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Abstract

In this paper, an analytic method, namely the homotopy analysis method (HAM) is applied to

obtain approximations to the analytic solution of special form of the generalized nonlinear Benjamin-

Bona-Mahony-Burgers equation (BBMB). This approximate solution, which is obtained as a series

of exponentials, has a reasonable residual error. The results reveal that the presented method is very

effective and convenient.
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1 Introduction

It is difficult to solve nonlinear problems, especially by analytic technique. In recent years, the homotopy

analysis method has been devoted by scientists for solving nonlinear problems. This new method has

been introduced by Liao [1] and applied to many nonlinear problems in engineering and science, such

as nonlinear oscillations [2, 3, 4], Blasius viscous flow problems [5, 6], boundary-layer flows over an im-

permeable stretched plate [7], exponentially decaying boundary layers [8], nonlinear model of combined

convective and radiative cooling of a spherical body [9], and many other problems [10, 11, 12, 13, 14, 15].

The goal of the this paper is to extend the homotopy analysis method has been introduced by Liao to

finding analytic solution of special form of the generalized nonlinear Benjamin-Bona-Mahony-Burgers

equations. These equations are in the form of

ut − uxxt − αuxx + βux + g(u)x = 0, x ∈ ℜ, t ≥ 0, (1)
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where u(x, t) represents the fluid velocity in the horizontal direction x, α is a positive constant, β ∈ ℜ
and finally, g(u) is a C2-smooth nonlinear function [16].

The paper is organized as follows. In Section 2, the homotopy analysis method is applied to solve a

special form of the generalized nonlinear Benjamin-Bona-Mahony-Burgers equations. Numerical results

are given in section 3. We conclude the paper in the last section.

2 Homotopy analysis method

Taking some considerations as α = 0, β = 1 and g(u) = u2

2 into account changes BBMB equation into

ut − uxxt + ux + (
u2

2
)x = 0, x ∈ ℜ, t ≥ 0, (2)

Since u(x, t) in (2) is a complex function we assume that solutions of Eq. 2 is of the form

u(x, t) = γU(η), ζ = λx− θt, (3)

where γ is amplitude which will determined later, and λ > 0, θ is arbitrary given constant.

substituting u(x, t) into (2) yields:

(λ− θ)U
′
+ γλUU

′
+ θλ2U

′′′
= 0, (4)

where the prime denotes differentiation with respect to ζ.

Suppose U → exp(−ζ) as ζ → ∞, substituting exp(−ζ) into (4) we have

−(λ− θ) exp(−ζ)− γλ exp(−2ζ)− θλ2 exp(−ζ) = 0, (5)

λ > 0 can be determined by equating the coefficient of exp(−ζ) to be zero

θλ2 + λ− θ = 0, (6)

Assume that the solution U(ζ) arrives its maximum at the origin. Due to the continuity, the boundary

conditions of the dimensionless solutions are

U(0) = 1, U
′
(0) = 0, U(∞) = 0. (7)

According to the boundary conditions (7), it is natural to express (4) by the set of base function

{exp(−mζ)|m ≥ 1}, (8)

in the form:

U(ζ) =

∞∑
m=1

cm exp(−mζ). (9)

495

M. Fardi, K. Sayevand/ TJMCS Vol. 4 No. 3 (2012) 494- 501



We choose the auxiliary linear operator as

L[U ] = [U
′′′
+ 3U

′′
+ 2U

′
]. (10)

with the property

L[C1 exp(−ζ) + C2 exp(−2ζ) + C3] = 0 (11)

Now, we define a nonlinear operator as

N [ϕ(ζ; q), A(q)] = (λ− θ)
dϕ(ζ; q)

dζ
+ λγ(q)ϕ(ζ; q)

dϕ(ζ; q)

dζ
+ λ2θ

dϕ3(ζ; q)

dζ3
. (12)

Using the embedding parameter q, we construct the zero-order deformation equation

(1− q)L[ϕ(ζ; q)− U0(ζ)] = q~N [ϕ(ζ; q), γ(q)], q ∈ [0, 1], (13)

such that

ϕ(0; q) = 1,
∂ϕ(ζ; q)

∂ζ
|ζ=0 = 0, ϕ(∞; q) = 0, (14)

Using Taylors theorem, we expand ϕ(ζ; q) and γ(q) in the power series of q as follows

ϕ(ζ; q) = U0(ζ) +

∞∑
j=1

Uj(ζ)q
j , γ(q) = γ0 +

∞∑
j=1

γjq
j , (15)

where

Uj(ζ) =
∂jϕ(ζ; q)

j!∂qj
|q=0 . (16)

γj =
∂jγ(q)

j!∂qj
|q=0 . (17)

Differentiating (13) and (14) m times with respect to q then setting q = 0 and finally dividing them by

m!, we gain the mth-order deformation equation{
L[Um(ζ)− χmUm−1(ζ)] = ~Rm(U0, A0, . . . , Um−1, γ0, γ1, . . . , γm−1),

Um−1(0) = 0, U
′

m−1(0) = 0, Um−1(∞) = 0, m ≥ 1.
(18)

Where

Rm−1(U0, γ0, . . . , Um−1, γm−1) =
∂m−1N [ϕ(ζ; q), γ(q)]

(m− 1)!∂qm−1
|q=0 (19)

According to property of the auxiliary linear operator L, the solution of the deformation equation con-

tains the so-called term τ exp(−2ζ), if the right-hand side of (18) involves the term exp(−2ζ). Thus, we

enforce the coefficient of the term exp(−2ζ) to be zero.

The general solution (18) is

Um(ζ) = U∗
m(ζ) + C1 exp(−ζ) + C2 exp(−2ζ) + C3
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Order [m,m] γ

4 [2, 2] 0.927050980

6 [3, 3] 1.716857731

8 [4, 4] 1.816126344

10 [5, 5] 1.850144855

12 [6, 6] 1.857303598

14 [7, 7] 1.857392587

16 [8, 8] 1.857375067

Table 1: Results for [m,m] Homotopy-Pade technique (θ = 1).

where C1, C2 and C3 are constants and U∗
m(ζ) is a special solution of (18). The unknown C1, C2 and C3

are obtained by solving the linear algebraic equation

C1 = −2U∗
m(0)− U∗

′

m (0), C2 = U∗
m(0) + U∗

′

m (0), C3 = 0.

Theorem (Convergence) If the solution series U0(ζ)+
∑∞

m=1 Um(ζ) and γ0+
∑∞

j=1 γm are convergent,

then they must be the exact solution of equation (2).

Proof : [1]

3 Results and Discussion

Figure 1: The curve of the amplitude a versus ~ for the 15th-order approximation (ω = 1).
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Figure 2: The residual error for the 15th-order approximation (ω = 1). Solid curve: ~ = −1.1; dashed

curve: ~ = −1; dotted curve: ~ = −0.9.

The Nth-order approximation of the solutions U(ζ) and γ can be expressed as

U(ζ) ≈ SN (ζ) = U0(ζ) +
N∑
j=1

Uj(ζ), γ ≈ YN = γ0 +
N∑
j=1

γj (20)

which are dependent upon the convergence-control parameters ~. We need only to concentrate on the

convergence of the obtained results by proper choosing of ~.
Case θ = 1:

Suppose θ = 1, hence from (6), we have λ = −1+
√
5

2 . We can investigate the influence of ~ on the

convergence of γ by the γ-curves,as shown in Fig. 1. It is seen that convergent results can be obtained

when −1.3 < ~ < −0.8. Thus, we can choose an appropriate value for ~ in this range to get the convergent

solution of the amplitude γ. Also, the residual error with HAM by 15th-order approximation, i.e.,

Residual Error ≈ (λ− θ)S
′

15(ζ) + Y15λS15(ζ)S
′

15(ζ) + λ2S
′′′

15(ζ), (21)

is plotted in Fig. 2.

Case θ = 2:

Suppose θ = 2, hence from (6), we have λ = −1+
√
17

4 . We can investigate the influence of ~ on the

convergence of γ by the γ-curves,as shown in Fig. 3. It is seen that convergent results can be obtained

when −0.4 < ~ < −0.2. Thus, we can choose an appropriate value for ~ in this range to get the convergent
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Figure 3: The curve of the amplitude a versus ~ for the 15th-order approximation (ω = 2).

solution of the amplitude γ. Also, the residual error with HAM by 18th-order approximation, i.e.,

Residual Error ≈ (λ− θ)S
′

18(ζ) + Y18λS18(ζ)S
′

18(ζ) + λ2S
′′′

18(ζ), (22)

is plotted in Fig. 4.

We can employ the so-called homotopy-pade technique to accelerate the convergence of the series

γ ≈ YK = γ0 +
K∑
j=1

γj (23)

For the series solution (20), the corresponding [m;m] pade approximate is expressed by

γ0 +

2m∑
j=1

γjq
j =

Cm(q)

Dm(q)
=

∑m
j=0 Cjq

j

1 +
∑m

j=1 Djqj
(24)

where Cj and Dj are coefficients and are determined by the coefficients γj , (j = 0, 1, , 2m).

Setting q = 1, we have the [m;m] homotopy-pade approximant

γ0 +

2m∑
j=1

γj =
Cm(1)

Dm(1)
=

∑m
j=0 Cj

1 +
∑m

j=1 Dj
(25)

The homotopy-pade approximation of γ, is listed in Table 1. Table 1 illustrate that the homotopy-pade

technique can greatly enlarge the convergence rate of γ given by HAM.

4 Conclusions

In this paper, the HAM is applied to obtain the solution of special form of generalized nonlinear

Benjamin-Bona-Mahony-Burgers equation (BBMB) which may contain high nonlinear terms. The success
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Figure 4: The residual error for the 15th-order approximation (ω = 2). Solid curve: ~ = −0.25; dashed

curve: ~ = −0.3; dotted curve: ~ = −0.35.

of this method lies in the fact that provides a convenient way to control the convergence of approximation

series. Our results illustrate that the best value for ~ is not −1. Finally by homotopy-pade technique,

reasonable approximation for γ is obtained.

References

[1] S.J. Liao, Beyond Perturbation: Introduction to Homotopy Analysis Method, Chapman & Hall/

CRC Press, Boca Raton 2003.

[2] Liao, S.J. and Chwang, A.T. Application of homotopy analysis method in nonlinear oscillations.

ASME J. of Appl. Mech., 65:914922, 1998.

[3] Liao, S.J. An analytic approximate technique for free oscillations of positively damped systems with

algebraically decaying amplitude. Int. J. Non-Linear Mech., 38(8):11731183, 2003.

[4] Liao, S.J. An analytic approximate approach for free oscillations of self-excited systems. Int. J.

Non-Linear Mech., 39(2):271280, 2004.

[5] Liao, S.J. An explicit, totally analytic approximation of Blasius viscous flow problems. Int. J. of

Non-Linear Mech., 34(4):759778, 1999.

[6] Liao, S.J. and Campo, A. Analytic solutions of the temperature distribution in Blasius viscous flow

problems. J. of Fluid Mech., 453:411425, 2002.

500

M. Fardi, K. Sayevand/ TJMCS Vol. 4 No. 3 (2012) 494- 501



[7] Liao, S.J.: A new branch of solutions of boundary-layer flows over an impermeable stretched plate.

Int. J. Heat Mass Transfer 48, 252939, 2005.

[8] Liao, S.J., Magyari, E.: Exponentially decaying boundary layers as limiting cases of families of

algebraically decaying ones. Z. Angew. Math. Phys. 57, 777792, 2006.

[9] Liao, S.J., Su, J., Chwang, A.T.: Series solutions for a nonlinear model of combined convective and

radiative cooling of a spherical body. Int. J. Heat Mass Transfer 49, 2437 2445, 2006.

[10] Wang, C. et al. On the explicit analytic solution of cheng-chang equation. Int. J. Heat and Mass

Transfer, 46(10):18551860, 2003.

[11] Akyildiz, F.T., Vajravelu, K., Liao, S.J.: A new method for homoclinic solutions of ordinary differ-

ential equations. Chaos Solitons Fractals 39, 10731082, 2009.

[12] Allan, F.M.: Construction of analytic solution to chaotic dynamical systems using the Homotopy

analysis method. Chaos Solitons Fractals 39, 17441752, 2009.

[13] Bataineh, A.S., Noorani, M.S.M., Hashim, I.: Solving systems of ODEs by homotopy analysis

method. Commun. Nonlinear Sci. Numer. Simul. 13, 20602070, 2008.

[14] 37. Alomari, A.K., Noorani, M.S.M., Nazar, R.: Solution of delay differential equation by means of

homotopy analysis method. Acta Applicandae Mathematicae 108, 395412, 2009.

[15] Bouremel, Y.: Explicit series solution for the Glauert-jet problem by means of the homotopy analysis

method. Commun. Nonlinear. Sci. Numer. Simulat. 12(5), 714724, 2007.

[16] Ganji, Z.Z., Ganji, D.D., Bararnia, H.: Approximate general and explicit solutions of nonlinear

BBMB equations by Exp-Function method. Applied Mathematical Modelling. 33, 18361841, 2009.

501

M. Fardi, K. Sayevand/ TJMCS Vol. 4 No. 3 (2012) 494- 501


