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Abstract     In this paper, we associate finite hyperstructures with fuzzy sets endowed with n ary membership functions and analyze the properties of this new hyperstructures. We prove that the new hyperstructure is a commutative hypergroup, but generally it is not a join space. We give some conditions such that the hypergroup has this property. In particular, we investigate some natural equivalence relations on the set of all intuitionistic fuzzy sub-hypergroups of a hypergroup. 
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   1.   Introduction.   The theory of algebraic hyperstructures, which is a generalization of the theory of ordinary algebraic structures, was first introduced by F. Marty, in [15]. Since then many researchers have studied the theory of hyperstructures and developed the theory from the algebraic point of view. This theory also has many applications in other are as such as in geometry, graphs and hypergraphs, lattices, fuzzy and rough sets, automata, cryptography, codes, etc (see [1, 2, 3, 4, 5, 6, 7, 9, 16]). 
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L.A. Zadeh, in [19], introduced the notion of a fuzzy subset of a non-empty set ,X  as a function from 
X to ]1,0[ . This notion has opened an important research field of mathematics in the past decades. P. Corsini initiated an area of research by making a connection between hyperstructures and fuzzy sets: he associated a join space with a fuzzy set, in [8], and then a fuzzy set with a hypergroupoid, in [11]. Another topic in the relation between hypergroups and fuzzy sets was introduced by P. Corsini, in [10]: he constructed a new finite hypergroupoid using two membership functions. He proved that, in general, this hyperstructure is a hypergroup but not a join space. I. Cristea, in [13], introduced conditions for the associated hypergroup to be a join space. The notion of intuitionistic fuzzy sets was first introduced by Atanassov, in [4]. For details of intuitionistic fuzzy sets, we refer the reader to [4, 5]. This paper is structured as follows. After the introduction, in Section 2, were call some basic notions and results on hypergroups. In Section 3, we associate finite hyperstructures with fuzzy sets endowed with n ary membership functions. In Section 4, we study the associated hyperstructures with hypergroups and join spaces. We prove that the new hyperstructure is a commutative hypergroup but, in general, it is not a join space. We then give some conditions such that the aforementioned commutative hypergroup also has this property. In Section 5, we study the set of all intuitionistic fuzzy sub-hypergroups of a hypergroup and give several examples and establish some characterization theorems. It is worth mentioning that in this paper we deal only with finite hypergroupoids.  

 
2. Preliminaries 
 We recall some definitions (see [7, 12]), needed in what follows. Let H  be a non-empty set and )(HP  be the family of all non-empty subsets of .H  A 
hyperoperation or join operation is a map ).(: HPHH   For each pair ,),( HHba  we denote ),( ba by .ba   The join operation is extended to subsets of H in a natural way, namely 

.},|{:   BbAabaBA   The notations Aa  and aA  are used for Aa }{ and }{aA  respectively. Generally, the singleton 
}{a is identified by its element a . A non-empty set ,H  endowed with a hyperoperation ""  is called a hypergroupoid and it is denoted by ).,( H  If 

    ,,,, Hzyxzyxzyx    then ),( H is called a semihypergroup. A hypergroupoid ),( H is called a quasihypergroup, if ,HaHHa    for all .Ha   
Definition 2.1. A hypergroup is a semihypergroup and a quasihypergroup.  
Definition 2.2. Let .,  KHK  We say that ),( K is a subhypergroup of ),( H if for any ,Ka  we have .KaKKa    For ,, Hba   we denote:  bxaxba  |/  and  .|\ xbaxab    
Definition 2.3. A commutative hypergroup ),( H is called a join space if the following condition holds: 

.,,,,// Hdcbacbdadcba     Join spaces were introduced by W. Prenowitz, in [16], and represent an important subclass of hypergroups with many applications especially in geometry (see [17]). 
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Corsini, in [8], showed that to any hypergroupoid H endowed with a fuzzy set, we can associate a join space ),( 1H as follows: 
 .)()()()()(|,),( 1

2 yxzyxHzyxHyx     Recently, Corsini, in [10], has defined a new hypergroupoid associated with two membership functions. Here we recall this construction. Let  RH:,  be two functions defined on a non-empty set .H  For ,, Hyx   we define the hyperproduct of yx,  with respect to  , by 

.
)()()()()()(

)()()()()()(
,),( 2













zzyxyx

zzyxyx
HzyxHyx




  The obtained hyperstructure ),( H is a commutative hypergroup, but generally it is not a join space.   
3. n ary membership functions 
 A fuzzy set (of type 1) on a non-empty set H is a function  .1,0: H  The complement of   denoted by c , is the fuzzy set of H given by    xxc  1  for all .Hx  Let  ,1,0:,...,, 21 Hn  be n ary fuzzy sets defined on a non-empty set .H For any ,, Hyx   we can define a hyperstructure on H by 
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   where n  is an element of the set N of all non-zero natural numbers. For ,Ha  we shall use the symbol )(1 ai

n
i   by )(am  and )(1 ai

n
i   by ),(aM  for the sake of simplicity. Thus, we have 

.
)()()(

)()()(













zMyMxM

zmymxm
Hzyx n  By the definition of ,"" n  we have .},{ yxyx n   Proof of the following proposition, which is omitted, is easy.  

Proposition 3.1. Suppose ,, Hyx   we define 
.
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This implies 
,)()( yxyxyx n

j
jn    

where .1 nj    
Remark. The set )()( yxyx j

jn   is not always a subset of ,yx n  as we can noticein the following 

example:  
Example 3.2. Let },,,{ dcbaH   and 
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.20.0)(35.0)(20.0)(

,90.0)(60.0)(45.0)(

,70.0)(50.0)(45.0)(

,25.0)(40.0)(15.0)(

321

321

321

321









ddd

ccc

bbb

aaa









 
Then, we have 

   .,,,,, 2
13 babaHbadbaba    This implies that 
   ,,,,)()( 3

2
1 dbababababa    but  .,,)()( 3

2
1 dbabaHbaba     

Proposition 3.3. For all ,, Hyx  we have 
.)()( yxyyxx nnn    

Proof. Suppose ,xxz n we have )()( zmxm  and ).()( zMxM   For all ,Hy it implies that 
)()()()( zmxmymxm   and ),()()()( zMxMyMxM   so ,yxz n i.e., .yxxx nn    Similarly, one can deduce that .yxyy nn   Thus .)()( yxyyxx nnn     

Theorem 3.4. Let 
 ,)()( zmxmHzyx n   

 .)()( zMxMHzyx n   

Then 
)).()(())()(())()(())()(( xxyyyyxxyyyyxxxxyx nnnnnnnnn   

Proof. If we let )()()( aaam    and ),()()( aaaM   for ,Ha  then the proof will follow from Theorem 2 of [9].   
4. The relationship of hyperstructure ),( nH  and hypergroups and join spaces  When 1n  and 2n  hypergroup ),( nH  has been studied by Corsini. Let .1n  Then ),()()( 1 aMaam    for any ,Ha which means 

 ,)()()()()(|1 yxzyxHzyx    where ),()(1 aa    for all .Ha   
Theorem 4.1. (See Corsini [9]). The hyperstructure ),( 1H is a join space.  
Theorem 4.2. (See Corsini [10]). The hyperstructure

 
),( 2  H is a commutative hypergroup. 

From now, we assume .3n   
Theorem 4.3. The hyperstructure ),( nH  is a commutative hypergroup. 
Proof. The hyperstructure ),( nH  is a quasihypergroup, because we have yxyx n},{  for all 

., Hyx   On the other hand, suppose 
.

)()()()(

)()()()(
),,(













zMwMyMxM

zmwmymxm
HzwyxP  We prove that ).,,()( wyxPwyx nn   We have 
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tMyMxMzMwMtM

zmwmtmtmymxm
tHzwyx nn    Let .)( wyxz nn   Then we get 

).()()()()()(

),()()()()()(

zMwMtMwMyMxM

zmwmtmwmymxm


  This implies that ),,,( wyxPz  and so 

).,,()( wyxPwyx nn   Conversely, suppose ),,,( wyxPz  we have 
.,:)( wtzyxttwyxz nnnn    Set 

).()()(

),()()(

wMyMxMM

wmymxmm


  Assume )(),( wMMxmm   and ,xt   then 

).()()()(

),()()()(

zMwMtMwMM

zmwmtmxmm


  It implies .wtz n  Since ,xt   we have 

).()()(

),()()(

tMyMxM

tmymxm


  Thus ,yxtx n  which means .)( wyxz nn   One can deal with other cases by similar arguments. Hence 

).,,()( wyxPwyx nn   It follows that ).,,()( wyxPwyx nn   Similarly, one gets ).,,()( wyxPwyx nn   It implies that 
),( nH  is a semihypergroup. Which means ),( nH  is a hypergroup.   Generally, yx n  is not a join space. Here, we give some examples of fuzzy sets n ,...,, 21  such that the associated hypergroup ),( nH   is a join space.  

Example 4.4. Let },,,,{ edcbaH   and 

.50.0)(60.0)(05.0)(

,40.0)(30.0)(20.0)(

,55.0)(60.0)(25.0)(

,45.0)(55.0)(45.0)(

,35.0)(45.0)(15.0)(
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Then, we have ,45.0)(,15.0)(  aMam ,55.0)(,45.0)(  bMbm ,60.0)(,25.0)(  cMcm

,40.0)(,20.0)(  dMdm  and .60.0)(,05.0)(  eMem  Consequently, 
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   and similarly }.,{/ ecdc   On the other hand, we obtain 
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It implies that ,//  dcbae but .)()( 33  cbda   Hence ),( 3H  is not a join space. For any ,Ha  we denote: 
).(...)()(...)()(

),(...)()(...)()(
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111
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Theorem 4.5. For any ,Ha  let there exist ,,  Nji such that 

)()( aam ii   , )()( aaM jj  and .c
ji    

Then the hypergroup ),( nH  is a join space. 
Proof. By our assumptions, the hyperoperation "" n  is given by 

.
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  We used here the fact that 

)(),()()()()()( IIIzyxzyx jjjiii    for any .,, Hzyx   For Condition (III), suppose ),()()()( zyxx iiii    then we have )()( zx ii    if and only if 
).()( zx c

i
c
i    Since ,c

ji    we have )()( zx c
i

c
i    if and only if ).()( zx jj    On the other hand, we have 
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This implies )()( zx jj    if and only if ).()()( zyx jjj    Thus, we conclude that 

 .)()()( zyxHzyx iiin    Now, by Theorem 4 in [9], the hypergroup ),( nH   is a join space.   
Example 4.6. Let },,,,{ edcbaH   and 

.95.0)(50.0)(60.0)(05.0)(

,80.0)(40.0)(30.0)(20.0)(

,75.0)(55.0)(60.0)(25.0)(

,55.0)(45.0)(55.0)(45.0)(

,85.0)(35.0)(45.0)(15.0)(

3321
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In Example 4.4, we showed that },,,,{ edcbaH   with 321 ,,   is not a join space. But since 

)()( 11 aam  and )()( 44 aaM   for all Ha   and ,41
c   by Theorem 4.5, we have },,,,{ edcbaH   with 4321 ,,,   is a join space.  

Theorem 4.7. For any ,Ha  let there exist ,,  Nji such that 
)()( aam ii  , )()( aaM jj  and .ji    

Then the hypergroup ),( nH  is a join space. 
Proof. By our assumptions, we have 
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 .)()()()()( yxzyxHzyx iiiiin    Thus, the commutative hypergroup ),( nH   is a join space.   
Theorem 4.8. For any ,Ha  let there exist ,,  Nji such that 

)()( aam ii   and  )()( aaM jj  constant, 

 )()( aam ii  constant and ).()( aaM jj   

Then the hypergroup ),( nH  is a join space. 
Proof. By our assumptions imply that the hyperoperation "" n is given by 

 ,)()()( zyxHzyx iiin    or 
 .)()()( zyxHzyx jjjn    Thus, by Theorem 4 in [9], the hypergroup ),( nH   is a join space.  

Theorem 4.9. (see Cristea [13]). Let  , be two fuzzy sets in H such that ,c  for any .Hx 
Then the commutative hypergroup ),( cH


 is a join space. 

Lemma 4.10. Let n ,...,, 21 be n ary fuzzy sets in H such that ,1
c

ini   for all .1, nii 
 
Then, 

for ,,,, Hdcba   the following statements hold: 
,)()()  dcbai nn   

.//)  dacbii  
Proof. 
)i Let .,,, Hdcba   Since n ,...,, 21  are fuzzy sets in H, there exists an element Hx  such that 

),(sup)( hmxm Hh  which implies that ).(inf)( hMxM Hh  Since we have ,1
c

ini    we get 
).()()(

),()()(

xMbMaM

xmbmam


  Therefore .bax n  Similarly, we can obtain .dcx n  This implies that .)()(  dcba nn   

)ii Similarly, there exists an element Hy  such that ),(inf)( hmym Hh which implies 
).(sup)( hMyM Hh  Thus, we have 

.
)()()(

)()()(
H

zMyMdM

zmymdm
Hzdy n 












  Which implies ./ day  Similarly, we have ,/ cby  and so .//  dacb   The following theorems are the main results of this section:  
Theorem 4.11. By the same assumptions of Lemma 4.10, the commutative hypergroup ),( nH   is a 
join space. 
Proof. By Lemma 4.10 ),(i for any ,,,, Hdcba  we have 

 dacb // ,)()(  dcba nn   which means that ),( nH   is a join space.   
Example 4.12. Back to Example 4.4, suppose ,34

c  ,25
c  ,16

c   then by Theorem 4.11, the set },,,,{ edcbaH   with 654321 ,,,,,   is a join space.  
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Theorem 4.13.  Let    nn ,,...,, 121  be n ary fuzzy sets in H. Let
 

),( H  be a join space 

such that for all ,Hx  

).()()(),()()( 1
2

1
2 xxxxxx i

n
ii

n
i  



   

Then the hypergroup ),( nH   is a join space. 

Proof. It is enough to show that yxyx n   for all ., Hyx   By our assumptions, we get 
)()()( xmxx    and ),()()( xMxx    for all .Hx  Thus, we have yxz   if and only if 

),()()()()()()()()( zmzzyyxxymxm    
),()()()()()()()()( zMzzyyxxyMxM    if and only if yxz n . This completes the proof.   By Theorem 4.13 and Theorem 4.9 we have the following results:  

Corollary 4.14. Let     nn ,,...,, 121  be n ary fuzzy sets in H such that ,c   and 

assume 

),()()(),()()( 1
2

1
2 xxxxxx i

n
ii

n
i  



   

for all .Hx  Then the hypergroup ),( nH   is a join space.  
Corollary 4.15. Let    n...21  be n ary fuzzy sets in H such that .c   Then the 

hypergroup ),( nH   is a join space. Here ,ji  
 
means ),()( aa ji  

 
for all .Hx    

5. Intuitionistic fuzzy sets of the hypergroup ),( nH   
 The notion of intuitionistic fuzzy sets was first introduced by Atanassov in [4]. For details of intuitionistic fuzzy sets, we refer the reader to [4, 5]. In [6], Biswas applied the concept of intuitionistic fuzzy sets to the theory of groups and studied intuitionistic fuzzy subgroups of a group. Dudek et al., in [14], considered the intuitionistic fuzzification of the concept of sub-hyperquasigroups in a hyperquasigroup and investigated some properties of such hyperquasigroups. In this section, we apply the concept of intuitionistic fuzzy sets to the hypergroup ),( nH  and we investigate some related properties.  
Definition 5.1. An intuitionistic fuzzy set A  in a non-empty set X  is an object having the form 

},|))(),(,{( XxxxxA AA    where the functions ]1,0[: XA  and ]1,0[: XA  denote the degree of membership (namely 
)(xA ) and the degree of nonmembership (namely )(xA ) of each element Xx  with respect to the set A , respectively, and 1)()(0  xx AA   for all Xx .  For the sake of simplicity, we shall use the symbol ),( AAA   for the intuitionistic fuzzy set 

}|))(),(,{( XxxxxA AA   . Denote by )(XIF  the set of all intuitionistic fuzzy sets in X .  
Definition 5.2. Let ),( H be a hypergroup (resp. hyperquasigroup). An intuitionistic fuzzy set 

),( AAA  in H is called an intuitionistic fuzzy sub-hypergroup (resp. sub-hyperquasigroup) of 
),( H if the following axioms hold: (1) )(inf)()( zyx AyxzAA    for all ;, Hyx   (2) for all Hax , there exist Hzy , such that )()( azyax    and 

);()()()( zyxa AAAA    
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(3) )(sup)()( zyx AyxzAA   for all ;, Hyx   (4) for all Hax , there exist Hzy ,  such that )()( azyax   and 
).()()()( xazy AAAA     For the sake of simplicity, we shall use the symbol IFSH for the intuitionistic fuzzy sub-hypergroup. Here we suppose  A = H  and denote   XX ,  and also, let  n ,...,, 21  be n ary fuzzy sets in H.  

Corollary 5.3. For all ,Hx let 1)()(0 11   xx i
n
ii

n
i  . Then 

))(),(( 11 xx i
n
ii

n
i     

is always a IFSH of ).,( nH   
Proof. Since the hyperstructure ),( nH  is a commutative hypergroup such that ,},{ yxyx n  for any ,, Hyx  thus, the conditions (2) and (4) of Definition 5.2, are verified. On the other hand, for all Hzyx ,, such that ,yxz   by definitions we have 

)())(())(( 111 zyx i
n
ii

n
ii

n
i    and ).())(())(( 111 zyx i

n
ii

n
ii

n
i     Hence, the conditions (1) and (3) of Definition 5.2 are satisfied.   

Remark. ),( 11 i
n
ii

n
i    , ),( 11 i

n
ii

n
i     and ),( 11 i

n
ii

n
i     are not always a IFSH of ),,( nH   as we 

can notice below.  
Example 5.4. In Example 4.4, we have .3 bea   On the other hand, we have 60.0)(3

1   eii   and 
55.0)(3

1   bii  . Thus 
).(45.055.0))(())(( 3

1
3

1
3

1 abe iiiiii     This means the condition (1) of Definition 5.2 is not satisfied. Similarly, we have ,3 dec   but  
).(25.020.0))(())(( 3

1
3

1
3

1 cde iiiiii     This means the condition (3) of Definition 5.2 is not satisfied.  
Lemma 5.5. )())(( 11 xx c

i
n
i

c
i

n
i     for all .Hx  

Proof. For all Hx  there exists },...,1{ ns  such that ).()(1 xx si
n
i     Hence, for all },...,1{ niwe have ).()( xx si    This implies that ).()( xx c

s
c

i    Thus ).()(1 xx c
s

c
i

n
i     On the other hand, obvious that ).()(1 xx c

s
c

i
n
i     This implies .))(()()( 11

c
i

n
i

c
s

c
i

n
i xxx      

Lemma 5.6. )())(( 11 xx c
i

n
i

c
i

n
i    for all .Hx   

Theorem 5.7. For all ,Hx let .
2

1
)(1   xi

n
i   Then ),( 11 i

n
ii

n
i     is a IFSH of ),( nH  if and only if 

),( 11
c
i

n
i

c
i

n
i    is a IFSH of ).,( nH   

Proof. 

)  Since
2

1
)(1   xi

n
i   for all ,Hx  then we have ,

2

1
)(1   xcn

i i
  thus ),( 11

c
i

n
i

c
i

n
i    is a IF of 

).,( nH   Let ),( 11 i
n
ii

n
i     be a IFSH of ).,( nH   Then for all ,, Hyx   we have 

)},({inf))(())(( 111 zyx i
n
iyxzi

n
ii

n
i      and so 
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},))((1{inf]))((1[]))((1[ 111
c

i
n
iyxz

c
i

n
i

c
i

n
i zyx      which implies 

},))({(sup1]))((1[]))((1[ 111
c

i
n
iyxz

c
i

n
i

c
i

n
i zyx      thus 

]),))((1[]))((1([1}))({(sup 111
c

i
n
i

c
i

n
i

c
i

n
iyxz yxz     Therefore 

,))(())((}))({(sup 111
cn

i
cn

i
c

i
n
iyxz yxz

ii
    By lemma 5.5, we have 

)),(())(()}({sup 111 yxz cn
i

cn
i

c
i

n
iyxz ii

    hence the third condition of Definition 5.2 is verified. Now, let ., Hax   Then thereexist Hzy ,such that )()( azyax    and 
)),(())(())(())(( 1111 zyxa i

n
ii

n
ii

n
ii

n
i     This implies 

],))((1[]))((1[]))((1[]))((1[ 1111
c

i
n
i

c
i

n
i

c
i

n
i

c
i

n
i zyxa     Hence 

,))(())(())(())(( 1111
c

i
n
i

c
i

n
i

c
i

n
i

c
i

n
i zyxa     by lemma 5.5, we have 

)),(())(())(())(( 1111 zyxa cn
i

cn
i

cn
i

cn
i iiii

    and the fourth condition of Definition 5.2 is satisfied. Similarly, the conditions (1) and (2) of Definition 5.2 are verified. 
)  The proof is similar to that of above.   

Theorem 5.8. For all ,Hx let
 

.
2

1
)(1   xi

n
i   Then ),( 11 i

n
ii

n
i    is a IFSH of ),( nH  if and only if 

),( 11
c
i

n
i

c
i

n
i    is a IFSH of ).,( nH   

Proof. The proof is similar to that of Theorem 5.7.   
Corollary 5.9. For any ,Ha  let there exist ,,  Nji such that 

)()( aam ii   , )()( aaM jj  and .c
ji    

Then ),( c
ii  is a IFSH of ).,( nH   

Proof. The statement of this Theorem follows immediately from Theorem 4.5 and the proof of Theorem 5.7.  
Corollary 5.10. For any ,Ha  let there exist ,,  Nji such that 

)()( aam ii  , )()( aaM jj  and .ji    

Then ),( c
ii  and ),( i

c
i  are a IFSH of ).,( nH   

Proof. The latter proof would be implied by Theorem 4.7 and the proof of Theorem 5.7.   
Corollary 5.11. For any ,Ha  let there exist ,,  Nji such that 

)()( aam ii  and  )()( aaM ii   constant. 

Then ),( c
jj   is a IFSH of ).,( nH   

Proof. The statement of this Theorem follows immediately from Theorem 4.8 and the proof of Theorem 5.7.   Similarly, by Theorem 4.8 and the proof of Theorem 5.7, we find the next result: 
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Corollary 5.12. For any ,Ha  let there exist ,,  Nji  such that 

 )()( aam ii  constant and ).()( aaM ii   

Then ),( j
c
j   is a IFSH of ).,( nH    
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