬ሻൟ݀߬,௧



ሻݐଶశభሺݑ ൌ ሻݐଶሺݑ   ଶሺ߬ሻݑଶܮଶሺ߬ሻ൛ߣ  ଶܰ൫ݑଵ, ,ଶݑ … , ൯ݑ െ ݃ଶሺ߬ሻൟ݀߬,௧


ڭ
శభݑ

ሺݐሻ ൌ ݑ
ሺݐሻ   ݑܮሺ߬ሻ൛ߣ

ሺ߬ሻ  ܰ൫ݑଵ, ,ଶݑ … , ൯ݑ െ ݃ሺ߬ሻൟ݀߬,௧


                (3) 

where ߣଵሺ߬ሻ, ,ଶሺ߬ሻߣ … ,  ሺ߬ሻ are general Lagrange multipliers, which can be identifiedߣ
optimally via variational theory. The second terms on the right-hand side in (3) are called 
the correction and the subscript n denotes the nth order approximation. Under a suitable 
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restricted variational assumptions (i.e.   ݑଵ, ,ଶݑ … ,  ), then the Lagrange multipliers areݑ
identified. Now we may start the procedures with the given initial approximation and using 
the above iteration formulas to obtain the approximate solutions. For more see [1], [3-6] 
and [11-13].  
    We should now point that after obtaining value ߣଵሺ߬ሻ, ,ଶሺ߬ሻߣ … ,  ሺ߬ሻ  it is better toߣ
use below iteration formulas (4) instead of above iteration formulas (2) for obtaining 
better and closer approximations to the exact solution. 
 

ە
ۖۖ
۔

ۖۖ
ۓ ሻݐଵశభሺݑ ൌ ሻݐଵሺݑ   ଵሺ߬ሻݑଵܮଵሺ߬ሻ൛ߣ  ଵܰ൫ݑଵ, ,ଶݑ … , ൯ݑ െ ݃ଵሺ߬ሻൟ݀߬,௧



ሻݐଶశభሺݑ ൌ ሻݐଶሺݑ   ଶሺ߬ሻݑଶܮଶሺ߬ሻ൛ߣ  ଶܰ൫ݑଵ, ,ଶݑ … , ൯ݑ െ ݃ଶሺ߬ሻൟ݀߬,௧


ሻݐଷశభሺݑ ൌ ሻݐଷሺݑ   ଷሺ߬ሻݑଷܮଷሺ߬ሻ൛ߣ  ଷܰ൫ݑଵ, ,ଶݑ … , ൯ݑ െ ݃ଷሺ߬ሻൟ݀߬,௧


ڭ
శభݑ

ሺݐሻ ൌ ݑ
ሺݐሻ   ݑܮሺ߬ሻ൛ߣ

ሺ߬ሻ  ܰ൫ݑଵ, ,ଶݑ … , ൯ݑ െ ݃ሺ߬ሻൟ݀߬,௧


                (4) 

    The iteration formula (4) will give several approximations of 
,ଵሺ߬ሻݑ ,ଶሺ߬ሻݑ … ,  ሺ߬ሻ and the exact solutions are obtained at the limit of the resultingݑ
successive approximations .i.e. 
ሻݐଵሺݑ                 ൌ lim՜∞  ሻݐଵሺݑ
ሻݐଶሺݑ                 ൌ lim՜∞  ሻݐଶሺݑ
 ڭ                 
ሻݐሺݑ                 ൌ lim՜∞  ሻݐሺݑ

3. Test problems 
 

     In this section, we present four examples. These examples are considered to illustrate 
the method for linear and nonlinear system of ordinary integral-differential equations. 
 
Example  1. In this example the following system of integral–differential equations is 
solved, the exact solution are y1(x) = x + e x , y2(x) = x - e x . 
 

൝
ଵݕ
′ ൌ 1  ݔ  ଶݔ െ ଶݕ െ  ሺݕଵሺݐሻ௫

  ଵሺ0ሻݕ     ,ݐሻሻ݀ݐଶሺݕ ൌ 1;

ଵݕ
′ ൌ െ1 െ ݔ െ ଵݕ െ  ሺݕଵሺݐሻ௫

  ଵሺ0ሻݕ     ,ݐሻሻ݀ݐଶሺݕ ൌ െ1.
                                                    

(5) 
 
According to the variational iteration method we consider the correction functional in the 
following form (see [1, 3–6, 11–13]): 
 
 

ቐ
ଵశభݕ

ሺݔሻ ൌ ଵݕ
ሺݔሻ   1ሺ߬ሻߣ ቄ1݊ݕ

′  2݊ݕ
െ  1݊ݕ

ሺݏሻ  2݊ݕ
ሺݏሻሻ݀ݏ െ 1 െ ߬ െ ߬2߬

0 ቅ ݀߬,௫


ሻݔଶశభሺݕ ൌ ሻݔଶሺݕ   2ሺ߬ሻߣ ቄ2݊ݕ
′ െ 1݊ݕ

  1݊ݕ
ሺݏሻ െ 2݊ݕ

ሺݏሻሻ݀ݏ  1  ߬߬
0 ቅ ݀߬,௫



 (6) 

 
where ߣଵሺ߬ሻ and ߣଶሺ߬ሻ are the general Lagrange multipliers which its optimal value is 
found by using variational theory. the value of ݕଵబ  and ݕଶబare initial approximations and 
must be chosen suitably and ݕଵబand ݕଵబare the restricted values i.e. ݕߜଵబ= 0 and     ݕߜଶబ= 
0.  Now we have 
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ቐ
ଵశభݕߜ

ሺݔሻ ൌ ଵݕߜ
ሺݔሻ  ߜ  1ሺ߬ሻߣ ቄ1݊ݕ

′  2݊ݕ
െ  1݊ݕ

ሺݏሻ  2݊ݕ
ሺݏሻሻ݀ݏ െ 1 െ ߬ െ ߬2߬

0 ቅ ݀߬,௫


ሻݔଶశభሺݕߜ ൌ ሻݔଶሺݕߜ  ߜ  2ሺ߬ሻߣ ቄ2݊ݕ
′ െ 1݊ݕ

  1݊ݕ
ሺݏሻ െ 2݊ݕ

ሺݏሻሻ݀ݏ  1  ߬߬
0 ቅ ݀߬,௫



   

(7) 
 
 to find the optimal value of ߣ  
 

ቐ
ሻݔଵశభሺݕߜ ൌ ሻݔଵሺݕߜ  ߜ  1ሺ߬ሻߣ ቄ1݊ݕ

′ ቅ ݀߬ ൌ ሻݔଵሺݕߜ  ଵሺ߬ሻ |ఛୀ௫ݕ1ሺ߬ሻߣߜ െ ߜ  ଵߣ
′ ሺ߬ሻݕଵሺ߬ሻ݀߬௫


௫

 ,

ଶశభݕߜ
ሺݔሻ ൌ ଶݕߜ

ሺݔሻ  ߜ  2ሺ߬ሻߣ ቄ2݊ݕ
′ ቅ ݀߬ ൌ ଶݕߜ

ሺݔሻ  ଶݕ2ሺ߬ሻߣߜ
ሺ߬ሻ |ఛୀ௫ െ ߜ  ଶߣ

′ ሺ߬ሻݕଶ
ሺ߬ሻ݀߬௫


௫

 ,
 (8) 

 
 and this yields to the following stationary conditions: 
 
                    1  1ሺ߬ሻߣ ൌ 0|߬ൌߣ              , ݔଵ

′ ሺ߬ሻ ൌ 0|߬ൌݔ ,                                          
(9) 
 
                    1  2ሺ߬ሻߣ ൌ 0|߬ൌߣ              , ݔଶ

′ ሺ߬ሻ ൌ 0|߬ൌݔ .                                          
(10) 
 
      Therefore the Lagrange multipliers is defined as the following form: 
 
ଵሺ߬ሻߣ                              ൌ െ1,                ߣଶሺ߬ሻ ൌ െ1                                            
(11) 
 
substituting Eq.  (11)  into the correctional functional Eq.  (6)  we get the following 
iteration formula : 
 

ቐ
ଵశభݕ

ሺݔሻ ൌ ଵݕ
ሺݔሻ   ቄ1݊ݕ

′ ሺ߬ሻ  2݊ݕ
ሺ߬ሻ െ  ሺ1݊ݕ

ሺݏሻ  2݊ݕ
ሺݏሻሻ݀ݏ െ 1 െ ߬ െ ߬2߬

0 ቅ ݀߬,௫


ሻݔଶశభሺݕ ൌ ሻݔଶሺݕ   ቄ2݊ݕ
′ ሺ߬ሻ  1݊ݕ

ሺ߬ሻ െ  ൬1݊ݕ
ሺݏሻ  2݊ݕ

ሺݏሻ൰ ݏ݀  1  ߬߬
0 ቅ ݀߬௫

 .
  

(12) 
 
 
     As say before, it is better to use below iteration formulas (13) instead of above 
iteration formulas (12) for obtaining better and closer approximations to the exact 
solution. 
 

൞
ଵశభݕ

ሺݔሻ ൌ ଵݕ
ሺݔሻ   ቄ1݊ݕ

′ ሺ߬ሻ  2݊ݕ
ሺ߬ሻ െ  ൬1݊ݕ

ሺݏሻ  2݊ݕ
ሺݏሻ൰ ݏ݀ െ 1 െ ߬ െ ߬2߬

0 ቅ ݀߬,௫


ଶశభݕ
ሺݔሻ ൌ ଶݕ

ሺݔሻ   ቄ2݊ݕ
′ ሺ߬ሻ  1݊1ݕ

ሺ߬ሻ െ  ൬1݊ݕ1
ሺݏሻ  2݊ݕ

ሺݏሻ൰ ݏ݀  1  ߬߬
0 ቅ ݀߬௫



 

(13) 
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     We start with initial approximations ݕଵబ(x) = y1(0) and ݕଶబ(x) = y2(0), then by the 
iteration formulas (13) and MATLAB software we have 
 

ሻݔଵభሺݕ ൌ 1  ݔ2 
1
2 ଶݔ  ൬

1
3  ,ଷ൰ݔ

 

ଶభݕ
ሺݔሻ ൌ െ1 െ

1
2 ଶݔ െ

1
6 ଷݔ െ

1
24 ସݔ  ሺെ

1
60  ,ହሻݔ

 
 
 

ሻݔଵమሺݕ ൌ 1  ݔ2 
1
2 ଶݔ 

1
6 ଷݔ 

1
24 ସݔ  ሺെ

1
60 ହݔ 

1
720 ݔ 

1
2520  ,ሻݔ

 
 

ሻݔଶమሺݕ ൌ െ1 െ
1
2 ଶݔ െ

1
6 ଷݔ െ

1
24 ସݔ െ

1
120 ହݔ  ൬െ

1
360 ݔ 

1
5040 ݔ 

1
40320 ଼ݔ െ

1
181440  ,ଽ൰ݔ

 

ଵయݕ
ሺݔሻ ൌ 1  ݔ2 

1
2 ଶݔ 

1
6 ଷݔ 

1
24 ସݔ 

1
60 ହݔ 

1
720 ݔ  ൬

1
1008 ݔ െ

1
90720 ଽݔ  ڮ ൰, 

 

ଶయݕ
ሺݔሻ ൌ െ1 െ

1
2 ଶݔ െ

1
6 ଷݔ െ

1
24 ସݔ െ

1
120 ହݔ െ

1
720 ݔ െ

1
5040 ݔ  ൬

1
20160 ଼ݔ െ

1
90720 ଽݔ  ڮ ൰, 

 

ሻݔଵరሺݕ ൌ 1  ݔ2 
1
2

ଶݔ 
1
6

ଷݔ 
1

24
ସݔ 

1
120

ହݔ 
1

720
ݔ 

1
5040

ݔ 
1

40320
଼ݔ

 ൬െ
1

60480 ଽݔ 
1

1814400 ଵݔ  ڮ ൰, 

 
ሻݔଶరሺݕ ൌ െ1 െ

1
2 ଶݔ െ

1
6 ଷݔ െ

1
24 ସݔ െ

1
120 ହݔ െ

1
720 ݔ െ

1
5040 ݔ െ

1
40320 ଼ݔ െ

1
362880 ଽݔ  ሺെ

1
725760 ଵݔ 

1
9979200  ଵଵݔ

 
 ڭ
 and so on. Thus, we obtain 
 
ሻݔଵሺݕ ൌ lim

՜∞
ሻݔଵሺݕ

ൌ 1  ݔ2 
1
2 ଶݔ 

1
6 ଷݔ 

1
24 ସݔ 

1
120 ହݔ 

1
720 ݔ 

1
5040 ݔ 

1
40320 ଼ݔ 

1
362880 ଽݔ 

1
3628800 ଵݔ

  , ڮ
 
ሻݔଶሺݕ ൌ lim

՜∞
ሻݔଶሺݕ ൌ

ൌ െ1 െ
1
2

ଶݔ െ
1
6

ଷݔ െ
1

24
ସݔ െ

1
120

ହݔ െ
1

720
ݔ െ

1
5040

ݔ െ
1

40320
଼ݔ െ

1
362880

ଽݔ െ
1

362880
ଵݔ   ,ڮ

 
which are quite close to the Taylor series of their exact solutions y1(x) = x + ex and y2(x) = 
x − ex. 
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Example  2. In this example the following system of integral–differential equations is 
solved, the exact solution are y1(x) = sin(x), y2(x) = cos(x). 
 

               ൝
ଵݕ
′ ൌ െݔ  ଶݕ   ൫ݕଵ

ଶሺݐሻ  ଶݕ
ଶሺݐሻ൯݀ݕ       ,ݐଵሺ0ሻ ൌ 0;௫



ଶݕ
′ ൌ െݔ  ଵݕ   ൫ݕଵ

ଶሺݐሻ  ଶݕ
ଶሺݐሻ൯݀ݕ       ,ݐଶሺ0ሻ ൌ 1.௫



                                           

(14) 
 
 
      According to the variational iteration method we consider the correction functional in 
the following form (see [1, 3–6, 11–13]): 
 

ቐ
ሻݔଵశభሺݕ ൌ ሻݔଵሺݕ   ଵሺ߬ሻߣ ቄݕଵ

′ െ ଶݕ െ  ቀݕଵ
ଶ ሺݏሻ  ଶݕ

ଶ ሺݏሻቁ ఛݏ݀
  ߬ቅ ݀߬,௫



ଶశభݕ
ሺݔሻ ൌ ଶݕ

ሺݔሻ   ଶሺ߬ሻߣ ቄݕଶ
′  ଵݕ   ቀݕଵ

ଶ ሺݏሻ  ଶݕ
ଶ ሺݏሻቁ ఛݏ݀

 െ ߬ቅ ݀߬,௫


                 (15) 

 
Where  ߣଵሺ߬ሻ  and ߣଶሺ߬ሻ  are the general Lagrange multipliers which its optimal value is 
found by using variational theory. The value of ݕଵబ  and ݕଶబare initial approximations and 
must be chosen suitably and ݕଵ  and ݕଶ  are the restricted values i.e. ݕߜଵ= 0 and  ݕߜଶ= 
0. As previous example, we can obtain stationary conditions in the following form: 
 
 
                 1  1ሺ߬ሻߣ ൌ 0|߬ൌߣ              , ݔଵ

′ ሺ߬ሻ ൌ 0|߬ൌݔ ,                                        
(16) 
 
                 1  2ሺ߬ሻߣ ൌ 0|߬ൌߣ              , ݔଶ

′ ሺ߬ሻ ൌ 0|߬ൌݔ ,                                        
(17) 
 
Therefore the Lagrange multipliers  is defined as the following form: 
 
ଵሺ߬ሻߣ                  ൌ െ1,          ߣଶሺ߬ሻ ൌ െ1 .                                                         
(18) 
 
Substituting Eq. (18) into the correctional functional Eq. (16) we get the following iteration 
formula: 
 

ቐ
ሻݔଵశభሺݕ ൌ ሻݔଵሺݕ െ  ቄݕଵ

′ െ ଶݕ െ  ቀݕଵ
ଶ ሺݏሻ  ଶݕ

ଶ ሺݏሻቁ ఛݏ݀
  ߬ቅ ݀߬,௫



ଶశభݕ
ሺݔሻ ൌ ଶݕ

ሺݔሻ െ  ቄݕଶ
′  ଵݕ   ቀݕଵ

ଶ ሺݏሻ  ଶݕ
ଶ ሺݏሻቁ ఛݏ݀

 െ ߬ቅ ݀߬,௫


                       (19) 

 
 
     As say before, it is better to use below iteration formulas (20) instead of above 
iteration formulas (19) for obtaining better and closer approximations to the exact 
solution. 
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ቐ
ଵశభݕ

ሺݔሻ ൌ ଵݕ
ሺݔሻ െ  ቄݕଵ

′ െ ଶݕ െ  ቀݕଵ
ଶ ሺݏሻ  ଶݕ

ଶ ሺݏሻቁ ఛݏ݀
  ߬ቅ ݀߬,௫



ሻݔଶశభሺݕ ൌ ሻݔଶሺݕ െ  ቄݕଶ
′  ଵశభݕ   ቀݕଵశభ

ଶ ሺݏሻ  ଶݕ
ଶ ሺݏሻቁ ఛݏ݀

 െ ߬ቅ ݀߬.௫


                 (20) 

 
     We start with initial approximations ݕଵబ (x) = y1(0) and ݕଶబ (x) = y2(0), then by the 
iteration formulas (20) and MATLAB software we have 
 
ሻݔଵభሺݕ ൌ  ,ݔ
 

ሻݔଶభሺݕ ൌ 1 െ
1
2 ଶݔ  ൬െ

1
12  ,ସ൰ݔ

 
 

ଵమݕ
ሺݔሻ ൌ ݔ െ

1
6 ଷݔ  ൬െ

1
60 ହݔ 

1
360 ݔ 

1
672 ଼ݔ 

1
12960  ,ଵ൰ݔ

 
 
 

ሻݔଶమሺݕ ൌ 1 െ
1
2 ଶݔ 

1
24 ସݔ  ൬െ

1
2520 ݔ െ

1
720 ଼ݔ െ

11
45360 ଽݔ 

1
12960 ଵݔ െ

4
155925 ଵଵݔ  ڮ ൰, 

 
 
 

ሻݔଵయሺݕ ൌ ݔ െ
1
6 ଷݔ 

1
120 ହݔ  ൬

1
360 ݔ െ

1
2016 ଼ݔ െ

1
11340 ଽݔ െ

59
6604800 ଵݔ 

13
2494800 ଵଵݔ  ڮ ൰, 

 
 
ሻݔଶయሺݕ ൌ 1 െ

1
2

ଶݔ 
1

24
ସݔ െ

1
720

ݔ  ൬െ
13

20160
଼ݔ 

1
15120

ଽݔ 
253

1814400
ଵݔ 

1
19958400

ଵଵݔ  ڮ ൰, 

 
 
 

ଵరݕ
ሺݔሻ ൌ ݔ െ

1
6 ଷݔ 

1
120 ହݔ െ

1
5040 ݔ  ൬െ

13
181440 ଽݔ 

10
604800 ଵݔ 

97
19958400 ଵଵݔ  ڮ ൰, 

 
 
 
ሻݔଶరሺݕ ൌ 1 െ

1
2 ଶݔ 

1
24 ସݔ െ

1
720 ݔ 

1
40320 ଼ݔ  ൬

1
45360 ଵݔ െ

1
246400 ଵଵݔ െ

1549
239500800 ଵଶݔ  ڮ ൰, 

 
 ڭ
 
and so on. Thus, we obtain 

ሻݔଵሺݕ ൌ lim
՜ஶ

ሻݔଵሺݕ ൌ ݔ െ
1
6 ଷݔ 

1
120 ହݔ െ

1
5040 ݔ 

1
362880 ଽݔ െ

1
39916800 ଵଵݔ 

1
479001600 ଵଶݔ   ,ڮ

 
ሻݔଶሺݕ ൌ lim

՜ஶ
ሻݔଶሺݕ ൌ 1 െ

1
2 ଶݔ 

1
24 ସݔ െ

1
720 ݔ 

1
40320 ଼ݔ െ

1
3628800 ଵݔ 

1
4790001600 ଵଶݔ   ,ڮ

which are quite close to the Taylor series of their exact solutions y1(x) = sin(x) and  
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y2(x) = cos(x). 
 
Example 3.  In this example the following system of integral–differential equations is 
solved, the exact solution are y1(x) = x 2,   y2(x) = (x + 1)2 . 
 

൝
ଵݕ

ᇱ ൌ ݔ െ ଵݕ   ൫ݕଶሺݐሻ െ ௫ݐሻ൯݀ݐଵሺݕ
 ଵሺ0ሻݕ                      , ൌ 0;

ଶݕ
ᇱ ൌ ݔ3  3 െ ଶݕ   ൫ݕଶሺݐሻ െ ௫ݐሻ൯݀ݐଵሺݕ

 ଶሺ0ሻݕ            , ൌ 1.
                              

(21) 
     According to the variational iteration method we consider the correction functional in 
the following form (see [1, 3–6, 11–13]): 
 

ቐ
ሻݔଵశభሺݕ ൌ ሻݔଵሺݕ   ଵሺ߬ሻߣ ቄݕଵ

ᇱ  ଵݕ െ  ቀݕଶ
 ሺݏሻ  ଵݕ

 ሺݏሻቁ ఛݏ݀
 െ ߬ቅ ݀߬,௫



ଶశభݕ
ሺݔሻ ൌ ଶݕ

ሺݔሻ   ଶሺ߬ሻߣ ቄݕଶ
ᇱ  ଶݕ   ቀݕଶ

 ሺݏሻ  ଵݕ
 ሺݏሻቁ ఛݏ݀

 െ 3߬ െ 3ቅ ݀߬,௫


            

(22) 
where ߣଵሺ߬ሻ and ߣଶሺ߬ሻ are the general Lagrange multipliers which its optimal value is 
found by using variational theory. the value of ݕଵబ  and ݕଶబare initial approximations and  
must be chosen suitably and ݕଵ

 
 and ݕଶ

 are the restricted values  i.e. ݕ ߜଵ
 = 0  and  ݕ ߜଶ

 
 

= 0. Now we have: 
 

ቐ
ଵశభݕߜ

ሺݔሻ ൌ ଵݕߜ
ሺݔሻ  ߜ  ଵሺ߬ሻߣ ቄݕଵ

ᇱ  ଵݕ െ  ቀݕଶ
 ሺݏሻ  ଵݕ

 ሺݏሻቁ ఛݏ݀
 െ ߬ቅ ݀߬,௫

           

ሻݔଶశభሺݕߜ ൌ ሻݔଶሺݕߜ  ߜ  ଶሺ߬ሻߣ ቄݕଶ
ᇱ  ଶݕ   ቀݕଶ

 ሺݏሻ  ଵݕ
 ሺݏሻቁ ఛݏ݀

 െ 3߬ െ 3ቅ ݀߬,௫


    (23) 

to find the optimal value of   ߣ 

ە
ۖ
ۖ
ۖ
۔

ۖ
ۖ
ۖ
ۓ ሻݔଵశభሺݕߜ ൌ ሻݔଵሺݕߜ  ߜ න ଵݕଵሺ߬ሻ൛ߣ

ᇱ  ଵൟ݀߬ݕ
௫


                                                                                                                           

ൌ ሻݔଵሺݕߜ  ଵሺ߬ሻ |ఛୀ௫ݕଵሺ߬ሻߣߜ  ߜ න ሺߣଵ
 ሺ߬ሻ െ ଵߣ

ᇱ ሺ߬ሻݕଵሺ߬ሻ݀߬
௫


                                                            

ሻݔଶశభሺݕߜ ൌ ሻݔଶሺݕߜ  ߜ න ଶݕଶሺ߬ሻ൛ߣ
ᇱ  ଶൟ݀߬ݕ

௫


                                                                                                                              

ൌ ሻݔଶሺݕߜ  ଶሺ߬ሻ |ఛୀ௫ݕଶሺ߬ሻߣߜ  ߜ න ሺߣଶ
 ሺ߬ሻ െ ଶߣ

ᇱ ሺ߬ሻݕଶሺ߬ሻ݀߬
௫


                                             ሺ24ሻ   

 

and this yields to the following stationary conditions: 
                  1  ଵሺ߬ሻߣ ൌ 0|ఛୀ௫ ,              ߣଵ

 ሺ߬ሻ െ ଵߣ
ᇱ ሺ߬ሻ ൌ 0|ఛୀ௫ ,                          

(25) 
 
                 1  ଶሺ߬ሻߣ ൌ 0|ఛୀ௫ ,             ߣଶ

 ሺ߬ሻ െ ଶߣ 
ᇱ ሺ߬ሻ ൌ 0|ఛୀ௫ ,                          

(26) 
 
     Therefore the Lagrange multipliers is defined as the following form: 
 
ଵሺ߬ሻߣ                  ൌ ݔ െ ߬ െ ଶሺ߬ሻߣ          ,1 ൌ ݔ െ ߬ െ 1                                       
(27) 
 



M. Matinfar, M.Ghanbari / TJMCS   Vol .1  No.2 (2010) 46-57 

54 
 

substituting Eq. (27) into the correctional functional Eq. (23) we get the following 
iteration formula: 

ቐ
ሻݔଵశభሺݕ ൌ ሻݔଵሺݕ   ሺݔ െ ߬ െ 1ሻ ቄݕଵ

ᇱ  ଵݕ െ  ቀݕଶ
 ሺݏሻ െ ଵݕ

 ሺݏሻቁ ఛݏ݀
 െ ߬ቅ ݀߬,௫

                  

ଶశభݕ
ሺݔሻ ൌ ଶݕ

ሺݔሻ   ሺݔ െ ߬ െ 1ሻ ቄݕଶ
ᇱ  ଶݕ െ  ቀݕଶ

 ሺݏሻ െ ଵశభݕ
 ሺݏሻቁ ఛݏ݀

 െ 3߬ െ 3ቅ ݀߬,௫


 

(28) 
 
      As say before, it is better to use below iteration formulas (28) instead of above 
iteration formulas (27) for obtaining better and closer approximations to the exact 
solution. 
 

ቐ
ሻݔଵశభሺݕ ൌ ሻݔଵሺݕ   ሺݔ െ ߬ െ 1ሻ ቄݕଵ

ᇱ  ଵݕ െ  ቀݕଶ
 ሺݏሻ െ ଵݕ

 ሺݏሻቁ ఛݏ݀
 െ ߬ቅ ݀߬,௫

                  

ሻݔଶశభሺݕ ൌ ሻݔଶሺݕ   ሺݔ െ ߬ െ 1ሻ ቄݕଶ
ᇱ  ଶݕ   ቀݕଶ

 ሺݏሻ െ ଵశభݕ
 ሺݏሻቁ ఛݏ݀

 െ 3߬ െ 3ቅ ݀߬,௫


   

(28) 
     We start with initial approximations ݕଵబ(x) = y1(0) and ݕଶబ(x) = y2(0), then by the 
iteration formulas (28) and MATLAB software we have 
 

ଵభݕ
ሺݔሻ ൌ ଶݔ  ൬െ

1
3  ,ଷ൰ݔ

 

ଶభݕ
ሺݔሻ ൌ ଶݔ  ݔ2  1  ൬െ

2
3 ଷݔ െ

1
12 ସݔ 

1
30 ହݔ െ

1
360  ,൰ݔ

 

ଵమݕ
ሺݔሻ ൌ ଶݔ  ൬െ

1
30

ହݔ 
1

840
ݔ െ

1
6720

଼ݔ 
1

181440
 ,ଽ൰ݔ

ଶమݕ
ሺݔሻ ൌ ଶݔ  ݔ2  1  ൬െ

1
15 ହݔ 

1
360 ݔ െ

1
3360 ଼ݔ െ

1
90720 ଽݔ 

1
302400 ଵݔ  ڮ ൰, 

 

ଵయݕ
ሺݔሻ ൌ ଶݔ  ൬െ

1
360 ݔ 

1
10080 ଼ݔ 

1
25920 ଽݔ െ

1
181440 ଵݔ 

1
19958400 ଵଵݔ  ڮ ൰, 

 

ሻݔଶయሺݕ ൌ ଶݔ  ݔ2  1  ൬െ
1

315 ݔ 
1

5040 ଼ݔ 
1

10080 ଽݔ െ
1

72576 ଵݔ െ
1

6652800 ଵଵݔ  ڮ ൰, 

 ڭ
ሻݔଵభయሺݕ ൌ ଶݔ  ൬െ

1
3786916514485104000000 ଶହݔ 

1
19691965875322540800000 ଶݔ  ڮ ൰, 

 
ଵభయݕ

ሺݔሻ ൌ ଶݔ  ݔ2  1

 ൬െ
1

189345825742552000000 ଶହݔ 
1

984598299376661270400000 ଶݔ  ڮ ൰, 

 ڭ
and so on. Thus, we obtain 
ሻݔଵሺݕ               ൌ lim՜ஶ ሻݔଵሺݕ ൌ  ,ଶݔ
ሻݔଶሺݕ                ൌ lim՜ஶ ሻݔଶሺݕ ൌ ଶݔ  ݔ2  1 ൌ ሺݔ  1ሻଶ. 
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Example 4 .  In this example, we consider the following system of two nonlinear 
integral–differential equations, the exact solutions are y1(x) = e x and y2(x) = e –x   . 

൝
ଵݕ

ᇱ ൌ ݔଵሾݕ  1 െ  ሿ௫ݏሻ݀ݏଶሺݕሻݏଵሺݕ
 ଵሺ0ሻݕ           , ൌ 1;

ଶݕ
ᇱ ൌ ݔଶሾݕ  1 െ  ሿ௫ݏሻ݀ݏଶሺݕሻݏଵሺݕ

 ଶሺ0ሻݕ           , ൌ 1.
                                           

(29) 
 
     According to the variational iteration method we consider the correction functional 
in the following form (see [1, 3–6, 11–13]): 

൝
ଵశభݕ

ሺݔሻ ൌ ଵݕ
ሺݔሻ   ଵݕଵሺ߬ሻ൛ߣ

ᇱ െ ଵሾ߬ݕ  1 െ  ଵݕ
 ሺݏሻݕଶ

 ሺݏሻ݀ݏఛ
 ሿൟ݀߬,௫

     

ଶశభݕ
ሺݔሻ ൌ ଶݕ

ሺݔሻ   ଶݕଶሺ߬ሻ൛ߣ
ᇱ െ ଶሾെ߬ݕ െ 1   ଵݕ

 ሺݏሻݕଶ
 ሺݏሻ݀ݏఛ

 ሿൟ݀߬,௫


                          

(30) 
where ߣଵሺ߬ሻ and ߣଶሺ߬ሻ are the general Lagrange multipliers which its optimal value is 
found by using variational theory. the value of ݕଵబ  and ݕଶబ  are initial approximations and 
must be chosen suitably and ݕଵ

 and ݕଶ
 

 are the restricted values i.e. ݕߜଵ
 

 = 0 and 
ଶݕߜ

 = 0. Now we have 

൝
ሻݔଵశభሺݕߜ ൌ ሻݔଵሺݕߜ  ߜ  ଵݕଵሺ߬ሻ൛ߣ

ᇱ െ ଵሾ߬ݕ  1 െ  ଵݕ
 ሺݏሻݕଶ

 ሺݏሻ݀ݏఛ
 ሿൟ݀߬,௫



ሻݔଶశభሺݕߜ ൌ ሻݔଶሺݕߜ  ߜ  ଶݕଶሺ߬ሻ൛ߣ
ᇱ െ ଶሾെ߬ݕ െ 1   ଵݕ

 ሺݏሻݕଶ
 ሺݏሻ݀ݏఛ

 ሿൟ݀߬,௫


                  

(31) 
to find the optimal value of ߣ 

൝
ଵశభݕߜ

ሺݔሻ ൌ ଵݕߜ
ሺݔሻ  ߜ  ଵݕଵሺ߬ሻ൛ߣ

ᇱ ൟ݀߬௫
 ൌ ଵݕߜ

ሺݔሻ  ଵݕଵሺ߬ሻߣߜ
ሺ߬ሻ |ఛୀ௫ െ ߜ  ଵߣ

ᇱ ሺ߬ሻݕଵ
ሺ߬ሻ݀߬௫

 ,

ଶశభݕߜ
ሺݔሻ ൌ ଶݕߜ

ሺݔሻ  ߜ  ଶݕଶሺ߬ሻ൛ߣ
ᇱ ൟ݀߬௫

 ൌ ଶݕߜ
ሺݔሻ  ଶݕଶሺ߬ሻߣߜ

ሺ߬ሻ |ఛୀ௫ െ ߜ  ଶߣ
ᇱ ሺ߬ሻݕଶ

ሺ߬ሻ݀߬௫
 ,

            

                                  (32)  
and this yields to the following stationary conditions: 
               1  ଵሺ߬ሻߣ ൌ 0|ఛୀ௫ ,              ߣଵ

ᇱ ሺ߬ሻ ൌ 0|ఛୀ௫ ,                                          
(33) 
 
               1  ଶሺ߬ሻߣ ൌ 0|ఛୀ௫ ,              ߣଶ

ᇱ ሺ߬ሻ ൌ 0|ఛୀ௫ ,                                          
(34) 
 
Therefore the Lagrange multipliers is defined as the following form: 
 
ଵሺ߬ሻߣ                ൌ െ1,        ߣଶሺ߬ሻ ൌ െ1.                                                                     
(35) 
Substituting Eq. (35) into the correctional functional Eq. (30) we get the following iteration 
formula: 
 

൝
ଵశభݕ

ሺݔሻ ൌ ଵݕ
ሺݔሻ െ  ൛ݕଵ

ᇱ െ ଵሾ߬ݕ  1 െ  ଵݕ
 ሺݏሻݕଶ

 ሺݏሻ݀ݏఛ
 ሿൟ݀߬,௫



ଶశభݕ
ሺݔሻ ൌ ଶݕ

ሺݔሻ െ  ൛ݕଶ
ᇱ െ ଶሾെ߬ݕ െ 1   ଵݕ

 ሺݏሻݕଶ
 ሺݏሻ݀ݏఛ

 ሿൟ݀߬,௫


                                    

(36) 
 
      As say before, it is better to use below iteration formulas (37) instead of above 
iteration formulas (36) for obtaining better and closer approximations to the exact solution 
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൝
ሻݔଵశభሺݕ ൌ ሻݔଵሺݕ െ  ൛ݕଵ

ᇱ െ ଵሾ߬ݕ  1 െ  ଵݕ
 ሺݏሻݕଶ

 ሺݏሻ݀ݏఛ
 ሿൟ݀߬,௫



ሻݔଶశభሺݕ ൌ ሻݔଶሺݕ െ  ൛ݕଶ
ᇱ െ ଶሾെ߬ݕ െ 1   ଵశభݕ

 ሺݏሻݕଶ
 ሺݏሻ݀ݏఛ

 ሿൟ݀߬,௫


                                  

(37) 
 
     We start with initial approximations ݕଵబ = y1 (0) and ݕଶబ (x) = ݕଶ(0), then by the 
iteration formulas (37) and MATLAB software we have 
 
ሻݔଵభሺݕ ൌ 1    ,ݔ
ሻݔଶభሺݕ ൌ 1 െ ݔ  ሺଵ


  ,ଷሻݔ

ሻݔଵమሺݕ ൌ 1  ݔ  ଵ
ଶ

ଶݔ  ሺ ଵ
ଵଶ

ସݔ  
ଵଶ

ହݔ െ ଵ
଼

ݔ െ ଵ
ଵଶ

  ,ሻݔ

ሻݔଶమሺݕ ൌ 1 െ ݔ  ଵ
ଶ

ଶݔ  ቀെ ଵ
ଵଶ

ସݔ  ଵ


ହݔ  ଵ
ସହ

ݔ െ 
ଶ

ݔ െ ଵ
ସଷଶ

଼ݔ  ଼ହଷ
ଷଶ଼଼

  ,ଽቁݔ

ሻݔଵయሺݕ ൌ 1  ݔ  ଵ
ଶ

ଶݔ  ଵ


ଷݔ  ቀ ଵ


ହݔ  ଵ
ଶ

ݔ െ ଵ
ଶହଶ

ݔ  ହ
ସଷଶ

଼ݔ  
ଵଶଽ

ଽݔ  ڮ ቁ,  

ሻݔଶయሺݕ ൌ 1 െ ݔ  ଵ
ଶ

ଶݔ െ ଵ


ଷݔ  ቀ ଵ
ସ

ହݔ െ 
ଶ

ݔ  ଵ
ଵ଼

ݔ  ଵ
ହସ

଼ݔ  ସ
ସ଼

ଽݔ  ڮ ቁ,  

ଵరݕ
ሺݔሻ ൌ 1  ݔ  ଵ

ଶ
ଶݔ  ଵ


ଷݔ  ଵ

ଶସ
ସݔ  ቀ ଵ

ଵ଼
ݔ  ଵ

ଷ
ݔ െ ଵ

ହ
଼ݔ  ଵ

ହ
ଽݔ  ڮ ቁ,  

ሻݔଶరሺݕ ൌ 1 െ ݔ  ଵ
ଶ

ଶݔ െ ଵ


ଷݔ  ଵ
ଶସ

ସݔ  ቀെ ଵ
ଵ଼

ݔ  ଵଵ
ହସ

ݔ െ ଵ
ଶ଼଼

଼ݔ  ଵ
ଵଶଽ

ଽݔ  ڮ ቁ,  
  ڭ
and so on. Thus, we obtain 
ሻݔଵሺݕ ൌ lim՜ஶ ଵݕ

ሺݐሻ ൌ 1  ݔ  ଵ
ଶ

ଶݔ  ଵ


ଷݔ  ଵ
ଶସ

ସݔ  ଵ
ଵଶ

ହݔ  ଵ
ଶ

ݔ  ଵ
ହସ

ݔ    ,ڮ
ሻݔଶሺݕ ൌ lim՜ஶ ଶݕ

ሺݐሻ ൌ 1 െ ݔ  ଵ
ଶ

ଶݔ െ ଵ


ଷݔ  ଵ
ଶସ

ସݔ െ ଵ
ଵଶ

ହݔ  ଵ
ଶ

ݔ െ ଵ
ହସ

ݔ    ,ڮ
which  are quite close to the Taylor series of their exact solutions y1(x) = ex and 
y2(x) = e-x. 
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