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In the paper we consider the differential equation (1) with Neumann boundary conditions.
We will study the positive distribution of eigenvalues of operator L. Moreover we will show
that the positive eigenvalues of equation (1) in two transition points case with Neumann
boundary conditions depend only on the positive part of weight function. Differential equa-
tions with transition points play an important role in various areas of mathematics. For
example, transition points connected with physical situations in which zeros correspond to
the limit of motion of a wave, mechanical particle bound by a potential field. Transition
points appear also in elasticity, optics, geophysics and other branch of natural sciences [see
. Moreover, a wide class of differential equations with Bessel-type singularities and their
perturbations can be reduced to differential equations having turning points. we note that
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Abstract

In this paper we consider the following differential equation

AW
LW = —
w 2

— (VO -wa-))w=0,  ¢cal (1)
where €ela,b], a = —b > 1, u is a large parameter and V() is a continuous function
on [a,b]. For equation (1), & = &1 are transition points and 7(£) = 1 — £2 be a weight
function. Using the asymptotic solution constructed by Olver in [3] and [5], we study

the asymptotic behavior of the eigenvalues of the operator L with Neumann boundary
conditions W'(a) = W'(b) = 0.

Introduction

152



A. Neamaty, A. Hovhannisyan, E. A. Sazgar/ TIMCS Vol .1 No.3 (2010) 152-159

some aspects of the turning points theory and a number of its applications are described
in [7]. It is known [3], that two linear independent solutions U;(u,§) and Us(u,§) of the

equation ,
a-U
PR GE )

have for large u and £ > 0 the following asymptotic forms.
Ur(u,€) = Var {T(1 2+ u/2)} a2 (ne (€ - 1) {40 + 0™} (3)
U(u,€) = VAR {T(1 2+ /2?02 (e (&= 1) (B n) + O™}, (@

2/3 2/3
where,ne = {3 2 [5(r2 — 1)V2dr } / € >1and n = —{3 2 [&(1 —tau2)1/2d7'} /
0 < & < 1. The functions A4;(u*3n¢) and B;(u*3n¢) are two independent solutions of the
equation % = u*éw(€). The connection formulas are

Uy (u, =€) = cos(mu/2)Us(u, &) + sin(mu/2)Uy (u, §), (5)
Us(u, =€) = cos(mu/2)U; (u, &) + sin(mu/2)Us(u, §). (6)
The Wronskian of two solutions U (u, §),Us(u, €) is equal to
WA{U(u,€), Us(u, &)} = 2277 12T(1 2 + 7u/2).

2 Expansion of solutions in descending power of the
large parameter u

In this section we get the derivative in £ of the solutions Wi (u, &), Wa(u, §) of the equation
(1). In [3] the asymptotic solutions of the equation(1l) in the form

1 5’V(u §) o~ Bs(§)
€ Z:; s (7)

W(u,§) =

was established. Here V(u,§) = Ui(u, &) or Us(u, ), Ag = 1, As(§) and By(&) are defined
in [3]. In the asymptotic solution, the derivative of V(u, &) can be written in the following
form

Ui(a,€) = SU1(0.6) ~ Ui(a — 1,6) Ulfa,6) = ~502(@ ) ~ Usfa+ 1), (8)
So, by substituting (8)in (7) for £ > 0 we have
Wi(u,§) = Ur(u, §) K1 (00, §), (9)
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Wa(u, §) = Uz(u, §) K2 (00, §), (10)
where, K1(n, €) and Ky(n, €) are defined in [4]
Ki(n,§) = ;As(f)u_% + %@g —V2u) nz;j: By(6)u™>n=0,1,2,3, ..., (11)
Ky(n, &) = ;As(é)u_% + %(—uﬁ +v2u) nz;: By(&)u % n=0,1,2,3,....  (12)
For ¢ < 0 using (5) and (6) the solutions Wi (u, €) and Wa(u,€) will be
Wi(u,€) = {Ul(u, —)sin=" + Ul —f)cos%u} K (00, —€), (13)
W(u, €) = {Ul(u, ~&)eosSt — Un(u, —g)sm”—;} K (00, —€). (14)

In [3] the asymptotic behavior of W, and W5 in the following forms
Wi(w ) = Ui( &V20) 1+ 0™),  Walu,€) = Ua(,EV2W)(1+ O(u™)) (15)

was established. Now we want to get the derivation of asymptotic form of solutions. If
x = £v/2u then by (8) we get

% v (200.5) - Vo= 1)) - m{gmvm,g@) U LW%)}. (16)

Now by using the solutions Ui (u, &), Us(u, £) and substituting them in (16), we obtain

ou L= R
8—5—\/E€U{F(§+§)} u (52_1) A;(usne)
S in 1 wu+2 2 —1, Mg |1 2
—VAr€u{L (G + =5 ) 2T () A ((w+2)ne). (17)
If we substitute 86—(? from (17) in 8W(197(§“’5), then we get
Wi (u,§) 1 L w0\ o e 1,6V2u z 2 1
TS —27T4\/E{F(§+§)} u 12 (52_1>4( 5 AZ<U3I7§>—AZ ((U+2)377§> <1+O<U ))

(18)
For £ > 0 the asymptotic behavior of Airy functions A; when n — oo is given in [5]

2

—2u7]§
P n
(& 3

2 2
— > (= 1)%us(Zun?)~*,
2 12/77.6u277§ —0 3 ¢
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—2(u+2)n

2ng n
A2 ) ~ e S (1w a2 (19)
2 12/76 (u + 2)2772 = 3
= MO Ai(uing)(1+0@w™),  7>0
Therefore if we put (19) in (18) then for awéé“ & we have

I8 _ o ok {p(l n E)}% W (=) Ay (udne) {5*/% _ /\(5)} (1+0@™).

0& 2 2 &2—-1 2
In fact we have obtained the following results,
oW 42
851 ~ Wy {eu—V2up(€)}, where  p(€) = ein?, (20)

and similarly 652 can be written in the form

oWy
3

For ¢ < 0 from (13) and (14) we have

~ W, {fu - \/@x\(ﬁ)} , where A(§) = 6%4775. (21)

Wi(u, &) = [sm( 2u) + O(u‘l)} Wi(u, =€) + {cos(ﬂ) + O(u_l)} Ws(u, —£), (22)

2

Wa(u, €) = [cos(”2)+0( )}Wl(u,—gn —sin(Z1) + 0w )}Wg(u,—ﬁ). (23)

By derivations of Wi (u, &) and Wa(u, £) and making use of (20), (21) we obtain the leading
term of

%;,g) = [sin(5) + O™ Wi, ~) [eu + vamr(-)] +
cos(55) + Ow™)| Walu, ~€) [gu + vup(€)] (24)
Similarly 8W2—“€) can be written following form
78%8(;’5) = [eos(5h) + 0t Lwlgg s [T+ o] 7@%(52, ) (25)
If, ¢ = —b, then we calculate,
% = |sin(5) + O(u™)| Wi, ) [V2uA(b) = bu] +
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{cos( ) +Ou —1>} Wa(u,b) [V2up(b) — bu] (26)
%?‘b) _ {cos(%) n 0<u—1>] Wa(u,b) [V2uA(b) — bu] +
[ sin(51) + O(u” )] Wi (u,b) [V2uA(B) — bu] (27)

3 Asymptotic of eigenvalues for case a=-b with Neu-
mann conditions

The eigenvalues of the operator L with Dirichlet boundary conditions and one transition
point were investigated in [5]. In this section we will study distribution of the eigenvalues
of operator L with boundary conditions W’(a) = W'(b) = 0. Note that, the positive distri-
bution of the Neumann eigenvalues has been studied [1] in one and two turning points case.
In this case the eigenvalues of equation(1) are the zeros of A,,(u) = 0 where

s e |
The product of Ap(us) can be written in the form
an%“’ Y awggg ) W () {bu — VIA®B)) (29)
x Jeos( ) + Ot )] Wa(u,b) {V2up(b) — bu}+ [—sm”—; 4 0<u—1>] Wi (u,b) { VZuA(b) — bu)
_ [cos( )+ O(u” )} (VW3 (a5, ) (bu/2ua(8) + buv/ZuA(b) — b*u? — 2u)]
4 [ sin(5") + O(u™)] [W2(u,b) (2buv/Zad () — w212 — 2002(0))]

The following term can be treated analogously

OWi(u,—=b)  OWa(u,b)
0§ 9

= Wa(u,b) (bu — v2up(b)) (30)

X

5 T )] Wi (u, b) { V2uA(b) — bu}+ lcos(*= : O™ Wa(u, b) {V2up(b) - buj .
If we multiply Wa(u, b){bu — v/2uu(b)} then (30) can be rewritten as follows

an (U, —b) % (9W2 (U, b)
o€ o€

sm(

_ [_ sin(Z2 ) ) O | [W (b)) Waue, b) (bun/2up(b) — bu® — 2u
(31)
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—l—bu\/ﬂ/\(b))] {cos( 5 )+ O(u™ )} W3 (u,b) {2bu@u(b) — 2uy®(b) — b2u2} .

For summarize and distinguish we suppose

Ay = v*u?® — buv/2up(b) + 2u — buv/2ul(b), (32)
Ay = bPu? — 2bun/2upu(b) + 2up®(b), Az = b2u? — 20un/2ul(b) + 2ur?(b)

also M, and M, are defined in [4] in following form
- 2 3 —s —n—1 S 2 —n—1
=S wCund) O, My = S () Cund) + O
5=0

We know that the left sides of (29) and (31) are equal. Using (32) the following formula are
valid

cos(1) + Ou™) | [W3(u ) Az = Wa(u,b) Wa(u, b AL ] = (33)
{sm( )+ O )] (W) (11, 5) As — Wi, bYW, B) Ay |
By using (29) and let us suppose
ot L= Letutndt s Yy~ -t
0:§u7}b, L—§7T u F(2+2)(b 1)"z,

we can write
Wi (u, 0)Wa(u,b) = LMy MyK Ky, W2(u,b) = Le " MZK?As, W3(u,b) = Le’ MEKZ A,,
so by using(33) we have

sin(5t) +O(u™)  Wi(u,b)e? Ay — Wi (u,b)Wa(u,b) A,
cos(Z) + O(u~t) — WE(u,b)e0As — Wi (u,b)Wa(u,b)A;”

(34)

Hence by using the form of Wi (u,b) and Ws(u,b) and substituting in (34) we can write

sm(%)(l + O(U )) o M12K22€6A2 — MlMQKlKQAl (35>
cos(Z)(14+ O(u™))  M3Ke9As — MiMyK Ko Ay
By dividing the right hand of (35) to MyM; K;K5A; we derive
U -1+ (M1K2A2><M2K1A1)_1€6 1
t 1 .
an( 2 ) -1+ (M2K1A3>(M1K2A1>_1€_6( + O(u >> (36>

tan(%) = 1+ (MK As) (MoK, Ay) " Le? (1 4 O(u™h).
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Now we must obtain, My K7, M7 Ko, %ﬁﬁ, ﬁ—;, %ﬁ%ﬁ;

3 1 JﬁB 3 5 9 a1 _
M K, :U0A0+( Apuin~ 2—UoBob) u\/o_o (U0A1—§U1b3077 g"‘ZAOUzU 3)@"‘0(“ 3>7
(37)
3 3.1 V2uyB 3 5 9 a1 _
MgKl ZUOA0+(UoB0b—§A0u17] 3)-- u\/()ﬂ0+<UOA1_§UIbBOT] g—FzA()UQ?] 3)@"‘0(“ 3).
(38)
If we divide MK, by M; K5 we obtain
M, K, 2 ( )1 2v2B, 1 .
=1 Byb — 3A — .
e + oo upBob — 3Aguin, " A X o +O(u™7) (39)

2
Now by dividing A, to Ay we have, 4L =1+ 2% sinh(37;7) + O(u™"). If we multiply both
sides of (39) by ﬁ—; we determine

3
_ —3
MK, Ay 1 2(ugBob — 3Aguim, *) _ 2\/55;0 2\/_ inh(= 771;%)"’ (40)
M1K2A2 U()Aou A0U2 b\/_
442 4 -3 _
RN smh(g g ) (uoBob — 3Aguin, ) + O(u™?).

Therefore by using (36) we can write

U 0 M1K2A2 —0
tan(—) = e’(———+——=+ 0 : 41
() = (- T + 0 ) (41)
If we suppose,
M K3 A, o 0
= 1+0
r= e 1+ 0 )
then, = = %ﬁ;f‘le_@(l +O0(e™?)), tan(%*) = x. So we can write, 5t = nm + arctan .
For |z| > 1, we know that,
T 1 1 1 T 1 1 1
¢ = =l — 2> L 42
arctan(z) 2 r T3 s 2 :)3[ 322 | 5z bl (42)
Now by using the equation (42) for z — oo, one finds that
U 7T 1 nw+ 7 1
5 =gt (93) u ; + (93)
We know that, 5= I (1= 72)zdr, at last, we obtained
9 + I 1
Un = =3 T i + O(_> (43>
L= rkdr
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