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Abstract
The purpose of this paper is to study the system of Linear Differential Equations of first order, Second
order and Third order in two variables as well as in three variables and obtained the set of Pre-functions
and extended prefunctions are the closed form of solutions via Laplace Transforms technique.
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l.Introduction

It is well known that some basic functions such as polynomial functions, exponential functions,
Logarithmic functions and trigonometric functions have played an important role in development of
Mathematical, physical, biological as well as Engineering sciences .Deo and Howell in their paper [1]
introduced an alternative method and studied trigonometric and trigonometric like functions. This new
approach is simple and useful in the study of differential equations. Khandeparkar, Deo and Dhaigude
[3] have defined new kind of Exponential, Trigonometric and hyperbolic functions. They are coined as
Pre-functions and extended Pre-functions. It is shown that these pre-functions and extended pre-
functions satisfy many interesting properties and relations. Some properties and Laplace Transforms of
these functions are studied in the papers [2], [3], [4], [5], [6] and solution of initial value problems for
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non-homogeneous linear ordinary differential equations as well as solutions of voltera integral
equations and volltera integro differential equations are obtained.

The aim of this paper is to study the system of Linear Differential Equations of first order, Second
order and Third order in two variables and in three variables and obtained the set of Pre-functions and
extended prefunctions are the closed form of solutions and Laplace Transforms technique is successfully
applied.

2. Definitions of prefunctions and extended prefunctions

In this section, we take overview of pre-function and extended pre-functions and Laplace Transforms of
these pre-functions [2] and [3] these pre-functions and Laplace Transforms are defined and their
properties are also defined. We introduce definitions and Laplace Transforms of some Pre-functions and
extended pre-functions.

Definition: The pre-exponential functions is denoted by pexp (t, a) and is defined as,

n+o
Pexp(f;a) =1 +Z;1.0=1F(I:+—1+a)' t€Randa =0

(—l)n +a tn +a

Also, pexp(—t,a) =1+ Y7 ,t€Randa=0

n=1 F'(n+1+a)

The pre-cosine function is denoted by pcos (t, a) and is defined as,

© (_1)nt2n+a
pcos(t,a) =1+ anlm,

t€Randa >0
The pre-sine function is denoted by psin(t, a) and is defined as,

. (_1)nt2n+a+l

n=0"T(ni2ta) ’ t€R and a >0

psin(t,a) =

The extended pre function is denoted by pMs;

(_l)n t3n +2+a

pM32(t,a) = >

n=0"T(ani3ra) t€R and a >0

Laplace Transform of Prefunctions and extended Prefunctions:

We find the Laplace transforms of pexp(t,a): We know that,

n+o
pexp(at,a) =1+ X7 (at)

nzlm, t€R and a=>0

Now we calculate the Laplace Transforms of this prefunction as follows,

Llpexp(at,a)] = fooo e Stpexp(at, a)dt

= [® st o @)
=Jye [1+Zn:11"(n+1+cx) ]
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= [ e St1dt + X7

1 00
fO e~ st (at)n+a dt

=11 41+a)

1 @"Tr(n+1+a)

1 o
T + En=l F(n+1+a)

1 © (a)n +a

=<+ Zl gh+l+a

N

1 (a)1+0(

s (s—a)slta

In particular, for a=1,

Llpexp(t, )] = * + —

s (s—1)sita

In particular a=0,

L[pexp(t,0)] = Llpexp(t)] = (sil)

1+a
L [1 PGVl ] = pexp(at, a)

s = (s—a)slta

Clearly,

sn+l+a

Laplace transforms of other prefunctions can be derived and listed as follows,

—1)% ()1t
1. Llpexp(—at, )] = 1 - EX@ 2

s (s+a)slita

1+a
2. L[psin(at,a)] = (@)

- (52 +az)s°‘

L +2

3. L[pcos(at,a)] =1

s (s2+a?)slta

) (a)1+0(
4. L[psinh(at,a0)] = (2 —a?)s@
1 aa+2
5. L[pcosh(at,a)] = ot (52 —adystha

1 (a)3+a

s (s3+ad)sotl

6. L[pMsy(at, )]

(a)l+a
(s3 +ad)sa-1

7. Ll[pM31(at, )] =

(a)2+tx
8. L[pMs(at, )] = & 4ad)et
1 (a)3+a
9. L[pNgo(at, )] = ;+m

_ (a)l+¢x
- (s3-a3)sa-1

10. L[pN3;(at, )]
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_ (a)2+a
- (53 —a3)s°‘

11. L[pN3,(at, a)]

Note that on putting a=0 and a=1 above we get Laplace Transforms of exponential functions,
trigonometric functions and hyperbolic function.

3. Initial Value Problems for System of Differential Equations:

The solution of simultaneous differential equations with initial conditions can be obtained by applying
Laplace Transform method. First we discuss the solution of first order system of ordinary differential
equations with suitable initial conditions.

I. First Order System of Differential Equations:

IVP-I. Consider the system of first order differential equations,

x (t,a) + y(t,a) =0 (1.1)
’ _ ta _
y (t,a) —x(t,a) = @D 1 (1.2)
With the initial conditions, x(0,a) =1, y(0,a) =0 (1.3)

Apply Laplace transform to both the sides of differential equations (1.1) and (1.2), we have,

L{x’ (t,a)}+ L{y(t,a)} =0

ta

LY (6,0} = L @) = L) — L)

sL{x(t,a)} — x(0,a) + L{y(t,a)} =0

1 I@+) 1

I'(a+l) setl s

And sL{y(t, @)} — y(0,@) — L{x(t,a)} =

Consider, L{x(t,a) = X(s, @), L{y(t, @) = Y (s, a). Using initial conditions (1.3), we obtain the System of
equationsin Xand Y

sX(s,a) +Y(s,a) =1 (1.4)

—X(s,a) +sY(s,a) = STl+1 1

N

(1.5)

Multiply equation (1.5) by s and add with equation (1.4), we get,

(52 + 1)Y(s, a) = ia

N

1

Y(s,a) = (s2+1)s°

Taking inverse Laplace transform of both sides, we have,
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1

LYY (s, @)} = LY z7a)

y(t,a) = psin(t, a)

Now we obtain prefunction x (¢, @), multiply equation (1.4) by s and subtract equation (1.5) from it, we
have,

241 1
(SZ-I-].)X(S,CZ):SS iy
X(s,(z):l L

s (s2+1)satl
Taking inverse Laplace transform of both sides, we have,

)
(s24+1)sx+1

LHX (s, @)} = L5 -
x(t,a) = pcos(t, a)
The solution set of the IVP (1.1)-(1.3) is {x(t, @) = pcos(t, a), y(t,a) = psin(t,a)}.

IVP-II. Consider the system of first order differential equations,

x (t,a) +z(t,a) =0 (2.1)
1 t@
y () = x(t,a) = s — 1 (22)
z (t,a) —y(t,a) =0 (2.3)
With the initial conditions,
x(0,a) =1, y(0,@) =0,2z(0,a) =0 (2.4)

Apply Laplace transform to both the sides of differential equations (2.1), (2.2), and (2.3) we have,

L{x'(t, )} + L{z(t,a)} = 0

t(l

LY (6, @)} — Lx(t, @)} = L) — L{1}

L{z' (t,@)} = L{y(t,a)} = 0
Simplification it gives,
sL{x(t,a)} — x(0,a) + L{z(t,a)} = 0

1 TI(a+l) 1

I'(a+l) setl s

sl{y(t,a)} —y(0,a) — L{x(t,a)} =

And sL{z(t,a)} — z(0,a) — L{y(t,a)} =0
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Suppose,
L{x(t,a)} = X(s,a), L{y(t,a)} = Y(s,a), L{z(t, @)} = Z(s, @)
Using initial condition (2.4), we get the system of equationsin X, Y and Z
sX(s,a) +Z(s,a) =1

—X(s,a) +sY(s,a) = L1

sa+l s

—Y(s,a) + sZ(s,a) =0

We write this system of equations in matrix form as,

s 0 17[X L
_1 S 0 Y Sa+l_;
0 -1 sllLz 0
We know by matrix theory,
x=2 y=2 7=
D D D
Where,
s 0 1
D=|-1 s o0|=s%+1
0 -1 s
1 0o -1
1 1 1 1
D, = sa+l g § 0 =52+s_s“+1
0 -1 s
s 1 1
1 1 1
Dy = _1 sat+l _; O = sa-1
0 0 s
s 0 1
1 1 1
D,=[-1 s | T«
0 -1 0

Substituting these values in equation (2.5), then we obtain

1 1
X(S' a) - s (s3+1)sx+1
1
Y(S' C() = (s3+1)se-1
1
Z(S, a) = W
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In each case, taking inverse Laplace transform of both sides, we have,

_ 1 1
x(t,a) =L l{g—w} =pM30(t,(X)

— 1
y(t,a)=L" {(sgﬂ—w} = pMz (¢, )

_ 1
z(t, @) = L7t {W} = pMz,(t, o)

The solution set of the IVP (2.1)-(2.4) is,
{x(t, @) = pM3y(t, ), y(t, @) = pMa1 (¢, @), z(t, @) = pM3,(t, @) }
Il. Second Order System of Differential Equation:

IVP-lII: Consider the system of first order differential equations,

X' (ta) -y (ta)=0 (3.1)
” , _ ta—l
y (ta)—x (t,a) = o) (3.2)
With initial conditions,
x(0,0) =1, y(0,a) =0, x (0,@) =0, y (0,a) =0 (3.3)
Apply Laplace transform to both the sides of differential equations (3.1) and (3.2),
We have,
L{x" (t, @)} = L{y (t, @)} = 0
" ’ ta—l
s2L{x(t,a)} — sx(0, @) — x (0, &) — sL{y(t, @)} + y(t,a) = 0
) , 1 I'(a)
And s°L{y(t,a)} —sy(0,a) —y (0,a) — L{x(t,a)} + x(0,a) = N
Consider, L{x(t,a)} = X(s, @), L{y(t, @)} = Y (s, @) ,using initial condition (3.3)
We get the system of equations in X, Y
s2X(s,a) —sY(s,a) = s (3.4)
-sX(s,a) + s%Y(s,a) = Sia -1 (3.5)

Multiply equation (3.5) by s and add with equation (3.4), we obtain

299



D.B. Dhaigude, S.B. Dhaigude / J. Math. Computer Sci. 7 (2013), 293-304

1
sa—1

(53 — s)Y(s, a) =

1

Y(s,a) = Dse

Taking inverse Laplace transform of both sides, we have,

_ 1 .
y(t,a) = L7t {(52—1)5‘1} = psinh(t, o)

Also multiply equation (3.4) by s and add with equation (3.5), we obtain
(s*=s)X(s,a) = (s2—1) + Sia

X(s,a)=1+ :

s (52_1)5a+1

Taking inverse Laplace transform of both sides, we have,

x(t,a):L—1{1+ !

; (52_1)5a+1

} = pcosh(t,a)

The solution set of the IVP (3.1)-(3.3) is {x(t, @)} = pcosh(t, a), y(t,a) = psinh(t,a)}

IVP-IV: Consider the system of second order differential equations

x (t,a)—z (t,a) =0 (4.1)
y (ta)—x (ta) = i(—;) (4.2)
z (t,a)—y (t,a) =0 (4.3)

With the initial conditions,
x(0,a) =1, y(0,a) =z(0,a) = x (0,a) = y'(O, a)=z (0,a) =0 (4.4)
Apply Laplace transform to both the sides of differential equations (4.1), (4.2) and (4.3), we have,

L{x" (t, @)} = L{z' (t,@)} =0
L{y" (t, @)} = L{x (t, @)} = L{

ta—l

T'(a)
L{z" (t, @)} = L{y'(t, )} = 0
Suppose,
L{x(t,a)} = X(s,a), L{y(t,a)} = Y(s,a), L{z(t, )} = Z(s, @)
Using initial condition (4.4), we get the system of equationsin X, Y and Z
s?X(s,a) —sZ(s,a) = s
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—sX(s,a) + s?Y(s,a) = Sia -1

~Y(s,a) + s?Z(s,a) =0

We write this system of equations in matrix form as,

s2 0 —-s|[X 1 s
-s s> 0 Y|=|z"1
0 —-s s? Z 0
. Dy D, Dy
We know by matrix theory, X = > Y = > zZ = ry (4.5)
Where,
s2 0 -
D=|-s s2 0|=53°-1)
0 —s s?
S 0 -s
Dx= %—1 52 0 =SS—SZ+S—
S sa
0 —s s?
s2 S —s
54
D, =|-s i 1 0= o
0 0 s2
s2 0 s
_ 2 1 _s
D,=|-s s =-1|==
s® S
0 -s 0

Substituting these values in equation (4.5), then we obtain

1 1
X(s,a) =;+W
1
Y(s,0) = g
1
Z(s,a) = s

In each case, taking inverse Laplace transform of both sides, we have,

—1(1 1
x(t,a) = L 1{;+m} = PN3o(¢, o)

y(t @) = Lo} = pNa (6, )

(s3-1)s@1

— 1
2(6,0) = L7 {5 = pNa(t, )
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The solution set of the IVP (4.1)-(4.4) is,
{ X(t; a) = pN30(t: a); Y(t; a) = pNB:I_(t! (X), Z(t) (Z) = pNSZ (tl a) }
Ill. Third Order System of Differential Equation:

IVP-V: Consider the system of second order differential equations,

X (t,a)+z (t,a)=0 (5.1)
y' o -x () = (5.2)
z (t,a)—y (t,a) =0 (5.3)
with the initial conditions,
x(0,@) =1, y(0,a) =2(0,a) = x (0,&) = y' (0,@) = z (0,a) =0
x (0,a)= y 0,a)=z (0,a)=0 (5.4)

Apply Laplace transform to both the sides of differential equations (5.1),(5.2) and (5.3), we have,

L{x" (t, @)} + L{Z" (t,a)}=0
LEy" (t, @)} — L{x" (t, @)} = L{

ta—2

F(a—l)}

L{z" (t, )}~ L{y" (t, @)} =0
Suppose, L{x(t,a)} =X(s,a),L{y(t,a)} =Y(s,a),L{z(t,a)} = Z(s, @)
Using initial condition (5.4),we get the system of equations in X, Y and Z

s3X(s,a) + s%Z(s,a) = s?

1
sa—1

—s?X(s,a) + s%Y (s, a) = —s
s3Z(s,a) — s?Y(s,a) =0

we write this system of equations in matrix form as,

s 0 s?1[X ) s?
_52 5‘3 0 Y Sa—l —S
0 -—s?2 311z 0
we know by matrix theory,
)( ::EQU Y ::BXU ‘Z =:2£ (5.5)
D D D

where,
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s3 0 s?
D =|—g2 g3 0 =56(53+1)
0 —s?2 s3
s2 0 s?
_ |t 3 _ .8 5
Dy=|z=z—5s = 0|=s"+s>—
0 —s2 8
s3 s2 s2 .
_ 2 1 _ s
D, =] -s w1 S 0 =
0 0 s3
s3 0 s2 ;
—|_<2 3 1 s
D, =|-s s =il
0 —s2 0

Substituting these values in equation (5.5), then we obtain

1 1
X(S’ a) - ;_ (s3+1)s%
1
Y(s.0) = mem
1
Z(s,a) = DT

+1

In each case, taking inverse Laplace transform of both sides, we have,

1 1
s (s3+1)setl

x(t,a) = L_l{ } =pM;

0 (t, (X)

_ 1
y(t,a) =L {W} = pMz (t, )

2(t, @) = L—l{

The solution set of the IVP (5.1)-(5.4) is,

1
m} = pMz(t,

a)

{ X(t' a) = pM3O(t' (X), Y(t, a) = pM3l(tJ (X), Z(t, a) = ngz(t, (X) }

Conclusion: In this paper we have studied the system of Linear Differential Equations of first Order,
Second order and Third order in two variables as well as in three variables and the set of Prefunctions
and extended Prefunctions are the closed form of solutions, Laplace Transforms method is successfully

applied.
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