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Abstract

This paper proposes new methods for fuzzy reliability estimation where lifetime random
variables have a distribution function with fuzzy parameter. First, a fuzzy estimation is constructed
for the parameter. Then, using such a fuzzy estimation, a fuzzy reliability estimation is constructed.
In first method, we used Buckley method with precise observation. In secound one we uesd fuzzy
point estimation with fuzzy observation. In third method, using a fuzzy estimation of mean time to
failure (MTTF), we constructed a fuzzy confidence bound and a fuzzy confidence band for reliability

function for a givent; and for a givena, respectively. This method has been used in lifetime

distributions as fuzzy normal distribution, fuzzy exponential distribution and fuzzy Weibull
distribution.

Keywords: Fuzzy reliability function; Fuzzy estimation; Fuzzy confidence bound; Fuzzy confidence
band.
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1. Introduction.

One of the important engineering tasks in design and development of a technical system is reliable
engineering. It is well known that the conventional reliability analysis, using the probabilities, has
been found to be inadequate to handle uncertainty of failure data and modeling.

To overcome this problem, the concept of fuzzy approach has been used in the evaluation of the
reliability of a system (Amit Kumar et al.,, 2006).

The theory of fuzzy reliability was proposed and development by several authors, Cai, Wen and
Zhang (1991, 1993); Cai (1996); Chen, Mon (1993); Hammer (2001); El-Hawary (2000), Onisawa
and Kacprzyk (1995); Utkin and Gurov (1995) (Aliev and Kara, 2004). Kang and Cho (1997)
discussed bootstrap confidence intervals for reliability function. Zardasht et al. (2012), considers
the properties of a nonparametric estimator developed for a reliability function which is used in
many reliability problems. Aliev and Kara (2004) considered fuzzy system reliability analysis using
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time dependent fuzzy set and the concept of alpha-cut. Hsien-Chung Wu (2004) estimated fuzzy
reliability using Bayesian approach. He also provides the computational procedures to evaluate the
membership degree of any given Bayes point estimate of reliability. Yao et al. (2008) applied a
statistical methodology in fuzzy system reliability analysis and got a fuzzy estimation of reliability.
Rafael Gouriveau et al. (2008) presented a fuzzy approach of online reliability modeling and
estimation. Zuhair (2009) provides estimation of reliability of a component subjected to life testing
and the procedure includes essentially polling of two samples of failure data, where the component
follows exponential failure model. Baloui Jamkhaneh (2011) evaluated reliability function using
fuzzy exponential lifetime distribution. In this paper we propose a procedure to estimation the
fuzzy reliability function, when the parameters are fuzzy. For this propose, we are presented the
definitions of distribution function, and the probability density function with fuzzy parameter and
its fuzzy reliability function. The distribution function with fuzzy parameter of a random variable is
defined as follows:

F(x,0) ={F ()], e sy [F ()@ = [F (@], Fr 0[], 5 ) = @3,

Foin (0[] = inf{F (x,0)[]|0 € OlaT},

s 0[] = SUp{F (x,0)[]|6 € T

Right graph in Fig. 1 is a fuzzy distribution function with & =0 (the dash line labeled ¢z =0), and
o =1 (the solid line labeled © =1). Left graph in Fig. 1 is a fuzzy distribution function for a given

Xj.
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Fig.1 ¢ —cut of fuzzy distribution function (¢ =0, 1)

The probability density function with fuzzy parameter is defined as follows:
f,0)={f ()al, st oy [f (Ole]=[f o ()], F o O], 24 o) = 03,
f o ()] =infF (x,0)[]|0 € O[T,

f e 0] = sUpfF (x,0)[]|0 < O[T

Let the lifetime random variable(RV) is a fuzzy random variable with probability density function

f(x, é) , then fuzzy reliability function is defined as follow:

S(t,0) ={S ), 4 ) [S O] =[S iy (O[], S O[], 415, = 0},
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S o (D] = 1=sup{F (t, 0)[x]|0 < Ol T},
S, O[a]=1-inf{F(t, 9)[04]\9 e O[]}

In this case, for any fixed @ and arbitrary t fuzzy reliability curve is like a decreasing band. Let 0 is
a triangular fuzzy number (6,,6,,6;), and then any givent; fuzzy reliability is a fuzzy number

1-F(t,6,),1-F (t,,6,),1- F (t,,6,)) and membership function of S () is as follow:

X -1+F(t,.6,)
F(tO’QS)_F(tO!QZ)
B 1-F(t,,6)—x
ﬂ§(t°)(x )= F ('[0,6’2)— F (to"gl)

, 1-F(t,.6,)<x <1-F(t,.6,)

. 1-F(t,,0,)<x <1-F(t,.0,)

0 , not

for a given t, fuzzy reliability S (t,é) will be an unknown parameter if & is unknown. We can

estimate S (t,d) by using estimation of 8 .
2. Estimate of the fuzzy reliability function with precise observations

Let X,,X,,...,X, be a random sample from a lifetime distribution with probability density
functionf (x ,67) Assume that 0 is an unknown parameter and it must be estimated. Based on

these observations and using estimator of U =u(X,,X,,..,X,), one can obtain

(1-»)100% confidence interval with using the usual statistical methods as [é" [7/],67U [71]. Now
place these confidence intervals one undergo another one, respectively from y =0.01toy =1. Also

0ly] = [éL [0 01], & [0.0]]from =0 toy =0.01 in order to produce a fuzzy number € whose
y —cuts (0[7] [HL 71, i [#1] ) are the confidence intervals. We estimated fuzzy rehablllty

function with replace fuzzy estimation of 9 instead of @ inS (t,d). Itis as S (t,0) =S, 9)

Example2.1. Let lifetime random variable have exponential distribution with fuzzy parameter

/1[7] = [/IL [7], A [#]]. Then we have
F (6, A= [Fo (D], o GO = [ 1me 0],

so, ¥ — cut of reliability function is as follow:

S A=l " e,

Let X, i =12,..,nis a random sample from lifetime variable. Then (1—})100% confidence
interval for A is as follow:
2 2
z%,zn Zl—%,Zn
( n 1 n )’
2> X, 2)X,
i1 i1
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so, ¥ —cuts set of fuzzy estimator A is as follow:
2 2

XZ 2n Xll 2n

AN=001LA =l— "]
2> X, 2) X,
i=1 i=1
in this case, ¥ —cuts set of fuzzy reliability estimator is as follow:
2 2
~ . AU . t;(1—1,2n tZZ,Zn
St A=l " e M =[exp{-—"—}exp{-—>—3}1

2> X, 2> X,
i=1 i=1

Example2.2. Let lifetime RV have normal distribution with fuzzy parameter 2[7]=[x"[7], & [¥]].
Then we have

F (X, DD = [Fa (D P 0ODTT = [0 7]y ¥ -t 1y,

so, ¥ — cut of reliability function is as follow:

S (t,it)[y]=[1—®(#),1—®(#)]-

Let X,,1=12,..,nis a random sample from lifetime variable. Then (1—})100% confidence

interval for ¢ is as follows:

so, ¥ —cuts set of fuzzy estimator £ is as follow:

=L LA D =K --27 X+ O
Al 1=[a" ] Il =X \/HZl_y,X +\/HZ o1

consequently, ¥ —cuts set of fuzzy reliability estimator is as follow:

— (o)
t—-X +—7 t—X -——7
/ 17 / 1-7
N "2y 1 g N a2y,

S(t, A)y]=[L-o(

3. Estimate of the fuzzy reliability function with fuzzy observations

from a lifetime

Let X, X,,..,X

distribution with probability density functionf (X ,é) Assume that 6 is an unknown parameter

be a random sample with fuzzy observation X,,X,,...,X

n n

and it must be estimated. Based on these fuzzy observations and using estimator

ofU =u(X,,X,,...X,), one can obtain fuzzy estimation of § with using the usual statistical

methods. 7 —cut set of fuzzy estimation of 8 is as 0[y]= [é" 4B & [1], 0 <y <1. We estimate
fuzzy reliability function with replacing the fuzzy estimation of 0 instead of 8 inS (t,é). It is

asSA(t,é):S(t,é). Let (X;;,X;,,X;3) , 1 =12,...,nis a random sample from lifetime RV of

1
Example2.1. Since maximum likelihood estimation of A is XTin exponential distribution. Then
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~ 1
maximum likelihood estimation of A is defined — in fuzzy exponential distribution. Its ¥ —cuts set

of fuzzy estimator A is as follow:

N =l ——1],
X[yl X"yl

in this case, y —cuts set of fuzzy reliability estimator is as follow:
t

S D=5 ¢ A=S € D= Ve F1]

Let (Xil,Xiz,Xi3) , 1 =12,..nis a random sample from lifetime RV of Example2.2. Since

maximum likelihood estimation of u is X in normal distribution. Then maximum likelihood

estimation of /i is defined X in fuzzy normal distribution. Its y —cuts set of fuzzy estimator f is as
follow:

A 1=IX 71XV [0,

consequently, ¥ —cuts set of fuzzy reliability estimator is as follow:

3 <t,ﬂ)[y]=[1—®(%),1—®(%)1.

4. Estimate of the fuzzy reliability function using fuzzy bound of MTTF (known variance)

Let R;,i=12,..,n are lifetime RV related to sub-system ofP,, 1 =1,2,...,n . First select random

samples with sizen; from any sub-systemP,. We shows observation asf, j=L.n,

r~ij = (rij(l), I’ij(z) f (3)) . Fuzzy point estimation of MTTF and its membership function is:

L] ij
_ 1 N; 1 N 1 N;
7 _ (v #(2) #3)y _ 1) (2) (3)
f —(ri LT )_(_ rij 1_Zrij ’_Zrii )’

= M Nhia
=
X ro<x<r®
ﬁ(Z) _ ﬁ(l) I I
=(3)
r® _x
_ =(2) =)
H )= g+ T SX ST
-t
0 , not

flal=[F"[a], 7' [dl=[["+a(@®-59), ;0 —a@® ).

In this case (1—7)100% fuzzy confidence bound of MTTF is defined as follow:

~*L ~ ~xU
My = < 4
where [ "and ;" are fuzzy number with @ —cut as follow:

i [al=[" ] g N =[F® +a(f® -F¥) -2, 5O -a(f®-F®)-—Tz ]

\/Elz \/El’%
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*LL

i [a]= Ul el 1 lad] i =1200m,

triangular fuzzy number of [ll* " can be showed as

also o —cut set of ﬂTU is as follow:

Al = L o] i Tl = + o -1+ Tz, 1 o -1+ 2 ]

eR=]]
a8
arr
a6

0.8

Apha

o
0.3

2l

off!

a0 e a el

Fig .2 fuzzy confidences bound of MTTF

fuzzy confidences bound is equivalent nonfuzzy confidence intervals of ,ui" [a]and ,uiu [a] as follow:

. _ oy o _ oy o
ulale (@ o) i la) = (9 +a(® 1) =2 1P +af® ") +—=z ),
g g+
u *LU U 3 —3) =2 o =(3) =3 _ = o
wlale(w "ol [e) =7 —a(f” -FY)——=z 7 —a(f” -7)+

\/E 1% ﬁzlg).

Fuzzy reliability function §(’[ , [ ) can estimited by using fuzzy confidences bound of MTTF as

S, &< S A)<S "t EY),
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S A )lal=S ¢t ANl =[S ¢, 4" [eDlel,S ¢, 44 [a])[]],
SUt A]=S ¢, 4)]=[S ¢, 4" [a])[e] S ¢, 15 [aDe]]

In this method, for a givent, (S™ (to,ﬂ?"),g*u (t,, 1)) is a fuzzy estimate 0f§(t0,ﬂi) that called
(1-y)100% fuzzy confidence bound of S(t,, /). It means that random interval
(S (ty, 1 " [aD[],S (ty, 1" " [a])[]) could be includedS " (t,, 1" [a])[a] with probability (1-7),
and also random interval (S (ty, 1 [aDlex],S (ty, 1 [a])[]) could be
includedS" (t,, 4 [@])[@] with probability(1-7). Also for a givene,, fuzzy estimate of
S(t, i1 )[a,] (thatis(S™(t, iz )[e,],S™ (t, 4")[e,])) is called (1-y)100% fuzzy confidence band
of S (t, z )[et,]. It means that random band of (S (t,z [, ])[,].S (t, 2" [ty 1)t ]) could be
includedS " (t, 1 )[at,] with probability (1-7), and also random interval
S N CARY (Al N ) 2N ) could be includedS" (t, 14" )[a,] with

probability (L— 7) at any arbitraryt .
In fuzzy normal distribution, & — cut of fuzzy reliability function is as follow:

St =0-ol 41 ol 41,
in this case, fuzzy reliability estimate is as follow:
STt i) <S (i)=Y, i),
S Y A o L P o o e CU R Y 2P
S A =18 € D) § (4 Tl =1~ o 41 1 cD(”iT[“])].

In fuzzy exponential distribution, o — cut of fuzzy reliability function is as follow:

—t —t

S(t, )a]=[e" e 1],

In this case, fuzzy reliability estimate is as follow:

St ) <S i) <SSVt ),
t

$* A =15 (€ D[] €, 4 Eeal] = 11 €570,
S )] =[5 4 (D[] S (€ ™ TaDlel] = [ 1,6 1],

Example4.1. Let lifetime RV of the component have Weibull distribution with fuzzy parameter of

0=(a,a,a,)as
34
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,(L)ﬂ
f(x,0)= {e[ﬁ](e[ ])f AT [, 1y o[ O] =TF i ()[@], e O[], 24 () = a3,

so fuzzy reliability function and MTTF is as

T 0rs

ral)f  —(Lrasl)

t
- o
St)al=[e “ 7 e I,
and fuzzy reliability estimate is as follow:
ST <S (. 4) =St a),
t

Py R e

S (1 B =18 €45 [aDla S 4 [aD[aT] = 0 7 e H)

rasdy’ (ot

s (t,ﬁfu)[a]=[8(t,yf“L[a])[a],S(t,y:“U[a])[a]]:[ef(m Pl e el

1
r+=))~»
(+/),))

5. Estimate of the fuzzy reliability function using fuzzy bound of MTTF (unknown variance)

Let population variance is unknown, so we estimate population variance by

using D (A, |§) —distance defined on the space of fuzzy numbers:

pxq

D

pxq(

AB)=[a-9)[|A [a]-B [a]da+q[[A’[e]-B" [a]lda]’ , 1<p<w,

- 1 & =
2-DS?*=——S'[D ,(f.,F)]-
1 1 n 1;[ Z,E(U |)]

If A= (ai, a,, as) and B = (bl,bz,b3) be triangular fuzzy numbers then it is easy to prove that

[D ,(AB)f =—{(31 b,)* +2(a, ~b,)" + (8, =by)" + Y (& ~b;)@.. by}

25 i L2}

In this case, if the sample size is large then we replace /DS iz instead of o at past formulates of

fuzzy estimate of reliability. Also if the sample size is small and lifetime RV have normal distribution

then we replace /DS iz instead of 0 and tni_l(l—%) instead of Z1 , at past formulates of fuzzy

2
estimation of reliability. So, (L—7)100% fuzzy confidence bound of MTTF is defined as follow:

By <
where ,[tl*" and [ITU are fuzzy number with & —cut as follow:
- led=[u" [al. i [a]]

JDS.Z \/DSZ
A 'tni-l(l—g),ﬁ“)—a(r—-“’ AQ) t, 4 (12 Bl

=[[Y +a(f?-1%)- o
n
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*LL

i [a]= Ul el 1 lad] i =1200m,

triangular fuzzy number of [JI* " can be showed as

) JDS? oy _(Z)J/Dsi2 7y DS/ oy
( tni—l(l 2)’r tni—l( )’I tni—l(l 2))’

Ay B T

also & —cutsetof fi.° is as follow:

i lal =1 [od 4™ [al]

DS/ DS}
=[5 +a(? - )+ =, L (1= D) 50 - a0 -1 )+ =, La-D)
o 2 g 2

B0 10] = Vgl [ £ [a]] \ 121200,

triangular fuzzy number of [JTU can be showed as

- \/DS i2 Y\ =) \/DSi2 Y\ =) DS i2 v
(ri + tn-—l(l_ )’ri + tnv—l(_)’ri +—tn-—1(1__))1
N R L R
fuzzy confidences bound is equivalent nonfuzzy confidence intervals of ,ui" [a]and ,uiu [a] as follow:
wlade (i ol 4™ [a])
DS/’ DS?
R LI U A PR SO}

S e

= (7 +a(f? ")~

w lade (i [al, 4" [a])

/DS 2
(7l 1) - L0-2)0 -

We can estimate fuzzy reliability using fuzzy confidence bound of MTTF.

o . |JDS?
e .(2’)+—\/n>tni_l(l—g)).

Exampleb5.1. let lifetime RV of the component have fuzzy normal distribution. We choose a sample.
Table 1 shows observation of the sample. We calculate fuzzy confidences bound of MTTF and
estimation of fuzzy reliability function by o = 0.03, » =0.1.

Table 1: observations of the sample and its descriptive statistics

. ——
Fuzzy observations [Dz,l(ri )]
2
F (0.7,0.72,0.74) 0.0016
f, (0.73,0.75,0.77) 0.0001
f, (0.8,0.82,0.84) 0.0006
7, (0.73,0.75,0.77) 0.0001
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(0.74,0.76,0.78)

ﬂzl

DS 2 0.0008

i [a]=[F"[a], T"[a]]=[0.74+0.02¢,0.78-0.02c],

(L-)100% fuzzy confidence bound of MTTF is as follow:

~L, o~ ~iU
My = i < W,
where ji " is fuzzy number with @ —cut as follow:

it ] =[u " e, 1 [a]] =[0.7047 +0.022,0.7447 - 0.024],

triangular fuzzy number of f - can be showed as (0.7047,0.7247,0.7447) . Also & —cut set of i,
is as follows: [~ [a]=[x""[a] 1" [a]]=[0.7753+0.02c,0.8153~0.02ct]. Triangular fuzzy
number of /i can be showed as (0.7753,0.7953,0.8153) . So, (1- 7)100% fuzzy confidence bound
of MTTF is defined as follows: (0.7047,0.7247,0.7447) < 1, < (0.7753,0.7953,0.8153).

~xL 2 = ~*U
H; uy=r H;
"l|’_
o9}
0al
07}
0.6}
1]
5 05
=T
0.4}
0.3}
0.2}
01}
O 1 1 1 1
07 0.72 0.74 0.76 0.78 0.8 0.82

Fig .3 fuzzy confidences bound of MTTF (known variance)

In this case, fuzzy reliability estimate is as follow:
ST A =S A) =S ("),

St )l =[S . 4 [aDal.S . 4 [a])a]]
t —(0.7051; ;—0.0205))’ o —(0.74:2;0.020;))]’

SYt )al=[S ¢, 1" [aDal S . 15 [aDe]]
t-(07753+0.02), | t~(08153-0.022)
0.03 0.03

If population variance be unknown, then Table 1 shows that estimation of standard deviation is

0.0283:

=[1-(

= [1-a( )],
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4
DSi2 = %Z[D2 1(r~i D) = %{0.0016 +0.0001+0.0006+0.0001} = 0.0008.
=1 "2

So
it (] =14 (o] £ [a]] = [0.7067 +0.02a,0.7467 — 0.024],

triangular fuzzy number of /i - can be showed as (0.7067,0.7267,0.7467) . Also « —cut set of ;"
is as follows: ,[t,*U [a]= [/J:UL [a], ,ui*UU [@]]=[0.7733+0.02¢,0.8133-0.02¢]. Triangular fuzzy
number of f;° can be showed as (0.7733,0.7933,0.8133) . So, (1— #)100% fuzzy confidence bound of
MTTF is defined as follows: (0.7067,0.7267,0.7467) < ji, < (0.7733,0.7933,0.8133).

ﬁ:L g =F, ﬁu*u

.
0ot
08t
07t
0ar

0.5

Alpha

0.4r

0.3

0.2r

Tt

0 1 1 1 1
07 0.72 0.74 0.76 0.78 0.8 0.82

Fig .4 fuzzy confidences bound of MTTF (unknown variance)

Consequently, fuzzy reliability estimate is as follow:
ST )< S a) =SVt ),

St il =[S . 4 [aDal.S ¢, 4 [a])[a]]
t —(0.7:?); gso.oza))’ o —(0.7512;8—30.0204))]’

St )e]=[S t, 4 [aDle],S ¢, 14 [a])[e]]
t —(0.70732;30.0205))’ o —(0.80132530.0205))]’

=[1-a(

=[1-(
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