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Abstract
An ideal | is a family of subsets of positive integers N which is closed under taking finite unions and

subsets of its elements. In this article we introduce ideal convergent sequence spaces using Zweier
transform and Orlicz function. We study some topological and algebraic properties. Further we prove
some inclusion relations related to these new spaces.
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1. Introduction

The concept of ideal convergence as a generalization of statistical convergence, and any concept
involving ideal convergence plays a vital role not only in pure mathematics but also in other branches of
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science involving mathematics, especially in information theory, computer science, biological science,
dynamical systems, geographic information systems, population modelling, and motion planning in
robotics.

Kostyrko, et. al [16] was initially introduced the notion of I-convergence based on the structure of the
admissible ideal | of subset of natural numbers N. Further details on ideal convergence, we refer to ([2-3],
[7-13], [17], [21], [25-26], [29-33]), and many others.

Let X be a non-empty set. Then a family of set | < 2" (power sets of X ) is said to be an ideal if I is
additivei.e. AABel = AuBel and hereditaryi.e. Acl,BCc A=Bel.

A non-empty family of sets F < 2% is said to be a filter on N if and only if ¢ & F(l), for A/Be F(l)we
have AnB e F(l) and foreach A F(l1)andB o> AimpliesB € F(1).

Anideal | = 2% iscalled non-trivial if | = 2%,
A non trivial ideal | = 2* iscalled admissibleif | > {{X} ‘X e X}.

A non trivial ideal | is maximal if there exist any non — trivial ideal J # | containing | as a subset.

For each ideal | there is a filter F(I)corresponding to | ie. F(1)={K<N: K°el}, where
K°=N-K.

A subset Aof N is said to have asymptotic density 5(A) if 6(A) = Iimlz;(A(k) exists, where y, is
n—o0 n k=1

the characteristic function of A.

Remark 1. If we take | = I, = {A < N: Alis a finite subset}. Then 1, is a nontrivial admissible ideal of

N and the corresponding convergence coincide with the usual convergence.
If we take | = I, ={A < N: 8(A) = 0} where 5(A) denote the asymptotic density of the set A. Then | isa

non-trivial admissible ideal of N and the corresponding convergence coincide with the statistical
convergence.

An Orlicz function is a function M :[O,oo) —>[0,oo), which is continuous, non-decreasing and convex

with M (0) =0, M(x) >0 for x>0 and M (X) — o0 as X — oo.If the convexity of the regular function
M is replaced by

M(x+y) <M(x)+M(y),

Then this function is called modulus function. The notion of modulus function was introduced by Nakano
[22]. Ruckle [24] and Maddox [19] further investigated the modulus functions with application to
sequence spaces.

308



Bipan Hazarika, Karan Tamang, B.K. Singh / J. Math. Computer Sci. 8 (2014), 307-318

Remark 2. If M is an Orlicz function, then M (Ax) < AM (x)for all A with 0 <A <1.

An Orlicz function M is said to satisfy A,-condition for all values of U if there exists a constant K >0
such that M (Lu) < KLM (u) for all values of L >1(see [15]).

Lindenstrauss and Tzafriri [18] used the idea of Orlicz functions to construct the sequence space

[ ={XGW:iM (Mj<ooforsomep>0}.

k=1 P

The space |, becomes a Banach space with the norm

. > X
[x|=inf< p>0:>"M x| <1t,
k=1 P
which is called an Orlicz sequence space. The space |, is closely related to the space Ipwhich is an

Orlicz sequence space with M (t) =t” for 1< p <o,

Later on Orlicz sequence spaces were investigated by Parashar and Chaudhary [23], Esi [5], Tripathy et
al, [28], Bhardwaj and Singh [1], Et [4], Esi and Et [6] and many others.

The approach of constructing the new sequence spaces by means of the matrix domain of a particular
limitation method have been recently employed by Malkowsky [20] and many others. Sengonul [27]

defined the sequence Yy =(Y;)which is frequently used as the ZP-transformation of the sequence

X=(x)ie.
Yi = PX + - p)xi—l

Where x , =0, p#0,1< p <ooandZ" denotesthe matrix Z* = (z, ) defined by

p, (i=k)
z, =41-p, (i-1=k);(i,k e N)
0, otherwise.

Sengonul [27] introduced the Zweier sequence spaces Z and Z,, as follows
z :{x:(xk)ew:ZpXEc}

Z, :{x:(xk)ew:Z"XEco}
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2. Definitions and Preliminaries

We assume throughout this paper that the symbols R and N as the set of real and natural numbers,
respectively. Throughout the paper, we also denote | is an admissible ideal of subsets of N, unless
otherwise stated.

A sequence (X)€W is said to be I-convergent to the number Lif for every &3>0,

{keN:|x —L|=¢}el.Inthis case we write | —limx, = L.
A sequence (X, ) €W is said to be I-null if L=0. In this case we write | —limx, =0.

Let | be an admissible ideal. A sequence (Xk ) € W is said to be I-Cauchy if for every & > Othere exists a

number m=m(g) such that {k e N:|x, —x |>&}el.
A sequence (X, ) €W is said to be I-bounded if there exists M >0 such that {k eN:[x|>M } el.

A sequence space E is said to be solid (or normal) if (e, X,) € E whenever (X, )< Eand for all

sequence () of scalars with |a; | <1forall ke N.

A sequence space E is said to be symmetric if (x,) € E implies (x”(k)) € E,where 7 is a permutation
of N .

A sequence space E is said to be sequence algebra if (X)*(Y,)=(X.Y,)€E whenever

(Xk)'(Yk)EE-

A sequence space E is said to be convergence free if (Y, )< Ewhenever(x,) e Eand x, =0 implies

Y =0.

Let K= {k1 <k, < } c N and let E be a sequence space. A K -step space of E is a sequence space
A :{(an) ew:(x)e E}.

A canonical preimage of a sequence (X, ) € A isasequence (Y,) €W defined by

(%, ifkeK
“ 10, otherwise.

A canonical preimage of a step space /1,5 is a set of canonical preimages of all the elements in A, ,i.e. y

is in the canonical preimage of /’LKE if and only if Yy is a canonical preimage of some X /I,E.
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A sequence space E is said to be monotone if it contain the canonical preimages of its step spaces.

Throughout the article Z', ZJ,Z., m} and m}o represents Zweier I-convergent, Zweier I-null, Zweier
bounded I-convergent and Zweier bounded I-null sequence space, respectively.

The following results will be used for establishing some result of this article.

Lemma 1 [14]. The sequence space E is solid implies that E is monotone.

3. Main Results

In this article, we introduce the following classes of sequences:

‘(pr)n—L‘

Z'M)={x=(x):q1keN: Y M > ¢+ e l<forsomeLeC
=1

0 Zp
Z(;(M): X=(Xk)Z keN:ZM ‘( X)n
n=1 1%

Z!(M)={x=(%):{keN: | (2%,
L(M)=9x=(x):4keN:IK>0,>'M >
n=1

Also we write
m;(M)=Z'(M)nZ,(M), m, (M)=Z;(M)nZ,(M).

Theorem 1. For any Orlicz functionM , the classes of sequence Z'(M),Z, (M )and Z! are linear
spaces.

Proof: We shall prove that result for the space Z' (M) .

Let (X, ),(y,)€Z'(M) and let a, /3 be scalars. Then there exists positive numbers p, and p, such that

. ‘(Z"x)n —Ll‘

keN: ) M >gtel forsome L eC.
n=1 P
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© P —
{keN ZZM{M}>8}G| for some L, C.

n=1 P
That is
. Z°x) -
Ai{keN:ZM{‘(X[))—”Ll‘J>§}eI @)
. 7°Py) —L
@:{MN:ZM{%}%}Q )

Let p, =max{2|a|p, 2|8 p,}.Since M is non-decreasing and convex function, we have

} M [|05|‘(Z"x)n —Ll‘ +|,B|‘(z y) -1, ]

Z°x) — Z°y) —-L
P P
Now, from (1) and (2), we have

., [‘(a(sz)n +8(2°y), )~ (aL,+ L)
Ps

]ZE}CALUAZEL
Ps

Therefore (a(pr)n +ﬁ(Z py)n)e Z'(M).. Hence Z'(M) is a linear space.

n=1

Theorem 2. The space Z,(M)andZ' (M) are Banach spaces normed by

e

The proof of the theorem is easy, so omitted.
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Theorem 3. Let M,, M, be Orlicz functions that satisfy the A, —condition. Then

(HW(M,) cW(M_.M,),
(W (M,) AW (M,) =W (M, + M,) forW =Z',z{,m},m}, .

Proof. (i) Let (X ) € Z, (M,). Then there exists p >0 such that

. (2
keN: Y M,| — |>etel (3)
=1 P

Let £>0 and choose & with 0< & <1suchthat M, (t) <& for 0<t<¢.

Write(Z py) =M, and consider

n

lim ~ M,(Z%y),= lim M, (Z"),+
N

03(2 py)nss,keN (z py)nsa‘,ke

lim  M,(Z"y),.
(Z“y)n>6,keN

We have

lim |v|1(zpy)n=|v|l(2)Z lim (Z"y)n. (4)

(zPy) <o.keN (zPy) <5.keN

ForZ®y > &, we have

p p
) < 20

Since M, is non decreasing and convex, it follows that

Ml(z py)n < Ml[l"‘ (Z;)n } < 1M1(2)+%M1(MJ.

2 o

Since M, satisfies the A, -condition, we have

oy <1 (Z7Y), L 2 oy V),
M(Z7Y), <5 K= M@ +5 K2 M, ) = K== M,(2)

Hence
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lim Ml(Zpy)nSmax(l,K5‘lMl(2))Z lim (zpy)n. (5)

(Zpy)n>5,keN ( py)n>6,keN
From (3), (4) and (5), we have
(%) eZ,(M,.M,).
Thus Z,(M,) = Z,(M,.M,). The other case can be proved similarly.

(ii) Let(x,) € Z, (M,) nZ; (M,) . Then there exists p >0 such that

- ‘(pr)
keN: Y M| — |>ctel
n=1 P
- ‘(pr)
and keN: Y M, — |>¢rel
-1 P

The rest of the proof follows the following equality

ZP ZP
=limM, ‘(—X)” +limM, ‘(—X)“

II(IET(M1+ MZ) keN p keN p

Taking M, (X)=x and M,(x) =M (x) forall XE[0,00) in Theorem 3(i). We have the following
result.

Corollary 1. W cW(M)forw =Z',z},m}, méo.
Proposition 1. The space Z, (M)and még (M) are solid and monotone.
Proof: We shall prove the result for Z, (M) . For méo (M), the result can be proved similarly.

Let (%) € Z, (M). then there exists p > 0such that

keN:Y M >gtel. (6)
n=1 P

Let (ak)be a sequence scalar with |ak| <1for all ke N. Then the result follows from (6) and the

following inequality
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M ‘ak(z—px)” S|O!k||\/| ‘(Zl)n <M ‘(pr)n

forallk e N,

which follows from the remark.

That the space zg (M) is monotone follows from the Lemma 1.

Proposition 2. The space Z' (M)andm, (M) are neither monotone nor solid in general.
Proof: The proof of this result follows from the following example.

Example 1. Let | =1, and M (x) = xforall x e[O,oo).Consider the K-step space T, of T defined as
follows.

X, if kisodd

Let (x,) €T andlet(y,) €T, besuch that y, = {O otherwise
: i

Consider the sequence (x,) defined by x, :% forall ke N. Then (x,)eZ'(M) but its K-step space

preimage does not belongs toZ'(M). Thus Z'(M)is not monotone. Hence Z'(M)is not solid by
Lemma 1.

Proposition 3. The space Z' (M) and Z, (M) are not convergence free in general.
Proof: The proof of this result follows from the following example.
Example 2. Let | =1, and M (x) = x*forallx €[0,0). Consider the sequence (X,)and (y,)defined

by X, =k—12 and y, =k? forallk e N.

Then (x,)belongstoZ' (M) and Z, (M), but (y, ) doesnot belongstobothZ' (M) and Z}(M).
Hence the spaces are not convergence free.

Proposition 4. The spacesZ' (M)and Z; (M) are sequence algebra.

Proof: We proof that Z(; (M) is sequence algebra. For the space Z' (M), the result can be proved
similarly.

Let (X.),(Y,) €Z,(M).Then
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Iz
keN:) M| —" |>¢tel forsomep, >0
) P
© ‘(Zpy)
and keN:) M| —"|>¢:el forsomep, >0.
-1 P

Let p=p,p, >0. Then we can show that

(|20, (2
k : E n 0
eN n:lM p

>erel.

Thus (X,.Y, ) € Zo(M). Hence Z(M) is sequence algebra.

Theorem 4: Let M be a Orlicz function. Then Z)(M)cZ'(M)cZ!(M)and the inclusions are
proper.

Proof: Let (x, ) € Z' (M). Then there exist L e C and p > Osuch that

We have

p Py) —
[ 2201, 120,24 wnd(lY)
2p 2 Jo, 2\ p

Taking supremum over kon both sides we get (x,)€Z!(M). The inclusion Z,(M)cZ'(M)is
obvious.

That the inclusion is proper follows from the following example.

Example 3. Let | =1,,M(x) =’ forall xe[0,).

(a) Consider the sequence (X, )defined by X, =1 for all ke N. Then (x,)eZ'(M), but
(%) & Zy(M).
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(b) Consider the sequence (Y, ) defined as

B 2, if kiseven
“ 10, otherwise

Then (y,) €Z.(M),but(y,) ¢Z'(M).

4. ACKNOWLEDGEMENTS

The authors thank the reviewers for their useful comments that led to the improvement of the original manuscript.

5. References
[1] V. K. Bhardwaj, N. Singh, Some sequence space defined by orlicz functions. Demonstration Math. 33(3) (2000) 571-582.

[2] H. Cakalli, B. Hazarika, ldeal quasi-Cauchy sequences, Journal of Inequalities and Applications, 2012(2012), pages 11,
DOI:10.1186/1029-242X-2012-234.

[3] K. Dems, On I-Cauchy sequences, Real Anal. Exchange, 30(1) (2004) 123-128.
[4] M. Et, On Some new Orlicz sequence spaces, J. Analysis, 9 (2001) 21-28.
[5] A. Esi, Some new sequence spaces defined by Orlicz functions, Bull. Inst. Math. Acad. Sinica. 27 (1999) 71-76.

[6] A. Esi, M. Et, Some new sequence spaces defined by a sequence of Orlicz functions, Indian J. Pure Appl. Math.31(8) (2000)
967-972.

[7] A. Esi, B. Hazarika, A-ideal convergence in intuitionistic fuzzy 2-normed linear spaces, Journal of Intelligent and Fuzzy
Systems, DOI: 10.3233/IFS-2012-0592.

[8] B. Hazarika, E. Savas, Some I-convergent lambda-summable difference sequence spaces of fuzzy real numbers defined by a
sequence of Orlicz functions, Math. Comp. Model. 54(2011) 2986-2998.

[9] B. Hazarika, On generalized difference ideal convergence in random 2-normed spaces, Filomat 26(6) (2012) 1265-1274.

[10] B. Hazarika, V. Kumar, Bernardo Lafuerza-Guillen, Generalized ideal convergence in intuitionistic fuzzy normed linear
spaces, Filomat 27(5) (2013) 811-820.

[11] B. Hazarika, Lacunary I-convergent sequence of fuzzy real numbers, The Pacific Jour. Sci. Techno. 10(2) (2009) 203-206.
[12] B. Hazarika, Fuzzy real valued lacunary I-convergent sequences, Applied Math. Letters, 25(3) (2012) 466-470.

[13] B. Hazarika, Lacunary difference ideal convergent sequence spaces of fuzzy numbers, Journal of Intelligent and Fuzzy
Systems, DOI: 10.3233/1FS-2012-0622.

[14] P.K. Khamthan, M. Gupta, Sequence Spaces and Series, Marcel Dekker, New York, 1980.

[15] M. A. Korasnoselkii, Y.B. Rutitsky, Convex function and Orlicz functions, Groningoen, Netherlands, 1961.
[16] P. Kostyrko, T. Salat, W. Wilczynski, I-convergence, Real Analysis Exchange, 26(2) (2000) 669-686.

[17] B. K. Lahiri, P. Das, | and I"-convergence in topological spaces, Math. Bohemica, 130 (2005) 153-160.

[18] J. Lindenstrauss, L. Tzafriri, On Orlicz sequence spaces, Israel J. Pure Math. 101 (1971) 379-390.

317



Bipan Hazarika, Karan Tamang, B.K. Singh / J. Math. Computer Sci. 8 (2014), 307-318

[19] I. J. Maddox, Elements of Functional Analysis, Cambridge Univ. Press, 1970.

[20] E. Malkowsky, Recent results in the theory of matrix transformation in sequence spaces, Math. Vesnik. 49 (1997) 187-196.
[21] M. Mursaleen, S. A. Mohiuddine, On ideal convergence in probabilistic normed spaces, Math. Slovaca 62(1) (2012) 49-62.
[22] H. Nakano, Concave modulars, J. Math. Soc. Japan, 5 (1953) 29-49.

[23] S.D. Parashar, B. Chaudhary, Sequence spaces defined by Orlicz function, Indian J. Pure Appl. Math. 25 (1994) 419-428.
[24] W.H. Ruckle, FK spaces in which the sequence of coordinate vector is bounded, Canad. J. Math. 25 (1973) 973-978.

[25] T. Salat, B.C. Tripathy, M. Ziman, On some properties of I- convergence. Tatra Mt. Math. Publ. 28 (2004) 279-286.

[26] T. Salat, B.C. Tripathy, M. Ziman, On I-convergence field, Italian J. Pure and Appl. Math. 17 (2005) 45-54.

[27]1 M. Sengonul, On The Zweier Sequence Space. Demonstratio Math. Vol.XL No.(1) 181-196 2007.

[28] B.C. Tripathy, Y. Altin, M. Et, Generalized difference sequences space on seminormed spaces defined by Orlicz functions,
Mathematica Slovaca 58(3) (2008) 315-324.

[29] B.C. Tripathy, B. Hazarika, Some I-convergent sequence space defined by Orlicz functions, Acta Mathematicae
Applicatae Sinica, English Series. 27 (2011) 149-154.

[30] B.C. Tripathy, B. Hazarika, Paranorm I-convergent sequence spaces, Math. Slovaca 59(4) (2009) 485-494.
[31] B.C. Tripathy, B. Hazarika, I-monotonic and I-convergent sequences, Kyungpook Math. J. 51 (2011) 233-239.

[32] B.C. Tripathy, B. Hazarika, I-convergent sequence spaces associated with multiplier sequences, Math. Ineq. Appl. 11(3)
(2008) 543-548.

[33] B.C. Tripathy, B. Hazarika, B. Choudhary, Lacunary I-convergent sequences, Kyungpook Math. J. 52(4) (2012) 473-482.

318



