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1. Introduction

The concept of fuzzy set was first introduced by Zadeh [8] in 1965, since then these
ideas have been applied to other algebraic structures such as semigroups, groups, rings,
modules, vector spaces and topologies. The importance of such algebraic structures can
be seen from the latest research, which has been carried out in the last few years. In 1958,
Rose et al [6] introduced the notion of Wajsberg algebras. Font et al [3] introduced the
definition of implicative filters and family of implicative filters in lattice W-algebra and
investigated some of their properties. At present, fuzzification concepts have been
applied to other algebraic structures such as groups, rings, and so on. In 1991, Xi [7]
applied the concept of fuzzy sets to BCK -algebras that are introduced by Imai and Is eki
[5]. Basheer et al [1, 2] introduced the notion of a fuzzy implicative filter of lattice
Wajsberg algebras; an anti fuzzy implicative filter of lattice W-algebras, and
investigated some of their properties. Recently, Eshagh Hosseinpour [4] discussed T-
Rough Fuzzy Subgroups of Groups. In this paper, we introduce the notions of fuzzy
prime and anti fuzzy prime implicative filters, further we discuss some related properties
of fuzzy prime and anti fuzzy prime filters with illustrations. Finally, we describe some
results of fuzzy prime and anti fuzzy implicative filter in lattice W- algebras.


mailto:basheer.ahamed@rediffmail.com
mailto:dr.basheer09@gmail.com
mailto:ibrahimaadhil@yahoo.com

B. A. Mohideen, A. Ibrahim / J. Math. Computer Sci. 9 (2014), 25-32
2. Preliminaries

In this section, we recall some basic notions, and its properties that are needful for
developing the main results.

Definition 2.1 [3] Let (A,— ,* , 1) be an algebra with a complement “* ” and a binary
operation “— ” is called a Wajsberg algebra (W-algebra) if and only if it satisfies the
following axioms for all x, y, z € A

() 1—Xx=x
i) x—=y)—(y—2)—x—2)=1
(i) x—=y)—=y=(y—x) —X

(ivy X' —=y)—=(y—x=1

Proposition 2.2 [3] The W-algebra (A,—, *, 1) satisfies the following equations and
implications forall X, y, z €A

i x—x=1

(i) fx—y=y—Xx=Lthenx=y
(iii) x—1=1

(iv) x—=(y—x)=1

v) KFx—y=y—z=1thenx—z=1
Vi) X—=y)—=((z—=x)—(@Z—y)=1
(Vi) x=(y—2)=y—(Xx—12)

(vii) Xx—=0=x—-1 =X

(ix) (X)) =x

xX) X =y =y—X

Proposition 2.3 [3] The W-algebra (A,— ,* , 1) satisfies the following equations and
implications for all X, y, z €A

Q) If x<y, thenX—z>y—1z

(i) If x<y, thenz—-x<z—-Yy
(iii) X<y—z ifandonlyif y<x—z
(iv)  (xVy)y =X AYy)

V)  (XAY) =(X"VYy)

(vi)  (xVy)—z=Kx—=2)A(y—2)
(Vi) x—=(YyAZ)=(KX—=Y)A(X—72)
(vii)  (x—=y)V(y—x) =1

(ix)  x—=(yvz)=Kx—-y)V(x—7)
) xAY)—z=(X—Yy)V(X—12)
(xi) (XAY)Vz=(XVZ)A(YV2Z)
i)  (xAy)—z=(Kx—Yy)—(X—12)

Definition 2.4 [3] The W-algebra A is called a lattice W-algebra if it satisfies the

following conditions for all X, ye A

Q) A partial ordering < on a lattice W- algebra A such that X < y if and only if
x—y=1
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(i)  (xvy)=(x—y)—y
(i) (XAyYy)=((X" —y") — y")".Thus, we have (A,V,A, 0, x, 1) is a lattice
W-algebra with lower bound 0 and upper bound 1.

Definition 2.5 [3] Let A be W- algebra. A subset F of A is called an implicative filter of
A if it satisfies the following axioms for all X,y €A.

() 1eF
(i) xeFand X — ycFimply y €F

Definition 2.6 [3] Let A be W- algebra. A subset F of A is called a prime implicative
filter of A if it satisfies the axiom for all X,y €A, (xV y) eFthen X€Fand y €F.

Definition 2.7 [8] Let X be a set. A function y: X — [0, 1] is called a fuzzy subset on
X, for each x€ X , the value of 1«(x) describes a degree of membership of x in .

Definition 2.8 [8] Let ;¢ be a fuzzy set in a set X. For t €[0, 1], the set p, ={X € X/
w(X) >t}is called a level subset of .

Definition 2.9 [1] A fuzzy subset p of a lattice W- algebra A is called a fuzzy
implicative filter of A if it satisfies the following
(i) (@) > p(x) forall x eA

(i) p(y) = min{u(x —y), n(x)} forall X, y €A
3. Main results

In this section, we introduce fuzzy prime and anti fuzzy prime implicative filters of
lattice W-algebras and investigate some properties with illustrations.

3.1. Fuzzy prime filters

Definition 3.1.1. A non-constant fuzzy implicative filter ;¢ of a lattice W- algebra A is
said to be a prime if p(xV'y) < max{ u(x), u(y)} forallx, y €A

Example 3.1.2. Let A= {0, a, b, 1} be a set with Figure (1) as partial ordering. Define
a unary operation “x* ” and a binary operation “— > on A as in the Tables (1) and (2).

1 X X — 0 a b ¢ 1

0 1 0 1 1 1 1 1

c a b a b1 ¢ 1 1

a b b a b ac 1 1 1

C c c cc c 1 1

0 1 0 1 0 a b ¢ 1
Figure (1) Table (1) Table (2)

Define \V and A an operation on A as follows: (XV y)=(X —Yy) — Y,
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(XAY)=((X" = y")—y") for all X, yc€A. Then, we have (A V, A 0,1) is a

lattice W- algebra. Consider the fuzzy subset 1. on A is defined by
0.8 if xe{1l
w(X)= . {1y for all xe A.
0.6 if xe{0, a, b, c}

Then g is a fuzzy prime implicative filter of A.

Example 3.1.3. Let A= {0, a, b, ¢, d, 1} be a set with Figure (2) as partial ordering.
Define a unary operation “* * and a binary operation “— * on A as in the Table (3) and
Table (4)

X X" — |0 a b c d 1

1 o110 [T 1 111 1
a c a c 1 b c b 1
a b b | d b |[d a 1 b a 1
d c C a c a a 1 1 a 1
d | b d |b1 1 b 1 1
0 1|0 1 o a b ¢ d 1

Figure (2) Table (3) Table (4)

Define v and A an operation on A as follows:
(xVy)=(x—1y) =Y,
(XAY)=((X" = y")— y") forall X, y €A.Then, we have (A, V, A, 0,1) isa

lattice W- algebra.
Consider a fuzzy subset zcon A is defined by
05 if xe{l, a,b
u(x) = . { } forall xe A
03 if xe{0,c,d}
Then, we have g is not a fuzzy prime implicative filter of lattice W-algebra A.
Since p(cvd)=0.5. But, max{ pu(c), n(d) }=0.3.

Thus, we get u(c vV d) £« max{ u(c), p(d) }.

Proposition 3.1.4. If 4 is a fuzzy implicative filter of lattice W- algebra A. Then the
set A, ={x €A/ p(X)=p (1)} is aimplicative filter of A.

Proof. Let p be afuzzy implicative filter of lattice W- algebra A.

Consider the set A, ={x €A/ pu(X)=p@)}.

Then, forany Xe A= pu(x)€ A, = n@) €A,

If (p() — 1)) €A,

= (u(x) = p@))=1
= (u(x) < pu(y)), since x <y ifandonly if x — y=1

= (D) < p(y)). 1)
Since g4 is fuzzy implicative filter of lattice W- algebra, ( x(1) > p(y)). (2
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From (1) and (2), we have p(y) = p(1). Thus, p(y) €A,. Hence, we get A, isa
implicative filter of lattice W- algebra A. [

Proposition 3.1.5. Let x be a fuzzy prime implicative filter of lattice W- algebra A.
Then the set A, ={x € A/ j1(X)=y+(1)} is a prime implicative filter of A.

Proof. We have, A, isaimplicative filter of A (by Proposition 3.1.4).
Forany x, ye A, we have (XVy)€A,.

Then, we have (1) =p(xVy) < max{ (), pu(y) }=p(x) or p(y).
Thus, 1 (X) =p (@) or pu(y) =4 (1). Hence, we get 11(x) € A, or p(y) € A,.

Therefore, A, is a prime implicative filter of A. [

Proposition 3.1.6. A fuzzy subset y is a fuzzy prime implicative filter of lattice W-
algebra A, if and only if the set S={ x€ A/ u(x)=1} is either empty or a fuzzy

prime implicative filter of A.
Proof. Let 1 be a fuzzy prime implicative filter of lattice W- algebra A.

Then, we get p(xV'y) < max{ u(x), u(y)} forallx, y €A

Consider theset S={ xe A/ u(x)=1}.

If S==¢ . We have to prove that S is a fuzzy prime implicative filter of A.

SinceS=¢, forany X, yeAand p(x), (y)€S suchthat p(x)=1and p(y)=1.
Now 1i(xV'y) < max{ x(x), n(y) }=1.

Thus, we have 1 (xV'y) €S forall x, ye A.

Hence, S is a fuzzy prime implicative filter of A.

Conversely, if S=¢ and S is a fuzzy prime implicative filter of A.

To Prove: Fuzzy subset g is a fuzzy prime implicative filter of A.

Forany X, yeAand 1(X), (y)€S suchthat p(x)=1and p(y)=1.

Now (X V y)=1and max{ x(x), n(y) }=1.

Thus, we get 1o(xV'y) < max{ u(x), u(y)} forallx, y €A

Hence, p is a fuzzy prime implicative filter of lattice W- algebra A. |

Proposition 3.1.7. Let F be a implicative filter of a lattice W- algebra A, and let o < 3
= 0 be elements of [0, 1) . Then fuzzy set y.: A—]O0, 1] defined by
B if xeF _ o
w(Xx) = . forall X€A, isafuzzy implicative filter of A.
{a otherwise
Proof. Since 1eF, u()=3 > p(x) forallx € A
Suppose £(y) >min{u(x —y), u(x)} forall X, y €A does not hold.
Then, there exists X, y€ A, suchthat p(X)=c« and min{u(x —y), u(X)}=03.
Thus, we have (X — y) = 3 and p(x) = 3. Hence, X — y € F and X€F and so
yeF, since F is a implicative filter. This is a contradiction. Therefore, 1(X) is a fuzzy
implicative filter of A. [

Proposition 3.1.8. Let S be a prime implicative filter of lattice W- algebra A and let
1 if xeS

_ VYV XeEA®)
« otherwise

a€[0,1]. If g is afuzzy subset in A defined by u(x):{

Then, 1 is a fuzzy prime implicative filter of A.
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Proof. By the result (Proposition 3.1.7), we have ¢ is a fuzzy implicative filter of A.
Forany X, ye A, we have (xVVy)eS then xe S or ye S.

Thus, p(xV'y) =1=max{ p(x), p(y)}. (4)
If (xVy)¢ZS then p(xVy) =a <max{u(x), n(y)} (%)
From (4) and (5), we have ¢ is a fuzzy prime implicative filter of A. [

Corollary 3.1.9. If S is a prime implicative filter of lattice W- algebra A, then the
characteristic function xy is a fuzzy prime implicative filter of A.

Now we see the converse of Corollary 3.1.9.

Proposition 3.1.10. If S is a filter of lattice W- algebra A such that the characteristics
function x4 is a fuzzy prime implicative filter of A, then S is a prime implicative filter
of A.

Proof. Let X, Y€ A be such that (xVVy)€S and X¢ S.

Then, we get 1 = x5 (XV y), by (3) of the Proposition 3.1.8.

<max{ xs (), xs (¥) }=xs (¥)-
Thus, we have x5 (y)=1 sothat y€S. Hence, S is a prime filter of A. n

3.2. Anti fuzzy prime filters

Definition 3.2.1. A non-constant fuzzy implicative filter of lattice W- algebra A is called
an anti fuzzy prime if p(xAy) > min{ p(x), u(y) } forall x, y € A,

Example 3.2.2. Let A = {0, a, b,c, 1} be a set with Figure (3) as partial ordering.

Define unary operation “*” and a binary operation “— ” on A as in the Table (5) and
Table (6)

ol
X X" — 10 a b ¢ 1
c
¢ 0| 1 0 |1 1 1 1 1
‘b a c a c 1 1 1 1
b b b |b ¢ 1 11
®a
c a c a b 1 1 1
o 1 0 1 loa b ¢ 1
0
Figure (3) Table (5) Table (6)

Define \V and A an operation on A as follows: (XV y)=(X—Yy) — Y,
(XAY)=((X" = y")—y") forall X, y €A,

Then, we have (A, V, A, 0,1) is a lattice W- algebra.

Consider the fuzzy subset zcon A is defined by

06 if x=1
w(xX)= . forall xe A
0.3 otherwise

Then ¢ is a anti fuzzy prime implicative filter of A.
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Proposition 3.2.3. Let 1 be an anti fuzzy prime implicative filter of lattice W- algebra
A. Thenthe set A, ={X €A/ p(x)= (1)} is a prime implicative filter of A.

Proof. We have, A, isaimplicative filter of A (by Proposition 3.1.4)
Let X, yEAbesuchthat (XA Yy) €A,.

Then, we have p(D)=p(XAYy) = min{ p(x), ©(y) } = p(x) and r(y).
If (X)) =p@), 1(y) =p@), then n(x) € A, and p(y) €A,.
Therefore, A, is a prime implicative filter of A. [

Proposition 3.2.4. A fuzzy subset g is an anti fuzzy prime implicative filter of lattice
W- algebra A, if and only if the set T={ x € A/ p(x)=1} is either empty or a fuzzy

prime implicative filter of A.
Proof. Let p be aanti fuzzy prime implicative filter of lattice W- algebra A. Then, we

get (xAy) > min{ u(x), p(y)} forall x, y e A

Considertheset T={ xe A/ u(X)=1}. If T=¢ . We have to show that T isa
fuzzy prime implicative filter of A. Since T =¢, forany X, yeAand p(X), n(y)eT
such that p(x)=1and p(y)=21.Now p(XAy) > min{ x(x), pe(y) }=1. Thus, we
have (X Ay) €T forall X, ye A.Hence, T is a fuzzy prime implicative filter of A.
Conversely, if T=¢ then T is a fuzzy prime implicative filter of A.

Forany X, yeAand 1 (X), u(y)€T suchthat 1(x)=1 and p(y)=1.

Now (XA y)=1and min{ x(x), p(y) }=1.

Thus, we get (XA Y) > min{ u(x), u(y)} forall x, ye A

Hence, o is an anti fuzzy prime implicative filter of lattice W- algebra A. [

Proposition 3.2.5. Let | be a prime implicative filter of a lattice W-algebra A,
let « < 3 = 0 be the elements of (0, 1] . Then fuzzy set 1.: A—[O0, 1] defined by

a if xel
w(X) = . forall xe& Ais an anti fuzzy implicative filter of A.
(3 otherwise

Proof. Sincele |, u(l) = o > p(x) forall xeA

Suppose (y) >min{ u(x —y), pn(x)}, forall X, y €A does not hold.

Then there exists X, y€ A suchthat p(X)=/3 and min{u(x —y), u(X)} = o
Thus, we have p1(X — y) = « and p(X) = a.

Therefore, x — y € l and xel so yel, since | isaimplicative filter.

This is a contradiction. Hence, z(X) is a anti fuzzy implicative filter of A. (]

Proposition 3.2.6. Let T be a prime implicative filter of lattice W- algebra A and
let a€(0,1].If g isafuzzy subset in A defined by

1 if xeT
w(X)= . forall xeA (6)
o otherwise
Then g is an anti fuzzy prime implicative filter of A.
Proof. By the result (Proposition 3.2.5), we have g is an anti fuzzy implicative filter of

A.Forany X, YEA, we have (XAY)e T then, XeT and yeT.
Thus, p(xAy)=1=min{ 1.(x), p(y) }- (7
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If (xAY)ZS . then u(xAy) =a > min{ 11(x), u(y) }. ®)
From (7) and (8), we have g is a anti fuzzy prime implicative filter of A. [

Proposition 3.2.7. Let T be a filter of lattice W- algebra A. Then T is a prime
implicative filter of A if and only if the complement Xs* of the characteristics functions

is an anti fuzzy prime implicative filter of A.
Proof. Obviously, If T is a prime implicative filter of lattice W-algebra A, then the

characteristics function Xs* is an anti fuzzy prime implicative filter of A.

Conversely, the complement Xs* of characteristic function is an anti fuzzy prime

implicative filter of A, we have to prove that T is a prime implicative filter of A.
Suppose (XAY)ET and x¢ T forall x, y €A

Then, 1= x5" (XA Y) =1—xs (XAY) , by (6) of Proposition 3.2.6.
>1-min{ x5 (), xs(y)}
= max{1—xs (x), 1— xs (¥) }
= max{ xs" (X), xs"(¥)}
= xs (V)
Thus, we have x" (y) = 1. Therefore, y €T. Hence, we have T is a prime
implicative filter of A.

4. Conclusion

In this paper, we have shown that A, is implicative filter in which p is fuzzy

implicative filter of lattice W-algebra A. By using this result, we have proved that A, is

prime implicative filter of A. Further, we have discussed some properties of fuzzy prime
implicative filter, and investigated that the set of anti fuzzy prime implicative filter is
either empty or fuzzy prime implicative filter. Finally, we have given that the
complement characteristic function is anti fuzzy prime implicative filter of lattice W-
algebra A.
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