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Abstract     In this paper, some properties of union and intersection fuzzy subhypergroups are discussed. Generally, intersection family of fuzzy subhypergroups of a hypergroup is fuzzy subhypergroup, but, union family of fuzzy subhypergroups of a hypergroup is not fuzzy subhypergroup. We give some conditions such that this family is fuzzy subhypergroup. 
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   1.   Introduction. Hyperstructures represent a natural extension of classical algebraic structures and they were introduced by the French mathematician F. Marty [10]. Algebraic hyperstructures are a suitable generalization of classical algebraic structures. In a classical algebraic structure, the composition of two elements is an element, while in an algebraic hyperstructure, the composition of two elements is a set. Since then, hundreds of papers and several books have been written on this topic, see [1, 2, 4, 6, 7, 14]. A recent book on hyperstructures [6] points out on their applications in fuzzy and rough set theory, cryptography, codes, automata, probability, geometry, lattices, binary relations, graphs and hypergraphs. Another book [7] is devoted especially to the study of hyperring theory. Several kinds of hyperrings are introduced and analyzed. The volume ends with an outline of applications in chemistry and physics, analyzing several special kinds of hyperstructures: e-hyperstructures and transposition hypergroups. The theory of suitable modified hyperstructures can serve as a mathematical background in the field of quantum communication systems. 
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Given a set H, a fuzzy subset of H (or a fuzzy set in H) is, by definition, an arbitrary mapping µ:H→[0,1] where [0,1] is the usual interval of real numbers. This important concept of a fuzzy set has been introduced by Zadeh in [15]. Since then, many papers on fuzzy sets appeared showing the importance of the concept and its applications (cf., for example, [3, 5, 6, 11]). The study of the fuzzy algebraic structures has started in the pioneering paper of Rosenfeld [13] in 1971. Rosenfeld introduced the notion of fuzzy groups and showed that many results in groups can be extended in an elementary manner to develop the theory of fuzzy group. Since then the literature of various fuzzy algebraic concepts has been growing very rapidly. For example, the concept of a fuzzy ideal of a semigroup was introduced by Kuroki [8]. Liu in [9], and Mukherjee and Sen in [12], introduced and examined the notion of a fuzzy ideal of a ring. This paper is structured as follows. After the introduction, in section 2, we recall some basic notions and results on hypergroups and fuzzy sets. In section 3, we study some properties of union fuzzy subhypergroups, give several examples and we estab-lish some characterization theorems. Finally, in Section 4, several characterization theorems are obtained, particularly about the relation between hyperstructure and union and intersection fuzzy subhypergroups. 
 
 

2. PRELIMINARIES 

Definition 2.1. ([4],[6]) Let H be a non-empty set and P*(H) be the family of all non-empty subsets of H. A hyperoperation or join operations a map :H×H→ P*(H). If (a, b)∈H×H, then its image under “” is denoted by ab. The join operation is extended to subsets of H in a natural way, so that AB is given by AB=∪{ab|a∈A, b∈B}. The notations aA and Aa are used for {a}  A and A {a} respectively. Generally, the singleton {a} is identified by its element a. A non-empty set H, endowed with a hyperoperation is called a hypergroupoid and it is denoted by (H,). If 
x(yz) = (xy) z ,∀x, y, z ∈ H, then (H, ) is called a semihypergroup. A hypergroupoid (H, ) is called a quasihypergroup, if x H=H=Hx, for all x∈H. 

Definition 2.2. A hypergroup is a semihypergroup and a quasihypergroup. A fuzzy seton a non-empty set H is a function µ:H→[0; 1]. We denote by F(H) the set all fuzzy subsets of H. Let µ, ∈F(H), if µ(x)≤ (x) (resp. µ(x)< (x)) for all x∈H, then we say that µ is contained in  and we write µ⊆λ (resp. µ⊂ ). Clearly, the inclusion relation ⊆ is a partial ordering on F(H). Also, the mapping 1F:H→[0,1]|x → 1F(x):= 1 is the greatest element of F(H), and the mapping 0F:H→[0,1]|x→0F(x):= 0 is the zero element of F(H) for all x∈H, i.e., 0F⊆µ⊆1F. Define, µ∪  and µ∩ ∈F(H) as follows: (µ∪ )(x) = max{µ(x), (x)}, (µ ∩ )(x) = min{µ(x), (x)}, for all x∈H, then µ∪  and µ⋂  are called the union and intersection of µ and , respectively.   
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3. RELATION BETWEEN HYPERGROUPS AND UNION FUZZY SUBGROUPS For any collection, {µi:i ∈ I}, of fuzzy subsets of H, where I is a non-empty index set, the least upper ∪i∈I µi and the greatest lower bound ∩i∈I µi of the µi are given by (∪i∈I µi)(x) = supi∈Iµi(x) and (∩i∈Iµi)(x) = infi∈Iµi(x) for all x∈ H, respectively. If  I = {1,2,…,n}, then we write ∪i∈I µi =∪ ∈Iµi= µ1∪ µ2∪ … ∪ µn and  ∩ ∈I µi = ∩ I µi = µ1∩ µ2∩ … µn . 
Definition 3.1. ([6]) Let (H,) be a hypergroup and µ a fuzzy subset on H. We say that µ is a 

fuzzy subhypergroup on H if the following conditions hold: 1) ∀(x, y)∈H2, infz∈xyµ(z)≥inf{µ(x), µ(y)} 2) ∀(x, a)∈ H2,� (y, z)∈H2 such that x∈(ay)∩(za) and inf{µ(y), µ(z)} ≥inf{µ(x), µ(a)}. 
Example 3.2. Let H={0,1,2}, the hypergroupoid (H,) defined by the following table: 
 0 1 2 0 {0} {0,1} {0,2} 1 {0,1} {1} {1,2} 2 {0,2} {1,2} {2}  then (H, ) is a commutative hypergroup. We defined fuzzy subset µ and  on H as follows: 
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It follows easily that µ and  are fuzzy subhypergroups of H. Since µ(2)< (2) and (0)< µ(0), thus µ⊈  and ⊈µ. Also, (µ∪ )(x) = 1 for all x∈ {0,1,2}. It is clear that, µ∪  is a fuzzy subhypergroup of H. 
Remark 1. The fuzzy subsets 1F and 0F are fuzzy subhypergroup of (H,). Since ∀(x, y)∈H2, 

infz∈xy1F(z) = 1≥ inf{1F(x), 1F(y)} and ∀(x, a)∈H2, ∃(y, z)∈ H2 such that x∈(ay)∩(za) [since H is a 
hypergroup] and inf{1F(y), 1F(z)}= 1≥1 = inf{1F(x), 1F(a)}. Similary we have for 0F. 

Example 3.3. Let H={0,1,2,3,4,5} be the cyclic group ℤ6 and xy=L{x, y} where L{x, y} is the subgroup of H generated by {x,y}. Then the hypergroupoid (H,) defined by the following table:  
 0 1 2 3 4 5 0 {0} H {0,2,4} {0,3} {0,2,4} H 1 H H H H H H 2 {0,2,4} H {0,2,4} H {0,2,4} H 3 {0,3} H H {0,3} h H 
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4 {0,2,4} H {0,2,4} H {0,2,4} H 5 H H H H H H  then (H, ) is a commutative hypergroup. If we define fuzzy subset µ and  on H as follows: 
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Then µ and  are fuzzy subhypergroups of H. Since µ(3)< (3) and (2)< µ(2), thus µ⊈  and ⊈µ. Since (2,3)∈H2 and  infz∈23(µ∪ )(z) = inf {(µ∪ )(0),(µ∪ )(1),(µ∪ )(2),(µ∪ )(3),(µ∪ )(4),(µ∪ )(5)}=1

3
 and inf{(µ∪ )(2),(µ∪ )(3)}=3

4
  Thus infz∈23(µ∪ )(z)<inf{(µ∪ )(2), (µ∪ )(3)}. Therefore, following definition 3.1, µ∪  is not a fuzzy subhypergroup of H. 

Corollary 3.4. In general, union of two fuzzy subhypergroup of a hypergroup is not a fuzzy 
subhypergroup. 

Theorem 3.5. Let µ and  fuzzy subhypergroups of hypergroup (H, ). Then µ∪  is a fuzzy 
subhypergroup of H if µ⊆  or ⊆µ. 

Proof. Let µ⊆  (similar argument is true for ⊆µ). 1) for all (x, y)∈H2, we have infz∈xy(µ∪ )(z) = infz∈xy{µ(z)∨  (z)}                                = infz∈xy (z)                                 ≥inf{ (x), (y)}                                 = inf{µ(x) ∨λ(x), µ(y) ∨  (y)}                                = inf{(µ∪ )(x),(µ∪ )(y)}. 2) Since  is a fuzzy subhypergroup, thus ∀(x, a)∈H2, ∃(y, z)∈H2, such that  x∈(ay)∩ (za) and inf{µ(y), µ(z)} ≥inf{µ(x), µ(a)}. Consequently, x∈(ay) ∩ (za) and inf{(µ∪  (y), (µ∪  )(z)} = inf{µ(y) ∨ (y), µ(z)∨  (z)}                                                                  = inf{ (y),  (z)}                                                 ≥inf{ (x), (a)}  
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                                              = inf{µ(x) ∨ (x), µ(a) ∨ (a)}                                               = inf{(µ∪ )(x),(µ∪ )(a)}. Therefore µ∪  is a fuzzy subhypergroup.  
Theorem 3.7. Let I={1,2, ..., n} and {µi, i∈I} be a family finite of fuzzy subhypergroups of 

hypergroup H. If µ1⊆µ2⊆... ⊆µn, then, ⋃ 1  is a fuzzy subhypergroup of H. 
Proof. Let µ1⊆µ2⊆...⊆µn. Then 1) For all (x, y) ⊆H2, we have  infz∈xy(⋃ )1 (z) = infz∈xy[supi∈Iµi(z)]                                   = infz∈xyµn(z)                                     ≥inf{µn(x), µn(y)}                                    = inf{supi∈Iµi(x),supi∈Iµi(y)}                                   = inf{⋃ µi)1 (x),⋃ µi)1 (y)}. 2) For all (x, a)∈H2, there exist (y, z)∈H2 such that x ∈(ay) ∩(za) we have  inf{supi∈Iµi(y),supi∈Iµi(z)} = inf{µn(y), µn(z)}                                                  ≥inf{µn(x), µn(a)}                                                   = inf{supi∈Iµi(x),supi∈Iµi(a)}                                                 = inf{supi∈Iµi(x),supi∈Iµi(a)}                                                 = inf{⋃ µi)1 (x),⋃ µi)1 (a)}. Hence by definition 3.1, µi is a fuzzy subhypergroup. 
Corollary 3.8. Let I={1,2, ... } and {µi, i ∈ I} be a family finite of fuzzy subhypergroups of 

hypergroup H. If there existn ∈ ℕ, where for all i≥n, µn+i= µn, then, ⋃ µi∞
1  is a fuzzy subhypergroup of 

H. 

Theorem 3.9. Let I={1,2, ... } and {µi, i∈I} be a family finite of fuzzy subhypergroups of hypergroup 
H. If µ1⊇µ2⊇..., then, ⋃ 1

∞ µi is a fuzzy subhypergroup of H. 
Proof. The proof is similar to the proof of Theorem 3.7.  
4. RELATION BETWEEN HYPERGROUPS AND INTERSECTION FUZZY SUBGROUP 

Lemma 4.1. If A be a non-empty of real number and there exist infx∈Af(x) and infx∈Ag(x). Then,  inf{infx∈Af(x),infx∈Ag(x)}= inf{infx∈A{f(x), g(x)}}. 
Proof. Let infx∈Af(x)=α, infx∈Ag(x)=β, infx∈A{f(x), g(x)}=γx and α≤β. Show that  α=inf γx. If x∈ A then α≤f(x) and β≤g(x), hence α≤f(x), α ≤ g(x) thus α ≤ inf{f(x), g(x)}= γx. Therefore, α ≤ infx∈Aγx. Since α=infx∈Af(x) hence for all ε>0, there exist xo∈ A such that: f(xo) ≤ α+ε. Since γx ≤ f(xo) therefore γx≤a+ε. Clearly infx∈Aγx≤γx. Thus infx∈Aγx≤a+ε. Consequently infx∈A γx ≤ a. Therefore, infx∈Aγx=α. 
Corollary 4.2. Let µ and λ be fuzzy subhypergroup of H. Then for all(x, y)∈H2  we have 
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inf{infz∈xyµ(z),infz∈xyλ(z)} = inf{ infz∈xy{µ(z), λ(z)}}= infz∈xy(µ∩λ)(z). 
Example 4.3. Consider, again, the fuzzy subhypergroups µ and λ defined in example 3.3. Then, 
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Is follows easily that is a fuzzy subhypergroup of H. 
Theorem 4.4. If µ and λ be fuzzy subhypergroup of H. Then, µ∩λ is a fuzzy subhypergroup of H. 
Proof. 1) Show that for all (x, y)∈H2, we have infz∈xy(µ∩λ)(z)≥inf{(µ∩λ)(x),(µ∩λ)(y)}. The first solution: for all (x, y) ∈H2, we have infz∈xyµ(z)≥inf{µ(x), µ(y)} and infz∈xyλ(z)≥inf{λ(x), λ(y)}. Suppose inf{(µ∩λ)(x),(µ∩λ)(y)}=β. Then β≤(µ∩λ)(x) =µ(x)∧λ(x) ≤µ(x) and β≤(µ∩λ)(y) =µ(y)∧λ(y) ≤µ(y) hence, β ≤ inf{µ(x), µ(y)}. Similarly, to be proved that β ≤ inf{λ(x), λ(y)}. Thus infz∈xyµ(z)≥inf{(µ∩λ)(x),(µ∩λ)(y)} and infz∈xyλ(z)≥inf{(µ∩λ)(x),(µ∩λ)(y)}. Consequently, inf{infz∈xyµ(z), infz∈xyλ(z)} ≥inf{(µ∩λ)(x),(µ∩λ)(y)}. Therefore, by corollary 4.2,  we have infz∈xy(µ∩λ)(z)≥inf{(µ∩λ)(x),(µ∩λ)(y)}. 2) The second solution: we claim that for all (x, y)∈H2  there is no member like zo in xy such that:  (µ∩λ)(zo)<inf{(µ∩λ)(x),(µ∩λ)(y)}. Let there exist such a member. Since zo∈xy hence, µ(zo)≥infz∈xyµ(z)≥inf{µ(x), µ(y)}. Therefore, (µ∩λ)(zo)=µ(zo)∧λ(zo) 
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                   ≥inf{inf{µ(x)∧µ(y)},inf{λ(x)∧ λ(y)}}                    = inf{µ(x)∧µ(y), λ(x)∧λ(y)}                    = inf{µ(x)∧λ(x), µ(y)∧λ(y)}                    = inf{(µ∩λ)(x),(µ∩λ)(y)}. Which it is in contradiction by hypothesis. To prove the second condition defined 3.1, shown that the opposite is not true, i.e., the following is incorrect. ∃(x, a)∈H2, ∀(y, z)∈H2  such that: x∉(ay) ∩(za)  or  inf{(µ∩λ)(y),(µ∩λ)(z)}<inf{(µ∩λ)(x),(µ∩λ)(a)}. (*) The first components (*) is clearly not true (in contradiction with the definition of hypergroup). It is also clearly, where the second components (*) for some y=x, z=a is not true. Therefore, (*) is incorrect consequently, ∀(x, a)∈H2, ∃(y, z)∈H2 such that: x ∈ (ay)∩(za) and inf{(µ∩λ)(y),(µ∩λ)(z)} ≥inf{(µ∩λ)(x),(µ∩λ)(a)}. Thus, µ∩λ is fuzzy subhypergroup of H. 
Lemma 4.5. If {µi: I ∈ I} be a family of fuzzy sets of H then, for all (x, a)∈H2, we have infi∈I{inf{µi(x), µi(y)}}= inf{infi∈Iµi(x),infi∈Iµi(y)}. 
Proof. Suppose inf{infi∈Iµi(x),infi∈Iµi(y)}= α and infi∈I{inf{µi(x), µi(y)}}= b. Then, for all i∈ I, we haveβ≤inf{µi(x), µi(y)}. Then β≤µi(x) and β≤µi(y). Thus β≤infi∈Iµi(x) and β≤infi∈Iµi(y). Then 

β≤ infi∈I{inf{µi(x), µi(y)}}= α. Also, α≤infi∈Iµi(x) and α≤infi∈Iµi(y). Thus for all i∈I, we have α≤µi(x) and α≤µi(y). Then α≤inf{µi(x), µi(y)}. Then 
α≤inf{infi∈I{µi(x), µi(y)}}=β. Thus,α=β. 

Theorem4.6. if {μi: i ∈ I} be a family fuzzy subhypergroup of hypergroup H. Then ∩i∈I µi is a fuzzy 
subhypergroup of H. 

Proof. 1) We claim that for all (y, z)∈H2, there is no member like zo in xy such that: (∩i∈Iµi)(zo)<inf{(∩i∈Iµi)(x),(∩i∈Iµi)(y)}. Let there exist such a member. Since zo∈xy. Hence, for all i∈I we have  µi(zo)≥infz∈xyµi(z)≥inf{µi(x), µi(y)}. Consequently, infi∈Iµi(zo) ≥infi∈I{inf{µi(x), µi(y)}}                     = inf{infi∈Iµi(x),infi∈Iµi(y)}                     = inf{(∩i∈Iµi)(x),(«i∈Iµi)(y)}. 
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Which it is in contradiction by hypothesis. 2) Show that, the following statement is in correct. ∃(x, a) ∈H2,∀(y, z)∈H2 such that: x∉ (ay)∩(za)  Or  inf{(∩i∈Iµi)(y), (∩i∈Iµi)(z)}<inf{(∩i∈Iµi)(x),(∩i∈Iµi)(a)}. (•) The first components (•) is clearly not true (in contradiction with the definition of hypergroup). It is also clearly, where the second components (•) for some y=x, z=a is not true. Therefore, (•) is incorrect consequently, ∀(x, a)∈H2, ∃(y, z)∈ H2 such that: x∈(ay) ∩(za) and inf{(∩i∈Iµi)(y),(∩i∈Iµi)(z)} ≥inf{(∩i∈Iµi)(x),(∩i∈Iµi)(a)}. Thus, ∩i∈Iµi  is fuzzy subhypergroup of H. 
Definition 4.7. Let µ be fuzzy subhypergroup of H. Then fuzzy subhypergroup generated by µ denoted by <µ>, is the smallest fuzzy subhypergroup of H which contains µ. That is < µ >= ∩ {λ∈F(H): λ is fuzzy subhypergroup and µ⊆λ}. By Theorem 4.6, we have the following corollary. 
Corollary 4.8. Let µ∈F(H). Then < µ > is a fuzzy subhypergroup of H. 
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