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Abstract 
Let 𝐴 be a Banach algebra and let 𝐼 be a closed two-sided ideal in 𝐴.  𝐴 is 𝐼-weakly amenable if  

𝐻1(𝐴, 𝐼∗)  =  {0}. Further, A is ideally amenable if 𝐴 is 𝐼-weakly amenable for every closed two-

sided ideal 𝐼 in 𝐴. In this paper we introduce σ-ideal amenability for a Banach algebra 𝐴, where σ is an 

idempotent bounded endomorphism of 𝐴. 
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1. Introduction 

Let 𝐴 be a Banach algebra and let 𝑋 be a Banach 𝐴-bimodule. Then 𝑋∗, the dual space of 𝑋, with the 
following module actions is a Banach 𝐴-bimodule, 

 𝑥, 𝑎 ∙ 𝑥∗ =  𝑥 ∙ 𝑎, 𝑥∗ ,  𝑥, 𝑥∗ ∙ 𝑎 =  𝑎 ∙ 𝑥, 𝑥∗ ,  𝑎𝜖𝐴, 𝑥𝜖𝑋, 𝑥∗𝜖𝑋∗ . 
In particular, if 𝐼 is a closed ideal in 𝐴, then 𝐼 and 𝐼∗ will be a Banach 𝐴-bimodule and a dual 

Banach 𝐴-bimodule respectively. 
Suppose that 𝐴 is a Banach algebra and 𝑋 is a Banach 𝐴-bimodule. A linear map 𝐷 ∶  𝐴 →  𝑋 is called 

a derivation if 
𝐷 𝑎𝑏 = 𝑎𝐷 𝑏 + 𝐷 𝑎 𝑏, (𝑎, 𝑏 𝜖 𝐴). 

Given 𝑥𝜖  𝑋, the map 𝛿𝑥 𝑎 = 𝑎𝑥 − 𝑥𝑎 is a derivation on 𝐴 which is called an inner derivation. The 
set of all bounded derivations and inner derivations are denoted by 𝑍1(𝐴, 𝑋) and 𝑁1(𝐴, 𝑋), respectively. 
𝐻1 𝐴, 𝑋 = 𝑍1(𝐴, 𝑋)/𝑁1(𝐴, 𝑋) is called the first cohomology of 𝐴 with coefficients in 𝑋. 

 A Banach algebra 𝐴 is called amenable if 𝐻1 𝐴, 𝑋∗ =  0  for every Banach 𝐴-bimodule 𝑋. 
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Let 𝐴 be a Banach algebra and σ be a bounded endomorphism of 𝐴, i.e. a bounded Banach algebra 
homomorphism from 𝐴 into 𝐴. A 𝜎-derivation from 𝐴 into a Banach 𝐴-bimodule 𝑋 is a bounded linear 
map 𝐷: 𝐴 → 𝑋 satisfying 

𝐷(𝑎𝑏) = 𝜎 (𝑎) ∙ 𝐷(𝑏) + 𝐷(𝑎) ∙  𝜎 (𝑏),        (𝑎, 𝑏 ∈  𝐴). 
For each 𝑥 ∈ 𝑋, the mapping 

𝛿𝑥
𝜎 : 𝐴 → 𝑋 

defined𝑏𝑦 𝛿𝑥
𝜎  (𝑎) = 𝜎 (𝑎) ∙  𝑥 −  𝑥 ∙  𝜎 (𝑎), for all 𝑎 ∈ 𝐴, is a 𝜎-derivation called an inner 𝜎-

derivation. 
Let 𝐴 be a Banach algebra and 𝐼 be a closed two-sided ideal in 𝐴. Then A is called 𝐼-weakly amenable if 
𝐻1(𝐴, 𝐼∗)  =  {0}. Furthermore 𝐴 is called ideally amenable if 𝐻1(𝐴, 𝐼∗) = {0}, for every closed two-
sided ideal 𝐼 of 𝐴. This definitions was introduced by Eshaghi Gordji and Yazdanpanah in [1]. In this 
paper we introduce 𝜎 -𝐼-weakly amenability and 𝜎-ideal amenability of Banach algebras. 

2.  𝝈 -ideal amenability 
We start this section with the following definition which is the basic definition for the present paper. 
Definition 1 Let 𝐴 be a Banach algebra and 𝜎 be a bounded endomorphism of 𝐴. Let 𝐼 be a 

closed two-sided ideal of 𝐴, then 𝐴 is said to be 𝜎-𝐼-weakly amenable if every 𝜎-derivation from 𝐴 into 
𝐼∗ is 𝜎-inner. Furthermore 𝐴 is 𝜎-ideally amenable if 𝐴 is 𝜎 − 𝐼-weakly amenable for every closed two-
sided ideal 𝐼 of 𝐴. 

Proposition 2 Let 𝐴 be a Banach algebra and 𝜎 be an idempotent epimorphism of 𝐴. If 𝐴 is 𝜎-
weakly amenable, then 𝐴 is essential. 

Proof. Assume towards a contradiction that 𝐴2   ≠ 𝐴. So there exists 𝑏0 ∈ 𝐴  such that 𝑏0 ∉ 𝐴2   . 
By Hahn-Banach theorem there exists 𝑎0

∗𝜖𝐴∗ with 𝑎0
∗ 𝐴2  = 0 and  𝑏0, 𝑎0

∗ = 1. Since 𝜎 is surjective, 
there exists 𝑎0 ∈ 𝐴 such that 𝑏0 = 𝜎(𝑎0) and so  𝜎 𝑎0 , 𝑎0

∗ = 1 Define 𝐷 ∶ 𝐴 → 𝐴∗ with 
 𝑏, 𝐷(𝑎) =  𝜎 𝑎 , 𝑎0

∗  𝜎 𝑏 , 𝑎0
∗ ,              𝑎, 𝑏 ∈ 𝐴  

So 𝐷 is a continuous linear map. We show that 𝐷 is a 𝜎–derivation. First note 𝜎 is an epimorphism 
and 𝑎0

∗ 𝐴2  = 0 so 𝑎0
∗ 𝜎(𝐴2) = 0. Thus for each 𝑎, 𝑏 ∈ 𝐴, we have 

 
 𝑐, 𝐷(𝑎𝑏) =  𝜎 𝑎𝑏 , 𝑎0

∗  𝜎 𝑐 , 𝑎0
∗ = 0,             𝑐 ∈ 𝐴 . 

On the other hand for each 𝑐 ∈ 𝐴 
 𝑐, 𝜎 𝑎 ∙ 𝐷(𝑏) +  𝑐, 𝐷 𝑎 ∙ 𝜎 𝑎𝑏  =  𝑐𝜎(𝑎), 𝐷(𝑏) +  𝜎 𝑏 𝑐, 𝐷(𝑎)             

                                                                                      =  𝜎 𝑐𝜎 𝑎  , 𝑎0
∗   𝜎 𝑏 , 𝑎0

∗  
                                                                                             + 𝜎 𝜎 𝑏 𝑐 , 𝑎0

∗   𝜎 𝑎 , 𝑎0
∗  

                                                                                              =  𝜎 𝑐)𝜎 𝑎  , 𝑎0
∗   𝜎 𝑏 , 𝑎0

∗  
                                                                                             + 𝜎 𝑏 𝜎(𝑐), 𝑎0

∗   𝜎 𝑎 , 𝑎0
∗  

                                                                                     = 0, 
because 𝑎0

∗ 𝜎(𝐴2) = 0.  Thus 𝐷 is a 𝜎–derivation. Now 
 𝜎 𝑎0 , 𝐷 𝑎0  =  𝜎 𝑎0 , 𝐷(𝑎0) =  𝜎(𝜎 𝑎0 ), 𝑎0

∗  𝜎 𝑎0 , 𝑎0
∗  

                                                  =  𝜎  𝑎0  , 𝑎0
∗   𝜎 𝑎0  , 𝑎0

∗  
                                                  = 1.                   
But 

 𝜎 𝑎0 , 𝛿𝑎∗
𝜎 (𝑎0) =  𝜎 𝑎0 , 𝜎 𝑎0 ∙ 𝑎

∗ − 𝑎∗ ∙ 𝜎 𝑎0   
                                                                                =  𝜎  𝑎0  𝜎 𝑎0 , 𝑎∗ −  𝜎 𝑎0  𝜎 𝑎0 , 𝑎∗  
                                                                                = 0                     (𝑎∗ ∈ 𝐴∗) 

 
 
So 𝐷 is not σ–inner. and it is a contradiction of the fact that 𝐴 is 𝜎–weakly amenable. 
Remark 3 Let 𝐴 be a non-unital Banach algebra. We denote by 𝐴# the Banach algebra formed by 

adjoining an identity to 𝐴, so that 𝐴# = 𝐴⊕ 𝐶𝑒, with the product 
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 𝑎, 𝛼   𝑏, 𝛽 =  𝑎𝑏 + 𝛼𝑏 + 𝛽𝑎, 𝛼𝛽                𝛼, 𝛽𝜖ℂ, 𝑎, 𝑏𝜖𝐴  
 
Let 𝐴 be a non-unital Banach algebra with adjoined identity 𝑒, take 𝑒 ∈  𝐴# 

∗
 with  𝑒, 𝑒  = 1 and 

𝑒  𝐴 = 0,  and extend 𝑎∗ ∈ 𝐴∗ to an element of  𝐴# 
∗
 by setting (𝑒, 𝑎∗) = 0. Then  𝐴# 

∗
= 𝐴∗ ⊕ℂ𝑒  as a 

Banach space, and  𝐴# 
∗
 is an 𝐴#-bimodule with the following module actions, 

 
 𝑎 + 𝛼𝑒 ∙  𝑎∗ + 𝛽𝑒  = 𝑎𝑎∗ + 𝛼𝑎∗ +   𝑎, 𝑎∗ + 𝛼𝛽 𝑒,  
 𝑎∗ + 𝛽𝑒  ∙  𝑎 + 𝛼𝑒 = 𝑎∗𝑎 + 𝛼𝑎∗ +   𝑎, 𝑎∗ + 𝛼𝛽 𝑒 . 

Proposition 4 Let 𝐴 be a Banach algebra and σ be an idempotent epimorphism of 𝐴. If 𝐴  is 𝜎-
weakly amenable, then 𝐴# is  𝜎 -weakly amenable, where 𝜎  is the endomorphism of 𝐴# induced by 𝜎, i.e. 
𝜎  𝑎 + 𝛼 = 𝜎 𝑎 + 𝛼. 

Proof. Let 𝐷: 𝐴# → (𝐴# )∗ be a 𝜎 -derivation. Since 𝐷(𝑒) = 0 we can look at 𝐷 as a map from 𝐴 into 
 𝐴# 

∗
. Also since  𝐴# 

∗
= 𝐴∗ ⊕ℂ𝑒 , there exists two bounded linear maps ⋋: 𝐴 ⟶ ℂ and 𝑑: 𝐴 → 𝐴∗ 

such that 𝐷(𝑎) = 𝑑(𝑎) +⋋ (𝑎)𝑒 , (𝑎𝜖 𝐴). Since 𝜎  𝐴 = 𝜎 , by previose Remark for each 𝑎, 𝑏 ∈ 𝐴 we have, 
 
                                                         𝑑(𝑎𝑏) +⋋ (𝑎𝑏) = 𝐷(𝑎𝑏) 

                                                                                              = 𝜎(𝑎) ∙  𝐷 (𝑏) + 𝐷(𝑎) ∙  𝜎 (𝑏) 
                                                                                              =  𝜎 (𝑎) ∙  [𝑑(𝑏) +⋋ (𝑏)] + [𝑑(𝑎) + ⋋ (𝑎)] ∙  𝜎 (𝑏) 
                                                                                              = 𝜎 𝑎 𝑑 𝑏 +  𝜎 𝑎 , 𝑑  𝑏  + 𝑑 𝑎 𝜎 𝑏  
                                                                                             + 𝜎 𝑏 , 𝑑 (𝑎) . 

So 
                                            𝑑 𝑎 = 𝜎 𝑎 ∙ 𝑎∗ + 𝑎∗ ∙ 𝜎 𝑎 ,         𝑎𝜖𝐴 . 
and 

 ⋋ (𝑎𝑏) =  𝜎(𝑎), 𝑑(𝑏) +  𝜎(𝑏), 𝑑(𝑎) . 
 
Therefore 𝑑: 𝐴 → 𝐴∗ is a  𝜎-derivation. So there exists 𝑎∗ ∈ 𝐴∗ such that 
 

𝑑 𝑎 = 𝜎 𝑎 ∙ 𝑎∗ + 𝑎∗ ∙ 𝜎 𝑎        𝑎𝜖𝐴 . 
 
Now we show that ⋋  𝐴2 = 0 . let 𝑎, 𝑏 𝜖 𝐴, we have, 
 

 𝜎 𝑎 𝜎 𝑏 ,⋋ =  𝜎 𝜎 𝑎  , 𝑑 (𝜎 𝑏 ) +  𝜎 𝜎 𝑏  , 𝑑(𝜎 𝑎 )  
                                                                   =  𝜎 𝑎 , 𝜎 𝑏 ∙ 𝑎∗ − 𝑎∗ ∙ 𝜎 𝑏  +  𝜎 𝑏 , 𝜎 𝑎 ∙ 𝑎∗ − 𝑎∗ ∙ 𝜎 𝑎   

                                                            = 0 
 
Which shows that ⋋  𝜎 𝐴2 = 0 . Since 𝜎 is an epimorphism, so ⋋  𝐴2 = 0 . Also since 𝐴 is 𝜎-

weakly amenable by Proposition 2, (𝐴2   ) =  𝐴. Thus ⋋= 0 on 𝐴. Therefore 𝐷 = 𝑑 is a  𝜎-
inner derivation.  

Proposition 5  Let 𝜎 be a bounded endomorphism of Banach algebra 𝐴. If 𝐴# is 𝜎 -weakly amenable, 
Then 𝐴 is 𝜎-weakly amenable. 

Proof. Let 𝐷: 𝐴 → 𝐴∗ be a continuous 𝜎 -derivation. Note 𝐴 is a Banach 𝐴#-bimodule with the 
following module actions: 

(𝑎 + 𝛼) ∙ 𝑏 =  𝑎 ∙ 𝑏 + 𝛼𝑏,    𝑏 ∙ (𝑎 + 𝛼) = 𝑏 ∙ 𝑎 + 𝛼𝑏, 
 

 for all 𝑎, 𝑏 ∈ 𝐴, 𝛼𝜖ℂ. Define 𝐷 :𝐴# → 𝐴∗ with 𝐷  𝑎 + 𝛼 = 𝐷 𝑎 . Clearly 𝐷  is continuous σ-
derivation and we can look at it as a function into (𝐴#)∗. 

Since 𝐴# is 𝜎 -weakly amenable, so there exists 𝑎∗ ∈ 𝐴∗ such that 𝐷 = 𝛿𝑎∗
𝜎 . Hence for each a∈ 𝐴 we 

have 
𝐷 𝑎 = 𝐷  𝑎 + 𝛼 = 𝜎  𝑎 + 𝛼 𝑎∗ − 𝑎∗𝛼 = 𝜎 𝑎 𝑎∗ − 𝑎∗𝜎 𝑎 . 
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Which shows that 𝐷 is 𝜎-inner and so 𝐴 is 𝜎-weakly amenable. 
Proposition 6 Let 𝐴 be a Banach algebra and 𝐼 be a closed two-sided ideal of 𝐴 with a bounded 

approximate identity. Let 𝜎 be an idempotent endomorphism of 𝐴 such that 𝜎(𝐼) = 𝐼. Then 𝐼 is 𝜎-
weakly amenable if and only if 𝐻𝜎

1  𝐴, 𝐼∗  =   0 .  
Proof. Suppose that 𝐼 is 𝜎-weakly amenable and let 𝐷: 𝐴 → 𝐼∗ be a 𝜎- derivation and 𝑖 ∶ 𝐼 →  𝐴 be the 

embeding map. Then 𝑑 = 𝐷|𝐼: 𝐼 →  𝐼∗ is a 𝜎–derivation. So there exists 𝑖∗ ∈ 𝐼∗ such that 𝑑 = 𝛿𝑖∗
𝜎 . Since 

𝐼 is 𝜎-weakly amenable and 𝜎(𝐼) = 𝐼 by Proposition 2, 𝜎(𝐼2)       = 𝐼2 = 𝐼 .On the other hand for 𝑖. 𝑗 ∈ 𝐼 we 
have, 

                                   𝜎 𝑖𝑗 , 𝐷(𝑎) =  𝜎 𝑖 𝜎 𝑗 , 𝐷 (𝑎)  
                                                           =  𝜎 𝑖 𝜎 𝑗 , 𝐷 (𝑎)  
                                                           =  𝜎 𝑖 𝐷 𝑗𝑎 −  𝐷(𝑗)𝜎(𝑎)  
                                                           =  𝜎 𝑖 , 𝜎 𝑗𝑎 ∙ 𝑖∗ − 𝑖∗ ∙  𝜎(𝑗𝑎)  
                                                            − 𝜎(𝑎)𝜎 𝑖 , 𝜎(𝑗) ∙ 𝑖∗ − 𝑖∗ ∙  𝜎(𝑗)  
                                                            =  𝜎 𝑖𝑗 , 𝜎 𝑎 𝑖∗ −  𝜎 𝑖𝑗 , 𝑖∗𝜎(𝑎)   
                                                            =  𝜎 𝑖𝑗 , 𝛿𝑖∗

𝜎  𝑎                  𝑎𝜖𝐴 . 
Therefore 𝐷 = 𝛿𝑖∗

𝜎  , and so 𝐷 is 𝜎-inner. 
 
Conversely, let 𝐻𝜎

1 𝐴, 𝐼∗ =  0 .  and let 𝐷 ∶ 𝐼 → 𝐼∗ be a 𝜎 –derivation. Since 𝐼 is 𝜎–neo-unital 
Banach 𝐼-bimodule, i.e. 𝐼 = 𝜎(𝐼) ∙ 𝐼 ∙ 𝜎(𝐼), by [2, Proposition 37], 𝐷 has an extension 𝐷 ∶ 𝐴 → 𝐼∗ such 
that 𝐷  is also 𝜎–derivation. Now by hypothesis 𝐷  is 𝜎-inner. Thus 𝐼 is  𝜎-weakly amenable. 

Proposition 7 Let 𝜎 be a bounded endomorphism of Banach algebra 𝐴. If 𝐴# is 𝜎 -ideally amenable, 
then 𝐴 is 𝜎 -ideally amenable. 

Proof. Let 𝐼 be a closed two-sided ideal of 𝐴 and 𝐷: 𝐴 → 𝐼 be a 𝜎–derivation. It is easy to see that 𝐼 is 
a closed two-sided ideal of 𝐴#,  and 𝐷 ∶ 𝐴# → 𝐼∗ with 𝐷#(𝑎 + 𝛼) = 𝐷(𝑎),  𝑎 ∈ 𝐴, 𝛼𝜖ℂ  is a 𝜎 - 
derivation. Hence there exists 𝑖∗𝜖𝐼∗ such that 𝐷# =  𝛿𝑖∗

𝜎 . So for each 𝑎 ∈ 𝐴 we have 
𝐷 𝑎 = 𝐷  𝑎 + 𝛼 = 𝜎  𝑎 + 𝛼 ∙ 𝑖∗ − 𝑖∗ ∙ 𝜎  𝑎 + 𝛼 = 𝜎 𝑎 ∙ 𝑖∗ − 𝑖∗ ∙ 𝜎 𝑎  

Which shows that 𝐷 is 𝜎–inner. So 𝐴 is 𝜎-ideally amenable. 
Proposition 8 Let 𝐴 be a Banach algebra and 𝜎 be an idempotent epimorphism of 𝐴. Suppose 𝐴 is 𝜎-

weakly amenable and for each closed two-sided ideal 𝐼 such that 𝐼 =  𝐴𝐼 𝑈 𝐼𝐴          , 𝐴 is 𝜎-𝐼-
weakly amenable. Then 𝐴 is 𝜎-ideally amenable. 

Proof. Let 𝐼 be a closed two-sided ideal in 𝐴.  Put  𝐽 =  𝐴𝐼 𝑈 𝐼𝐴          . It is easy to see that 𝐽 is a closed two-
sided ideal in 𝐴 and 𝐽 =  𝐴𝐽 𝑈 𝐽𝐴          . Let 𝜄: 𝐽 →  𝐼 be the natural embeding and 𝐷: 𝐴 → 𝐼∗ be a 𝜎- 
derivation. Then 𝜄∗ ∘ 𝐷 ∶ 𝐴 →  𝐽∗ is a derivation. So there exists 𝑚 ∈  𝐽∗ such that   𝜄∗ ∘ 𝐷 = 𝛿𝑚

𝜎  . Let 𝑥∗ 
be the extension of 𝑚 into 𝐼, by the Hahn-Banach theorem, for every 𝑎, 𝑏 ∈ 𝐴 we have, 

 𝑖, 𝐷 𝑎𝑏  =  𝑖𝜎  𝑎 , 𝐷 𝑏  +  𝜎 𝑏 𝑖 , 𝐷 𝑎   
                                                                    =  𝜄 𝑖𝜎 𝑎  , 𝐷 (𝑏) +  𝜄 𝜎 𝑏 𝑖 , 𝐷 (𝑎)  
                                                                    =  𝑖𝜎 𝑎 , 𝜄∗ ∘ 𝐷(𝑏) +  𝜎 𝑏 𝑖, 𝜄∗ ∘ 𝐷(𝑎)  
                                                                    =  𝑖𝜎 𝑎 , 𝜎 𝑏 𝑚 −𝑚𝜎(𝑏) +  𝜎 𝑏 𝑖, 𝜎 𝑎 𝑚 −𝑚𝜎(𝑎)  
                                                                    =  𝑖, 𝜎 𝑎𝑏 𝑚 −𝑚𝜎(𝑎𝑏)  
                                                                    =  𝑖, 𝛿𝑥∗

𝜎 (𝑎𝑏)                          𝑖𝜖𝐼 . 
Hence 𝐷(𝑎𝑏) = 𝛿𝑥∗

𝜎 (𝑎𝑏). Since 𝐴 is 𝜎-weakly amenable, so (𝐴2    ) =  𝐴 and therefore 𝐷 = 𝛿𝑥∗
𝜎  and 𝐷 

is 𝜎–inner. 
 
Proposition 9 Let 𝐴 be a Banach algebra and 𝜎 be a bounded idempotent endomorphism of 𝐴. Let 𝐼 

be a closed two-sided ideal in 𝐴 with a bounded approximate identity. If 𝐴 is 𝜎-ideally amenable, then 𝐼 
is 𝜎-ideally amenable. 

Proof. Let 𝐽 be a closed two-sided ideal in 𝐼. It is easy to see that 𝐽 is an ideal in 𝐴. Let 𝐷: 𝐼 → 𝐽∗ be 
a 𝜎-derivation. By [2, proposition 37], 𝐷 can be extended to a σ-derivation, 𝐷 : 𝐴 → 𝐽∗. So there exists  
 𝑚 ∈ 𝐽∗ such that 𝐷 = 𝛿𝑥∗

𝜎 . Thus 𝐷 𝑖 = 𝐷  𝑖 =𝛿𝑥∗
𝜎 , for each 𝑖 ∈ 𝐼. So  𝐷 is 𝜎- inner. 
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Definition 10 Let 𝐼 be a closed two-sided ideal in Banach algebra 𝐴. We say that 𝐼 has the trace 
extension property, if every 𝑚 ∈ 𝐼∗ such that 𝑎𝑚 = 𝑚𝑎 for each  𝑎 ∈  𝐴, can be extended to 𝑎∗ ∈ 𝐴∗ 
such that 𝑎𝑎∗ = 𝑎∗𝑎  for each 𝑎 ∈ 𝐴. 
     Proposition 11  Let 𝐴 be a Banach algebra and 𝜎 be a bounded endomorphism of 𝐴 with dense 
range. suppose 𝐴 is a 𝜎-ideally amenable and 𝐼 be a closed two-sided ideal in 𝐴 that has the trace 

extension property. Then  
𝐴

𝐼
  is 𝜎–ideally amenable. 

Proof. Let  
𝐽

𝐼
  be a closed two-sided ideal in 

𝐴

𝐼
 . Then 𝐽 is a closed two-sided ideal in 𝐴. Suppose 𝜋: 𝐽 →

𝐽

𝐼
  and 𝑞: 𝐴 →

𝐴

𝐼
  are natural quotient maps and 𝜋∗  is adjoint of 𝜋. Let 𝐷:

𝐴

𝐼
→  

𝐽

𝐼
 
∗
 be a 𝜎-derivaton. Then 

𝜋∗ ∘ 𝐷 ∘ 𝑞: 𝐴 → 𝐽∗ is a 𝜎–derivation. So there exists 𝑥∗ ∈ 𝐽∗ such that 𝜋∗ ∘ 𝐷 ∘ 𝑞 = 𝛿𝑥∗
𝜎 . Let 𝑚 be the 

restriction of 𝑥∗ to 𝐼. Then 𝑚 ∈  𝐼∗ and for each 𝑖 ∈  𝐼 we have, 
                     𝑖, 𝜎 𝑏 𝑚 −𝑚𝜎 =  𝑖𝜎 𝑏 − 𝜎 𝑏 𝑖,𝑚  
                                                    =  𝑖𝜎 𝑏 − 𝜎 𝑏 𝑖, 𝑥∗  
                                                    =  𝑖, 𝜎 𝑏 𝑥∗ − 𝑥∗𝜎 𝑏   
                                                    =  𝑖, 𝛿𝑥∗

𝜎  =  𝑖, 𝜋∗ ∘ 𝐷 ∘ 𝑞 𝑏   
                                                    =  𝜋 𝑖 , 𝐷 ∘ 𝑞(𝑏)  
                                                    =  𝐼 , 𝐷(𝑏 + 𝐼) = 0                   (𝑏 ∈ 𝐴) 
Therefore 𝜎(𝑏)𝑚 = 𝑚𝜎(𝑏) for each 𝑏 ∈ 𝐴. Since 𝜎 has a dense range, for each 𝑎 ∈ 𝐴, there exists a 

net (𝑏𝛼) ⊆ 𝐴,  such that 𝑎 = 𝑙𝑖𝑚𝛼𝜎 (𝑏𝛼  ). So for each 𝑎 ∈ 𝐴 we have, 
𝑎𝑚 = lim

𝛼
𝜎 𝑏𝛼 𝑚 = lim

𝛼
𝑚𝜎 𝑏𝛼 𝑚 = 𝑚 𝑙im

𝛼
𝜎 𝑏𝛼 𝑚 = 𝑚𝑎 

Now since 𝐼 has the trace extension property, 𝑚 can be extend to 𝑎∗ ∈ 𝐴∗ such that 𝑎𝑎∗ = 𝑎∗𝑎, for 
each 𝑎 ∈ 𝐴. Let 𝑦∗ be the restriction of 𝑎∗ to 𝐽. Then 𝑦∗ ∈  𝐽∗ and 𝑥∗ − 𝑦∗ = 0 on 𝐼. Therefore 
𝑥∗ − 𝑦∗ ∈  

𝐽

𝐼
 
∗
 and we have, 

                                       𝑗 + 𝐼, 𝐷(𝑎 + 𝐼) =  𝜋 𝑗 , 𝐷(𝑞 𝑎 )  
                                                                     =  𝑗, 𝜋∗°𝐷°𝑞(𝑎)  
                                                                     =  𝑗, 𝛿𝑥∗

𝜎 (𝑎)  
                                                                     =  𝑗, 𝛿𝑥∗−𝑦∗

𝜎 (𝑎)  
                                                                     =  𝑗 + 𝐼, 𝛿𝑥∗−𝑦∗

𝜎 (𝑎 + 𝐼)                  (𝑗 ∈ 𝐽)                               
Hence𝐷 = 𝛿𝑥∗−𝑦∗

𝜎  and therefore   
𝐴

𝐼
  is 𝜎-ideally amenable. 

Proposition 12 Let 𝐴 be a Banach algebra and let 𝑗 be a closed two-sided ideal in 𝐴 with a bounded 
approximate identity. Let 𝜎 be a bounded idempotent endomorphism of 𝐴. Then for every closed two-
sided ideal 𝐼 in 𝐽, 𝐽 is 𝜎-I- weakly amenable if and only if 𝐴 is 𝜎-𝐼-weakly amenable. 

Proof. Let  𝑒𝛼 𝛼∈𝐼  be a bounded approximate identity for 𝐽 𝑎𝑛𝑑 𝐷: 𝐽 → 𝐼∗ be a 𝜎–derivation. In [2, 
Proposition 37], we showed that the map 𝐷 ∶ 𝐴 → 𝐼∗defined by 

                                                         𝐷  𝑎 = 𝑤∗ − lim𝛼 𝐷  𝑎𝑒𝛼                         (𝑎 ∈ 𝐴) 
is a countinuous 𝜎-derivation. If 𝐷 = 0 then 𝐷 = 0, since 𝐽𝐼 =  𝐼𝐽 =  𝐼. Therefore 𝐻𝜎

1 (𝐽, 𝐼∗ ) =
 𝐻𝜎

1 (𝐴, 𝐼∗ ) and this implies that 𝐴 is 𝜎-𝐼-weakly amenable if and only if 𝐽 is 𝜎-𝐼-weakly amenable. 
Proposition 13 Let 𝐴 be a Banach algebra whit a bounded approximate identity and 𝜎 be a bounded 

idempotent epimorphism of 𝐴. Let 𝜑 be a non-trivial character on 𝐴 and 𝐼 = 𝑘𝑒𝑟 𝜑. If 𝜎(𝐼) ⊆ 𝐼, then 
1) Every 𝜎-derivation 𝐷: 𝐴 → 𝐴∗ restricts to a 𝜎-derivation 𝑑: 𝐼 → 𝐼∗ such that there exists a 

function 𝜓: 𝐼 → ℂ satisfying 
𝜓 𝑖𝑗 =  𝜎 𝑖 , 𝐷(𝑗) +  𝜎 𝑗 , 𝐷(𝑖)            (𝑖, 𝑗𝜖𝐼) 

2) Every 𝜎-derivation 𝐷: 𝐼 → 𝐼∗ for which there exists such a function 𝜓 extends to a 𝜎-derivation 
𝐷 :𝐴 → 𝐴∗. 

Proof. 1) Clearly every 𝜎-derivation restricts to a 𝜎-derivation. Let (eα ) be a bounded approximate 
identity in 𝐴. So the bounded net (𝑒𝛼  ) ⊆  𝐴∗∗ with  𝑎∗, 𝑒𝛼  =  𝑒𝛼 , 𝑎∗ , (𝑎∗𝜖𝐴∗) has a weak*-
convergence subnet. Thus without loss of generality, we may suppose that for each 𝑎 ∈ 𝐴∗, the limit of 
the net  𝑒𝛼 , 𝑎∗  exists. Now define 𝜓(𝑖) = 𝑙𝑖𝑚𝛼   𝑒𝛼 , 𝐷(𝑖)  then for each 𝑖, 𝑗 𝜖 𝐼 we have, 

                                           𝜓(𝑖𝑗)  =  lim𝛼 𝑒𝛼 , 𝐷 𝑖𝑗   
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                                                             =  lim
𝛼
 𝑒𝛼 , 𝜎 𝑖 𝐷 𝑗 + 𝐷 𝑖 𝜎(𝑗)  

                                                      =  lim𝛼 𝑒𝛼𝜎 𝑖 , 𝐷 𝑗  +  𝐷 𝑖 𝜎(𝑗)  
                                                      =  lim𝛼 𝑒𝛼𝜎 𝑖 , 𝐷 𝑗  +  𝜎 𝑖 𝑒𝛼 , 𝐷(𝑖)  
                                                      =  𝜎 𝑖 , 𝐷 𝑗  +  𝜎 𝑗 , 𝐷(𝑗)  
2)Let (𝑒𝛼  ) be a bounded pproximate identity for 𝐴. Then 𝑙𝑖𝑚𝛼  𝜑(𝑒𝛼  ) = 1. Hence we may assume 

that 𝜑(𝑒𝛼) = 1 for all α. Let 𝐷: 𝐼 →  𝐼∗ be a  𝜎-derivation. Since for each 𝑎 ∈ 𝐴,   𝑎 − 𝜑  𝑎 𝑒𝛼 ∈ 𝐼. So for 
each  𝑖 ∈ 𝐼 every extension of 𝐷(𝑖) ∈ 𝐼 to 𝐴∗ is unique. Therefore we can extend 𝐷 to 𝐷1 : 𝐼 → 𝐴∗ with 

 𝑎, 𝐷1(𝑖) = lim
𝛼
 𝑎 − 𝜑 𝑎 𝑒𝛼 , 𝐷(𝑖) + 𝜑 𝑎 𝜓(𝑖) 

We show that 𝐷1 is a 𝜎-derivation from 𝐼 to 𝐴∗. 
                               𝑎, 𝐷1 𝑖𝑗  = lim𝛼 𝑎 − 𝜑 𝑎 𝑒𝛼 , 𝐷(𝑖𝑗) + 𝜑 𝑎 𝜓(𝑖𝑗) 

                                            = lim𝛼 𝑎 − 𝜑 𝑎 𝑒𝛼 , 𝐷 𝑖 𝜎 𝑗 + 𝜎 𝑖 𝐷(𝑗) + 𝜑 𝑎 𝜓(𝑖𝑗) 
                                            = lim𝛼 𝜎 𝑗 (𝑎 − 𝜑 𝑎 𝑒𝛼 , 𝐷(𝑖)  
                                            + 𝑎 − 𝜑 𝑎 𝑒𝛼 , 𝜎 𝑖 , 𝐷(𝑗) + 𝜑 𝑎 𝜓(𝑖𝑗) 
                                             =  𝜎 𝑗 𝑎 − 𝜎 𝑗 𝜑 𝑎 , 𝐷(𝑖)  
                                            + 𝑎𝜎 𝑖 − 𝜑 𝑎 𝜎 𝑖 , 𝐷(𝑗)  
                                            +𝜑 𝑎 ( 𝜎 𝑖 , 𝐷 𝑗  ) +  𝜎 𝑗 , 𝐷(𝑖)  
                                            =  𝜎 𝑗 𝑎, 𝐷(𝑖) +  𝑎𝜎 𝑖 , 𝐷(𝑗)  
                                            = lim𝛼 𝜎 𝑗 𝑎 − 𝜑 𝜎 𝑗 𝑎 𝑒𝛼 , 𝐷(𝑖)  
                                            = lim𝛼 𝑎𝜎 𝑖 − 𝜑 𝑎𝜎 𝑖  𝑒𝛼 , 𝐷(𝑗)  
                                            +𝜑 𝜎 𝑗 𝑎 𝜓(𝑖) + 𝜑(𝑎𝜎(𝑖)𝜓(𝑗) 
                                            =  𝜎 𝑗 𝑎, 𝐷1(𝑖) +  𝑎𝜎 𝑖 , 𝐷1(𝑗)  
                                            =  𝑎, 𝐷1 𝑖 𝜎 𝑗 + 𝜎 𝑖 , 𝐷1(𝑗  
So 𝐷1: 𝐼 → 𝐴∗ is a 𝜎-derivation. Since 𝐴 has a bounded approximate identity and 𝜎 is an 

epimorphism, 𝐴 is a 𝜎-neo-unital Banach 𝐼-module. Thus by [2; Proposition 4.14] 𝐷1 extends to a 𝜎–
derivation 𝐷 :𝐴 → 𝐴∗which extends 𝐷. 

Proposition 14 Let 𝐴 be a Banach algebra with a bounded approximate identity and σ be a bounded 
idempotent epimorphism of 𝐴. Let 𝜑 be a non-trivial character on 𝐴 and 𝐼 = 𝑘𝑒𝑟 𝜑 which 𝜎(𝐼) ⊆ 𝐼. 
Suppose that 𝐷: 𝐼 → 𝐼∗ be a 𝜎-derivation. If  𝐼2  = 𝐼, then there is at most one extension of 𝐷 to a  𝜎-
derivation 𝐷: 𝐴 → 𝐴∗. 

Proof. Let 𝐷 1 and 𝐷2
  be two extension of a 𝜎-derivatin 𝐷. Then 𝐷 1 − 𝐷2 is a 𝜎-derivation extending 

the zero derivation. Therefore we assume that 𝐷  be any extension of 𝐷 = 0. So for each 𝑖, 𝑗𝜖𝐼 and 𝑎𝜖 𝐴 
we have, 

 𝑎, 𝐷 (𝑖, 𝑗 =  𝑎, 𝜎 𝑖 𝐷  𝑗 + 𝐷  𝑖 𝜎(𝑗)  
                                                                         =  𝑎𝜎 𝑖 , 𝐷  𝑗  +  𝜎 𝑗 𝑎, 𝐷 (𝑖)  
                                                                        =  𝑎𝜎 𝑖 , 𝐷 𝑗  +  𝜎 𝑗 𝑎, 𝐷(𝑖) = 0                              
Since  𝐼2  = 𝐼, we have  𝑎, 𝐷 (𝑖) = 0 for all 𝑖 ∈ 𝐼 and 𝑎 ∈ 𝐴. Also for each 𝑎, 𝑏 ∈ 𝐴 we have, 

 𝜎 𝑎 𝜎 𝑏 , 𝐷 (𝑒𝛼) =  𝜎 𝑎 , 𝐷 (𝑏𝑒𝛼) −  𝜎 𝑒𝛼 𝜎 𝑎 , 𝐷 (𝑏)  
Thus  

lim
𝛼
 𝜎 𝑎 𝜎 𝑏 , 𝐷 (𝑒𝛼) = 0 

As 𝜎 is an epimorphism and 𝐴 has a bounded approximate identity, by the Cohen Factorisation 
theorem, every element of 𝐴 can be factorized. Hence 

 
 𝑏, 𝐷 (𝑎) = lim

𝛼
 𝑏, 𝐷 (𝑎 − 𝜑 𝑎 𝑒𝛼) = 0 

because 𝑎 − 𝜑 𝑎 𝑒𝛼 ∈  𝐼.  Which shows that any extension of 𝐷 is unique. 
Next, assume that 𝐴 is a complex Banach space which has dimension at least 2 and let 0 ≠ 𝜑 ∈

 𝐵𝑎𝑙𝑙 (𝐴∗). Define a multiplication on 𝐴 by 
𝑎 ∙ 𝑏 = 𝜑 𝑎 𝑏           (𝑎, 𝑏 ∈ 𝐴) 

This multiplication evidently makes 𝐴 into a Banach algebra denoted by 𝐴𝜑 . Which is called the 
ideally factored algebra associated to 𝜑. It is easy to see that 𝐴𝜑  has left identity 𝑒 which is that element 
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in 𝐴 such that 𝜑(𝑒) = 1, while it has not right approximate identity. Also if 𝐼 is a proper ideal of 𝐴𝜑 , 
then 𝐼 ⊆ 𝑘𝑒𝑟 𝜑. Suppose that 𝜎: 𝐴𝜑 → 𝐴𝜑  be defined 𝑏𝑦 𝜎 𝑎 = 𝜑  𝑎 𝑒. Then 𝜎 is the only idempotent 
endomorphism of 𝐴𝜑 . 

Proposition 15 𝐴𝜑  is 𝜎-ideally amenable, where 𝜎(𝑎) = 𝜑(𝑎)𝑒 is the only idempotent 
endomorphism of 𝐴𝜑 . 

Proof. Let 𝐼 be a closed two-sided ideal in 𝐴𝜑  and 𝐷: 𝐴𝜑 → 𝐼∗ be a 𝜎-derivation. Since 𝐼 ⊆ 𝑘𝑒𝑟 𝜑, for 
each 𝑎, 𝑏 ∈ 𝐴𝜑  and 𝑖 ∈ 𝐼 we have, 

𝜑(𝑎) 𝑖, 𝐷 (𝑏) =  𝑖, 𝐷 (𝑎 ∙  𝑏) =  𝑖, 𝜎  𝑎 ∙  𝐷  𝑏 + 𝐷  𝑎 ∙ 𝜎 (𝑏)  
                                                        =  𝑖, 𝜎  𝑎 ∙  𝐷  𝑏  +  𝜎  𝑏 ∙ 𝑖, 𝐷(𝑎)  

                                                             = 𝜑 𝑏  𝑖, 𝐷(𝑎)                             1  
In (1), set 𝑏 = 𝑒. So we have, 

𝜑 𝑎  𝑖, 𝐷  𝑒  = 𝜑 𝑒  𝑖, 𝐷 𝑎  =  𝑖, 𝐷  𝑎                                  2  
On the other hand, let 𝑖 ∗ ∈ 𝐼∗, and let 𝛿𝑖∗

𝜎  : 𝐴 → 𝐼∗ be the  𝜎-inner derivation specified by 𝑖∗. Then for 
each 𝑎 ∈ 𝐴𝜑  and 𝑖 ∈ 𝐼  we have, 

 𝑖, 𝛿𝑖∗
𝜎 (𝑎) =  𝑖, 𝜎  𝑎 ∙ 𝑖∗ − 𝑖∗ ∙ 𝜎(𝑎)  

                                                                          =  𝑖 ∙ 𝜎  𝑎 , 𝑖∗ −  𝜎 𝑎 ∙ 𝑖, 𝑖∗  
                                                                          = 𝜑 𝑖  𝜎  𝑎 , 𝑖∗ − 𝜑(𝜎(𝑎)) 𝑖, 𝑖∗  
                                                                          = −𝜑 𝑎  𝑖, 𝑖∗                             (3) 
Set  𝑖∗ = −𝐷(𝑒). By (2) , (3) we have 

 𝑖, 𝛿𝑖∗
𝜎 (𝑎) = −𝜑  𝑎  𝑖, −𝐷  𝑒  =  𝑖 , 𝐷 (𝑎) ,                 (𝑎 ∈ 𝐴𝜑, 𝑖 ∈ 𝐼) 

Therefore, 𝐷 = 𝛿𝑖∗
𝜎 . Thus 𝐴𝜑 is 𝜎-ideally amenable. 
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