Muhammad R. Mohyuddin, Muhammad A. Sadiq, A.M. Siddiqui / TIMCS Vol .1 No.2 (2010) 90-101

The Journal of
Mathematics and Computer Science

Available online at
http://fwww. TIMCS.com

Journal of Mathematics and Computer Science Vol .1 No.2 (2010) 90-101

Differential Transformation Method and Variation
Iteration Method for Cauchy Reaction-diffusion
Problems

Muhammad R. Mohyuddin L , Muhammad A. Sadiq 2 , A.M. Siddiqui 8

1 .
Department of Physics, Room 2115
Institute for Advanced Studies in Basic Sciences IASBS
Gava Zang, Zanjan 45195, Iran

1 . .
Permanent Address: Department of Telecom Engineering
Foundation University Institute of Engineering & Management Sciences
Rawalpindi, Pakistan

2 Department of Mathematics, The University of YORK
YORK, YO105AA, UK

3 Department of Mathematics, The Pennsylvania State University
York Campus, York, PA 17403 USA

ABSTRACT

The paper reads the flow of an incompressible, unidirectional, steady third grade non-Newtonian fluid
between two infinite planes. The flow is symmetric with respect to X — axis with constant pressure

gradient. The governing equations for the flow are second order nonlinear differential equations.
Homotopy Analysis Method is applied to obtain the solution.
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1. Introduction
The simplest nonlinear flow model which describes the boundary layer flow is the Newtonian flow model described by
the Navier-Stokes equations. The solution of this unsteady three dimensional equation by implementing different

assumptions and boundary or/ initial conditions the number of solutions are obtained [1 — 8]. It is well known that

the fluid properties are not completely described through the Navier-Stokes equations, because of the thinning and
thinning effects, time dependence of the viscosities, and deformations. Therefore, non-Newtonian (differential type, rate
type, integral type) flows are introduced which fulfill all these properties. Among these differential type fluids are of our
interest which also exhibit the elastic effects (for small deformations), thinning-thickening effects, which are the

properties of non-Newtonian fluids [9 — 12] .

A number of researchers in this direction solved the non-Newtonian fluid problems with or without boundary conditions

90



Muhammad R. Mohyuddin, Muhammad A. Sadiq, A.M. Siddiqui / TIMCS Vol .1 No.2 (2010) 90-101

[13-18].
To find the solution of non-Newtonian flow problems, perturbation approach played an important role, because, with the

assumption of making the non-Newtonian parameter as small the nonlinear part is perturbed and linear systems are

made to solve the governing systems [19 — 22] . However, it was not applicable for large parameters. Liao

[23 — 28] is the first to introduce a method which is advanced and better than the perturbation and it gives the

analytic solution, namely, Homotopy Analysis Method. The beauty of the procedure is that it solves the nonlinear partial
differential equations without prescribing the small or large parameter, and almost gives the exact solution.
The present paper is an attempt to study the third grade unidirectional flow between two infinite boundaries influenced
by a constant pressure gradient. The fluid is flowing in x-direction and is symmetric. The flow equations arising are
steady nonlinear second order differential equation. Homotopy Analysis Method is used to find the solutions of two
layers separately. The graphs are also sketched to see the physical impacts of nhon-Newtonian parameters.

2. Problem Formulation and Governing Equations
We study the flow of two immiscible incompressible third grade fluids between two straight infinite plates under a

constant pressure gradient. The flow geometry under consideration is depicted in Figure 1.

We choose the X -axis in the direction of the mid line and Y -axis normal to it. The gap between these two plates is

defined as 2D and the flow between these plates is in the
X -direction. The system is symmetric with respect to the horizontal axis. The fluid is filled between two regions. In the

fluid region 1, the fluid is dense, and supposed to be non-Newtonian, whereas in the fluid region 2, we assume a
Newtonian fluid. The equations of flow for each fluid layer, in the absence of body forces, can be expressed as

divw® =0 k=12 )
(k)
Pt —d\gt = divs™ —grad(p) @)

(k)

k
Here V( ) is the velocity vector, P is the density of each layer and the superscript K denotes the layer

number. The operator d / dt denotes the material time derivative and P s the pressure. The extra stress tensor

S for each layer is defined by
S(k) Z/I(k)Al(k) +Ot§k)Al(k) +061(k)A2(k) ®)
(k) o (k) (k) (k) o (k) (k) o (k) (k) (k) (k) _
+BIOAL) + BYO(AOAM + AIA) 1B (trA )AL Kk =1,2.

)

In equation (3) , u(k is the coefficient of viscosities and Otgk) , Otgk) , gk) , B(zk) and Bék) are

material constants for fluids 1 and 2. The Rivlin-Ericksen tensors An( ) are defined by the relation

A = %An_l(k) +A_(gradv® )+ (gradv* A, _*) n>1 @

A, = (gradv®) + (gradv™®)’ ©)

The flow is steady and fully developed, and the velocity fields and the extra stress are assumed to be the following form:
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vV =[u®(y).,0.0] ®
5% =5(y) ¢

By substitution these relations into the field equations, we find that equations (1) is satisfied identically and equations

(2) takes the following form:

0 “p 0 SO (y) SW
p(k)( ] — grad( p J"' div ?i)(y) >((yk)(y) ®)
0 O - p Syx (y) Syy (y)

where the components of extra stress S are calculated separately by making use of equations (5) in (4)

and (3). Equation (6) in component form can be written as

0=—@+isiyk) ©)
ox dy
0=—@+is§§) (10)
oy dy
If we introduce generalized pressure B as
p=p-S, (12)
we may rewrite the above system as
0=-P, dgw (12)
ox dy
0= _%® (13)
oy
Equation (11) implies that 6 is independent of Y  and accordingly the equation (10) reduces to
a S§) = P__g (14)
dy OX
The expression for S)((;() in combination with (12) yields the following differential equation:
2. (k) (CRFEN0)
© AU g(pe o p) M) U G k=12 (15)
dy dy ) dy

On letting
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94 gl =gl k=12 (16)
we rewrite (15) as
2, (k) )\ 42,
a0 U7 gpe( ) VT g2 (a7)
dy dy ) dy
Thus the resulting differential equations for each layer are
2, (1) @\ 42,,®
y(l)—d 4 +6,b’(1)[—du j d -G (18)
dy dy ) dy
2,:(2) @\? 42,2
y‘z)—d u2 +6,B(2)[—du j gu™ u2 =-G (19)
dy dy ) dy

2.1 The Boundary Conditions
The boundary conditions associated with the problem under consideration are:
(a) Shear stress at the interface is the same for both fluids. That is
at y=0 SY =52 (20)
(b) Velocity is continuous at the interface of both fluids. That is
at y=0 u®=u® 1)
(c) No slip at the channel walls. That is

at y=-b u®=0

(22)
at y=b u®=0

We point out that equations (18) and (19) are two non-linear second order differential equations and the exact
solution subject to boundary conditions (20)—(22) seems to be impossible. To solve this we apply the Homotopy

Analysis Method (HAM) as introduced by Liao [23 - 28] .

3.  HAM Solution

The base function for equations (18) and (19) is

{y".m>1} (23)
The solution for the equations can be written as
~+00
ut=>a,y", (24)
=1
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u’ :ibmym.
m=1

The initial solutions for the equation (18) and (19) are

where

. 2,u(1) . 2,u(2) N ,U(l) —,U(z)
17 ’ - ! - )
#(1) +,u(2) ,u(l) +#(2) ,u(l) +,U(2)
The linear operators chosen are
62
LAy = ajﬁl,
0’4,

L,[#,(y;a)]=

oy*
Ll[Cly + Cz] =0,
Lz[Csy + C4] =0,

where C;, C,, C; andC, are integral constants. The non-linear operators are

e 0970wl 6 ) (7
N, [¢ (y; a)] = w i +6p (dy] (dy2J+G,

N,[6,(y; )] = p® dz—éﬂeﬂ”[%} (i{z}ra
dy dy dy

The HAM deformation equations are

L.[¢,(y. @) —ug]=ahN;[¢; (y; )],

L,[¢,(y,q) —ug]=ahN,[¢,(y: )],

and the corresponding boundary conditions are
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¢1(0a q) = @, (0,0), (36)
¢,(-b,q) =0, (37)
PRI YT @9)
dy |, dy |,
#,(b,q) =0, (39)

where (€[ 0,1] is an embedding parameter, when ( =0 then from (34) to (37) we get

#,(y,0) = ug, (40)

#,(y,0) = g, (41)
when =1

Ay, =u', (42)

$(y,1) =u?, (43)

using (40,41), we expand ¢,(Y,q) and ¢,(Y,q) in the Taylor Serious with respectto  , i.e

A (y,q)=ug + Y u.q", (44)
m=1
¢, (y,d)=ug + > uzq", (45)
m=1
where
u zila ¢1(ny1;q) , 46)
m! &g 40
m .
Ué — %Lﬂ?}”q) (47)
m! aq 4=0
The above series convergence at { =l
Ut =Up+ > up, (48)
m=1
u=ug+ > ug. (49)
m=1
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4. Higher-Order Deformation Equations

U'm ={Ug, Uy, Us,..., U}, (50)

n

2 2 ,.2 .2 2
U m ={ug,u;,u;,...,us ;. (51)

Differentiating the HAM deformation equations (34) and (35) M and N times with respect to ( , then setting

q= 0 and dividingby M! , we have the M th-order deformation equations
1 1 "1
L1[um - Zmum—l] = hRm (U m—l), (52)

L,[u2 — 702 1= hR, (0% ), (53)
where
m-1-j

m-1
Ry =l +689 3 U Y ulun,  +G-7,), 9
j=0

i=0

) . -1 . m-1-j o
Ry =u®ul +689> ul uful, +GA-yx,), 5
j=0 i=0

subject to the boundary conditions

O amu'l _ @ amu'Z (56)
aq q=0,y=0 aq q=0,y=0
U (0) = 7, (0), 57)
ui\(_b) = 01 Uri(b) = 0! (58)
and
0, m<1], .
= 5

nTl, msl ©9

5. Result and Discussion

The figures ( 2—5 ) are plotted for different values of ﬁl and ﬁz (0.05—0.1) ; ],ll(l/ 2) , u2(1/5) ;

G(1/20) and H(—3/2). The figue 2 is sketched for the ¢ curve that provides us the convergence region i.e.
0<% <—4. The figure 3 is sketched for B* =1/5 , B> =1/10 ; u'=1/2) , p*=1/5 ; G(1/20)
. h(—3/2) and it shows the convergence for U? with 20th , 30th and 40th order approximations. In

figures 4 and 5, we assume different values of Bl (l/ 5;1/10;1/ 100) and
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Bz (1/ 10;1/100;1/ 1000) and provide the 20th order result for ul and UZ. Itis

observed that with an increase in the third grade parameters the velocity boundary layer thickness decreases. It is worth

mentioning here that the solutions for both the cases exist and converge[22— 28] , and also these satisfy all the

previous findings (regarding the third grade fluids) [9 — 21] .

References

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

C.L.M.H. Navier, Me” moire sur les lois du mouvement des fluides. Me”m.
de 'Acad. de Sci. France, 6, (1827) 389.

G.G. Stokes, On the effect of the internal friction of fluids on the motion
of pendulumns. Cambr. Phil. Trans. IX, 8 (1851); Math. and Phys.
Papers, Cambridge, 111, (1901) 1.

H. Schlichting, Boundary layer theory, sixth ed., McGraw-Hill, New
York, 1968.

M. Emin Erdogan, A note on unsteady flow of a viscous fluid due to an
oscillating plane wall, Int. J. Non-Linear Mech., 35, (2000) 1.

Muhammad R. Mohyuddin, Stokes' problem for an oscillating plate in a porous medium with Hall effects, Journal
of Porous Media, 9(3), (2006) 195.

Muhammad R. Mohyuddin, Few Exact Solution of the Stokes' Problem with Slip at the Wall in Case of
Suction/blowing, Journal of Mechanical Science and Technology (KSME), The Korea Society of Mechanical
Engineers, 21, (2007) 829.

Muhammad R. Mohyuddin, Unsteady MHD flow due to eccentric rotating disks for suction and blowing, Turkish
Journal of Physics, 31, (2007) 123.

R.B. Bird, R.C. Armstrong, O. Hassager, Dynamics of Polymeric Liquids, 1, Wiley: New York, 1977.

R. Rivlin and J.L. Ericksen, Stress Deformation Relations for Isotropic Materials, J. Rat. Mech. Anal., 4, (1955)
323.

C. Truesdell and W. Noll, The non-linear field theories of mechanics, In Handbuch der Physik, [11 / 3, (1965)
Springer, Berlin.

S. Asghar, Muhammad R. Mohyuddin, and T. Hayat, Effects of Hall current and heart transfer on flow due to a
pull of eccentric rotating disks, Int. J. Heat Mass Transfer, 48, (2005) 599.

S. Asghar, Muhammad R. Mohyuddin, P.D. Ariel and T. Hayat, On Stokes' problem for a non-Newtonian fluid
due to a variable shear stress, Canadian Journal of Physics, 84(11), (2006) 945.

K.R. Rajagopal , F. Mollica, Secondary flows due to axial shearing of a third-grade fluid between two
eccentrically placed cylinders, Int. J. Engng. Sci., 37, (1999) 411.

K.R. Rajagopal, P.N. Kaloni, Some remarks on boundary conditions for fluids of the differential type, In
Continuum Mechanics and Its Applications, Volume 935, (Edited by G.A.C. Graham and S.K. Malik),
Hemisphere, New York, (1989).

Muhammad R. Mohyuddin, Mirza, A.M. Siddiqui, Hydromagnetic unsteady Rivlin-Ericksen third grade flow for
Stokes second problem, Chemical Engineering Communications, 194(9), (2007) 1201.

T. Hayat, M.R. Mohyuddin, S. Asghar, and A.M. Siddiqui, The flow of

a viscoelastic fluid on an oscillating plate, ZAMM, 84 , (2004) 65.

Muhammad R. Mohyuddin, Resonance and Viscoelastic Poiseuille Flow in a Porous Medium, Journal of Porous
Media, 9(8), (2006) 799.

K.R. Rajagopal, A note on unsteady unidirectional flows of a non-Newtonian fluid, Int. J. Non-Linear Mech.,
17(5-6), (1982) 369.

M.E. Erdogan, Plane surface suddenly set into motion in a non-Newtonian fluid, Acta. Mech., 108, (1995)179.

97



Muhammad R. Mohyuddin, Muhammad A. Sadiq, A.M. Siddiqui / TIMCS Vol .1 No.2 (2010) 90-101

20.
21.

22.

23.

24.

25.

26.

27.

28.

L}

S. Asghar, Muhammad R. Mohyuddin, T. Hayat, A.M. Siddiqui, Flow of a non-Newtonian flow induced to the
oscillations of the porous plate, Mathematical Problems in Engineering, 2, (2004) 133.

S. Asghar, Muhammad R. Mohyuddin, and T. Hayat, Unsteady flow of a third-grade fluid in the case of suction,
Mathematical and Computer Modeling, 38(1-2), (2003) 201.

S.J. Liao, Homotopy analysis method: a new analytic method for nonlinear problems, Appl. Math. Mech.

(English Ed), 19(10), (1998) 957.

S.J. Liao, An approximate solution technique not depending on small parameters: a special example, Int. J.
Non-Linear Mech., 30(3), 371.
S.J. Liao, A kind of approximate solution technique which does not depend upon small parameters-I1: an

application in fluid mechanics , Int. J. Non-Linear Mech., 32(5), (1997)815.

S.J. Liao, An explicit , totally analytical solution of laminar viscous flow over a semi-infinite flat plate, Comm.
Nonl. Sci. Num. Sim., 3(2), (1998)53.

S.J. Liao, A.T. Chwang, Application of homotopy analysis method in nonlinear oscillations, ASME J. Appl. Mech.,
65, (1998) 914.

S.J. Liao, A uniformly valid analytic solution of two dimensional viscous flow over a semi-infinite plat plate, J.

Fluid Mech., 385, (1999)101.
S.J. Liao, Beyond Perturbation: Introduction to the Homotopy Analysis Method (2003).

Pl Pl il sl sl il il il il i i i iV A i AT A A A A A LA A A

Less Dense,
Less Non-Newtonian b
2 B B 1115 B
Plane of zero shear ,/
T

Interface / T

More Dense, b Fuid 1

More Non-Newtonian

Figure 1. Geometry of the problem
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Figure 5. The sketch of u'® for different values of B(l) and B(z)
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