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Abstract
J. Garcia-Falset, E. Llorens-Fuster and S. Prus in [2] studied the existence of fixed point of J-type
mappings in Banach spaces. In this paper, we extend these mappings in Menger spaces and prove the
fixed point theorems of these mappings in complete Menger spaces. In this paper, we also prove theorems
for the new class of mappings which is called altering J-type.

Keywords: Fixed point, Menger space, J-type mapping, Altering J-type mapping.
1. Introduction

There are some of generalization of metric space, one of them is Menger space commenced by Karl
Menger [7] which the distance d(x,y) between x and y replaced by a distribution function F(x,y). In
fact, F, (t) can be interpreted as the probability that the distance between x and y is less than t. The
study of probabilistic metric space (for short, PM-space) was initiated by Schweizer and Sklar [12]. Fixed
point theorems are very important in the PM-spaces and have several interesting applications. For
example, these theorems are the main tools to study the problem of the existence of a solution for a
system of differential equations in these spaces [11]. The study of fixed point theorems in probabilistic
Menger space is a topic of recent interest and forms an active direction of research, is investigated by
many authors [1, 3,4, 6, 8,9, 10, 13].

Let us recall some concept of the theory of PM-spaces and then Menger spaces. In the present work, R
is the set of all real numbers and R" is the set of all nonnegative real numbers.
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Definition 1.1. A mapping F: R — R + is called a distribution function if it be a non decreasing and left
continuous function satisfying the following conditions

inftERF(t)=0, Supte]RF(t):].

Definition 1.2.A probabilistic metric space (PM-space) is an ordered set (S, F) Where S is a nonempty set
and F is a function defined on SxS to the set of distribution functions which satisfy the following
conditions

(i) Fxy(0) =0

(ii) Fxy(t)=1forallt>0ifand onlyifx =y

(iii) Fxy(t) = Fyx(t) forallte R

(iv) if Fxy(t1) = 1 and F,,(tz) = 1, then F, ,(ti+t2) = 1.

Definition 1.3. A triangular norm (t-norm) is a function T: [0,1] x [0,1]->[0,1] which satisfies the
following

(()T(1,a)=a

(ii) T(a, b) = T(b, a)

(i) T(c, d) > T(a, b) wheneverc>aand d > b
(iv) T(T(a, b), c) = T(a, T(b, c)).

Definition 1.4. A Menger space is a triplet (S, F, T) where Sis a nonempty set, F is a function defined on
SxS to the set of distribution functions and T is a t-norm such that the followings are satisfied

(i) Fx,(0) =0 forallx,y € S

(ii) Fxy(s) =1 foralls>0ifand only if x =y

(iii) Fxy(s) = Fxy(s) forallx,y€ Sands>0

(iv) Fxy(u+v) 2 T(Fy,(u), F,y(v)) forallx,y,z€ Sand u, v>0.

Definition 1.5. A sequence {x,} € S is said to converge to x € Sifforall€ >0 and A >0, we can find a
positive integer N, such that Fy, ,(€) > 1-A for all n > N.,. The sequence is said to be Cauchy if for all € >
0 and A > O, there exists N such that Fy, x.(€) > 1= A for all n, m > N.,. A Menger space (S, F, T) is said to
be complete if every Cauchy sequence is convergent.

2. J-type and altering J-type mappings

In this section, we prove fixed point theorems for class of nonlinear mappings in menger spaces which
were studied by J. Garcia-Falset et al. [2] in Banach spaces. Before that, a basic definition is presented.

Definition 2.1. Let B be a closed and bounded subset of S. yg € S is called a center for mapping f: B > S
if there exists k € (0,1) such that for each x € Band s >0, Fy,0(s) > 1-s implies
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Ff(x),yo(kS) >1—ks

Definition 2.2. The mapping f: B - S is called J-type mapping whenever, it is continuous and it has some
centeryp € S.

We denote by Z,,(f) the set of all centers of map f. The following notation is remarkable.
Remark2.3. Let (S, F, T) be a menger space, then Z,,(f) is a closed subset of S.

Proof. Let z € clos(Z.(f)), then there is a sequence {z.} S Z.(f) converges to z. From definition we have k
€ (0,1) such that for each x € Sand s >0, F,,(s) >1 —s implies Fey) zn(ks) > 1 —ks.

So
F,2(2ks) > T(Fex, zn(ks), Fzn2(ks)) > 1 = ks > 1 = 2ks

for minimum t-norm T. It is sufficient to put k;= 2ks. O

Several immediate consequences of the above definitions are considered the follow.
Remark 2.4. (i) It is obvious that if the center yo € B, then yq is a fixed point of f,
(ii) If a mapping f: B = S has the center yg € S, then the restriction of f to every subset of B does too,

(iii) If a mapping f: B > B has the center yp € S, then f": B > B has the same center yo for alln € N. The
following theorem is closely inspired Theorem (1) of [5].

Theorem 2.5. Let (S, F, T) be a complete Menger space and B is a closed subset of Sand f: B > S be J-
type mapping. Suppose there exists Xo € B that for alln > 0, f'(xo) € B. If liminf,ee{F"x0), znin(s)} = 1 (s >
0), Then f has a fixed point x* and sequence {f,(x)} converges to x*.

Proof. Let € > 0 has been given. Since liminf,e{F{"x0) zn(n(S)} = 1, there exists positive number N such
that for everyn >N

Inf {F¢"x0),2(S) | z € Zn(f)} > 1 -e.
that is, there exists zp € Z,(f) such that F¢"xo) 0(s) > 1 - €. So
Fi' o), £ (x0)(25) 2 T(F¢"(x0), 20(S), F"(x0), z0(S))
>1-¢.

Above inequality is concluded from being minimum t-norm T and belonging zg to Z,(f). Therefore, the
sequence {f"(xo)} is a Cauchy sequence. So there exists x*€ B such that

an(XO), X*(S) >1-¢.

From hypothesis, we have

247



E. Feizi, Z. Hosseini /). Math. Computer Sci. 8 (2014), 245-250

F xx,20(25) 2 T(Fux, 1 x0)(S), Ff"(x0), 20(S))
>1-¢.

Since Zn(f) is closed, then x* € Z,(f), beside, x* € B. Hence x* is a fixed point off and the proof is
completed. m]

In order to proceed, a basic definition is presented.
(*) : R" > R" is a monotone increasing and continuous function such that Y(t) = 0 if and only if t = 0.

Definition 2.6. Let (S, F, T) be a Menger space. A mapping f: S = S is called altering J-type mapping if
there exists k € (0,1) such that for each x, y € S and s > 0 the following implication holds, Fy,o(W(s)) > 1
- simplies

Fr), yo(W(ks)) > 1 —ks

where s satisfies in condition (*)

Theorem 2.7. Let (S, F, T) be a complete Menger space and B is a closed subset of S. Let f be an altering
J-type self-mapping on B. Then with an extra condition on f, there is a point z € B such that f(z) = z.

Proof. Since f is an altering J-type mapping on B, there exist yo € S, k € (0,1) such that Fy,o(d(s))>1-s
implies Fryyo(W(ks)) > 1 — ks where  satisfies in condition (x) and x € B. Considering t > 1, we have for
anyr>0

Feyo(W(r)) >1 -t (x € B)
So by above definition Fgy yo(P(kr)) > 1 - kt, that is
F Yyl (kr) > 1=kt or Fi 'y, yo(W(kr)) > 1 - kt
By Definition (2.6) we have again
Fe 10, yolW (kr)) > 1 =kt or F e, yo(W(kr)) > 1 - kt
Therefore, for all n € N this results
(2.1) inf{F¢"x0), yo(W(knr))} > 1 - k"t.

Let 0 <A < 1 be an arbitrary real number. Since 0 < k < 1 then k"t > 0 as n = oo, then there exists Ny(A) €
R+ such that

(2.2) 1-Kk"t>1-A(n>NgA).
Also suppose that € > 0 be arbitrary, then there exists N,(g) € R" such that
(2.3) g> P(k"r) (n > Ny(g)).

Now we have from (2.1), (2.2) and (2.3)
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Ff' w0, yo(€2) > Fe'x), yo(W(Kr)) > 1 - k"t > 1 - A.
for all n > N = max {N1(A), N»(¢)} and x € B. Moreover, we consider a sequence {x,} € Bandletm>n>N.
(2.4) e, " 60(E) 2 TF i, v0(5), P, yol3)-
We assume extra condition Ff"xm-n), yo(A) < Ff'(x0), yo(A) for all 0 < A <1.
Therefore from (2.4) it is resulted
Fetxm-n)f (x0)(€) 2 Ff" (xemn), yo(g) >1-A\

Hence {f"(xm)} is a Cauchy sequence in (S, F, T). The completeness of this space and closeness of B in S
imply that there exists z € B such that f"(x,,) & f"(z) as m = eo. We clime that z is fixed point for map f.
Lets>0

(2.5) Fe'2,2(5) 2 T(Ff ) xm)(S1), e (xm), 2(S2))-

Where s3, s, 2 0 and s; + s, = s. Using the properties of condition (*), we can find two positive numbers
€1, €5 such that

(2.6) s1> P(e1) and s2> Y(e).

On the other hand, since f"(x,,) = f"(z) as m—> o= then for 0 < A\;<1 there exists N3 such that n> N3

(2.7) Ff'), £ xm)(P(€2)) 2 1 = Ay
and
(2.8) Fi'a), £ -t (W(E2K)) 2 1 = Aq.

From (2.2) and (2.8) it can concluded
(2.9) F %, omn(b(e2)) 2 1 - Kha.
From (2.5) with using (2.6), (2.7) and (2.9), we have
Fe'a),2(s) 2 T(1=AL, Fexn-1), £ (€2)) (s >0)

Then f'(z) =z for all n € N, especially n = 1 that it implies f(z) = z. m]
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