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Abstract 
In this paper, we introduce the concepts of a fuzzy prime and an anti fuzzy prime 

implicative filter of lattice W- algebras and discuss some of their properties. 
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1. Introduction 

 
The concept of fuzzy set was first introduced by Zadeh [8] in 1965, since then these 

ideas have been applied to other algebraic structures such as semigroups, groups, rings, 

modules, vector spaces and topologies. The importance of such algebraic structures can 

be seen from the latest research, which has been carried out in the last few years. In 1958, 

Rose et al [6] introduced the notion of Wajsberg algebras. Font et al [3] introduced the 

definition of implicative filters and family of implicative filters in lattice W-algebra and 

investigated some of their properties. At present, fuzzification concepts have been 

applied to other algebraic structures such as groups, rings, and so on.  In 1991, Xi [7] 

applied the concept of fuzzy sets to BCK -algebras that are introduced by Imai and Is´eki 

[5]. Basheer et al [1, 2] introduced the notion of a fuzzy implicative filter of lattice 

Wajsberg algebras; an anti fuzzy implicative filter of lattice W-algebras, and 

investigated some of their properties. Recently, Eshagh Hosseinpour [4] discussed T-

Rough Fuzzy Subgroups of Groups. In this paper, we introduce the notions of fuzzy 

prime and anti fuzzy prime implicative filters, further we discuss some related properties 

of fuzzy prime and anti fuzzy prime filters with illustrations. Finally, we describe some 

results of fuzzy prime and anti fuzzy implicative filter in lattice W- algebras. 
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2. Preliminaries 

 
In this section, we recall some basic notions, and its properties that are needful for 

developing the main results. 

 

Definition 2.1 [3] Let (A, ,  , 1) be an algebra with a complement “ ” and a binary 

operation “ ” is called a Wajsberg algebra (W-algebra) if and only if it satisfies the 

following axioms for all , , .x y z A  

      (i)     1 x x  

     (ii)    ( ) (( ) ( )) 1x y y z x z  

     (iii)   ( ) ( )x y y y x x   

     (iv)   ( ) ( ) 1x y y x
 

 

Proposition 2.2 [3] The W-algebra (A, , , 1) satisfies the following equations and 

implications for all , , .x y z A  

         (i)    1x x  

        (ii)     If 1,x y y x then x y  

        (iii)    1 1x  

        (iv)    ( ) 1x y x  

        (v)      If 1,x y y z then 1x z  

        (vi)    ( ) (( ) ( )) 1x y z x z y  

        (vii)   ( ) ( )x y z y x z  

        (viii)   0 1x x x  

        (ix)     ( )x x  

         (x)      x y y x
 

 

Proposition 2.3 [3] The W-algebra (A, ,  , 1) satisfies the following equations and 

implications for all , , .x y z A  

(i) If ,x y  then x z y z  

(ii)        If ,x y  then z x z y   

(iii) x y z   if and only if y x z  

(iv) ( ) ( )x y x y  

(v) ( ) ( )x y x y  

(vi) ( ) ( ) ( )x y z x z y z  

(vii) ( ) ( ) ( )x y z x y x z  

(viii) ( ) ( ) 1x y y x  

(ix) ( ) ( ) ( )x y z x y x z  

(x) ( ) ( ) ( )x y z x y x z  

(xi) ( ) ( ) ( )x y z x z y z  

(xii) ( ) ( ) ( )x y z x y x z  

 

Definition 2.4 [3] The W-algebra A is called a lattice W-algebra if it satisfies the 

following conditions for all , .x y A  

(i) A partial ordering  on a lattice W- algebra A such that x y if and only if 

1x y  
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(ii) ( ) ( )x y x y y  

      (iii)      ( ) ( ( ) ) .x y x y y Thus, we have (A, , , 0, ,  1) is a lattice             

                 W-algebra with lower bound 0 and upper bound 1. 

 

Definition 2.5 [3] Let A be W- algebra. A subset F of A is called an implicative filter of 

A if it satisfies the following axioms for all ,x y A. 

         (i)  1 F 

         (ii) x F and x y F imply y F 

 

Definition 2.6 [3] Let A be W- algebra. A subset F of A is called a prime implicative 

filter of A if it satisfies the axiom for all ,x y A, ( )x y F then x F and y F. 

 

Definition 2.7 [8] Let X be a set. A function :  [0, 1]X  is called a fuzzy subset on 

X, for each x X , the value of ( )x describes a degree of membership of x in . 

 

Definition 2.8 [8] Let  be a fuzzy set in a set X. For [0, 1],t  the set {t x X / 

( )x t } is called a level subset of . 

 

Definition 2.9 [1] A fuzzy subset of a lattice W- algebra A is called a fuzzy 

implicative filter of A if it satisfies the following 

           (i) (1) ( )x  for all x A 

          (ii) ( ) min{ ( ), ( )}y x y x  for all ,x y A 

 

3. Main results  
 

In this section, we introduce fuzzy prime and anti fuzzy prime implicative filters of 

lattice W-algebras and investigate some properties with illustrations. 

 

3.1. Fuzzy prime filters 

 

Definition 3.1.1. A non-constant fuzzy implicative filter of a lattice W- algebra A is 

said to be a prime if ( ) max{ ( ), ( ) }x y x y for all ,x y A. 

 

Example 3.1.2. Let A = {0, a , b , 1} be a set with Figure (1) as partial ordering. Define 

a unary operation “ ” and a binary operation “ ” on A as in the Tables (1) and (2). 

 

 1 

 

                  c 

      a               b 

                                     

               0                                                                                                       

          Figure (1)                                       Table (1)                                       Table (2)                                      

 

Define  and  an operation on A as follows: ( ) ( ) ,x y x y y  

 0     a     b     c      1 

  0 

  a 

  b 

  c 

  1           

1     1     1     1      1 

 b    1     c     1      1 

 a    c     1     1      1 

 c    c      c     1      1 

 0    a     b      c      1 

x  x  

 0   

 a 

 b 

 c 

 1                     

 1 

 b 

 a 

 c 

 0 
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( ) ( ( ) )x y x y y  for all ,x y A. Then, we have ( , , , 0, 1)A  is a 

lattice W- algebra. Consider the fuzzy subset on A is defined by  

                                        
0.8 { 1}

( )
0.6 {0, , , }

if x
x

if x a b c
  for all x A.  

Then  is a fuzzy prime implicative filter of A. 

 

Example 3.1.3. Let A = {0, a , b , c , d , 1} be a set with Figure (2) as partial ordering. 

Define a unary operation “ ” and a binary operation “ ” on A as in the Table (3) and 

Table (4) 

  

     

                             1 

                          

                        a              b 

                       d               c                                                                               

                                                                                                                        

                                0 

                                             

                            Figure (2)                       Table (3)                                Table (4)        

 

Define  and  an operation on A as follows: 

     ( ) ( ) ,x y x y y  

     ( ) ( ( ) )x y x y y
 
for all ,x y A. Then, we have ( , , , 0, 1)A  is a 

lattice W- algebra.  

Consider a fuzzy subset on A is defined by  

                        
0.5 {1, , }

( )
0.3 {0, , }

if x a b
x

if x c d



 


   for all .x A   

Then, we have  is not a fuzzy prime implicative filter of lattice W-algebra A.  

Since ( ) 0.5c d . But, max{ ( ), ( ) } 0.3c d .  

Thus, we get ( ) max{ ( ), ( ) }c d c d . 

 

Proposition 3.1.4. If   is a fuzzy implicative filter of lattice W- algebra A. Then the 

set {A x A / ( ) (1)x } is a implicative filter of A. 

Proof.  Let  be a fuzzy implicative filter of lattice W- algebra A. 

Consider the set {A x A /   ( ) (1)x }. 

Then, for any x A ( ) (1) .x A A  

If ( ( ) (1) ) .x A  

                   ( ( ) (1) ) 1x   

                   ( ( ) ( ) ) ,x y  since x y  if and only if 1x y  

                   ( (1) ( ) ).y                                                                                           (1) 

Since  is fuzzy implicative filter of lattice W- algebra, ( (1) ( ) ).y                   
  (2) 

 0     a     b     c    d      1 

0 

a  

b  

c  

d  

1 

1     1      1     1    1       1 

c     1     b     c     b       1 

d    a     1     b     a       1 

a    a      1     1     a       1 

b    1      1     b     1       1 

0    a     b      c     d      1 

x  x  

   0  

   a  

   b   

   c  

  d  

  1 

   1 

   c  

  d  

  a  

  b  

  0 
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From (1) and (2), we have ( ) (1).y Thus, ( ) .y A  Hence, we get A  is a 

implicative filter of lattice W- algebra A.                                                              ■ 

 

Proposition 3.1.5. Let  be a fuzzy prime implicative filter of lattice W- algebra A. 

Then the set {A x A / ( ) (1)x } is a prime implicative filter of A. 

Proof.  We have, A  is a implicative filter of A (by Proposition 3.1.4). 

For any , ,x y A  we have ( ) .x y A   

Then, we have (1) ( ) max{ ( ), ( ) } ( )x y x y x  or ( ).y  

Thus, ( ) (1)x  or ( ) (1)y . Hence, we get ( )x A  or ( )y A . 

Therefore, A  is a prime implicative filter of A.                                                             ■ 

 

Proposition 3.1.6. A fuzzy subset  is a fuzzy prime implicative filter of lattice W-

algebra A, if and only if the set {S x A / ( ) 1 }x  is either empty or a fuzzy 

prime implicative filter of A. 

Proof.  Let  be a fuzzy prime implicative filter of lattice W- algebra A. 

Then, we get ( ) max{ ( ), ( ) }x y x y  for all , .x y A  

Consider the set {S x A / ( ) 1 }.x  

If S . We have to prove that S is a fuzzy prime implicative filter of A. 

Since S , for any ,x y A and ( ), ( )x y S  such that ( ) 1x  and ( ) 1.y  

Now ( ) max{ ( ), ( ) } 1.x y x y  

Thus, we have ( )x y S  for all , .x y A  

Hence, S  is a fuzzy prime implicative filter of A. 

Conversely, if S  and S  is a fuzzy prime implicative filter of A. 

To Prove: Fuzzy subset is a fuzzy prime implicative filter of A. 

For any ,x y A and ( ), ( )x y S  such that ( ) 1x  and ( ) 1y . 

Now ( ) 1x y  and max{ ( ), ( ) } 1x y . 

Thus, we get ( ) max{ ( ), ( ) }x y x y  for all , .x y A  

Hence,  is a fuzzy prime implicative filter of lattice W- algebra A.                               ■ 

 

Proposition 3.1.7. Let F be a implicative filter of a lattice W- algebra A, and let < 

 0 be elements of [0, 1) . Then fuzzy set : A [0, 1]  defined by 

                                     ( )
if x F

x
otherwise

  for all x A, is a fuzzy implicative filter of A. 

Proof.  Since 1 , (1) ( )F x  for all .x A  

Suppose ( ) min{ ( ), ( )}y x y x  for all ,x y A does not hold. 

Then, there exists , ,x y A  such that ( )x  and min{ ( ), ( )}x y x . 

Thus, we have ( )x y  and ( )x . Hence, x y F and x F and so  

,y F  
since F is a implicative filter. This is a contradiction. Therefore, ( )x  is a fuzzy 

 implicative filter of A.                                                                                            ■ 

 

Proposition 3.1.8. Let S  be a prime implicative filter of lattice W- algebra A and let 

[0, 1] . If   is a fuzzy subset in A defined by  
1

( )
if x S

x
otherwise

 ,  .x A (3)
 

Then,  is a fuzzy prime implicative filter of A. 
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Proof.  By the result (Proposition 3.1.7), we have  is a fuzzy implicative filter of A. 

For any ,x y A, we have ( )x y S  then x S  or .y S    

Thus, ( ) 1 max{ ( ), ( ) }.x y x y                                                              
  (4) 

If  ( )x y S  then ( ) max{ ( ), ( ) }.x y x y                                      (5) 

From (4) and (5), we have  is a fuzzy prime implicative filter of A.                             ■ 

 

Corollary 3.1.9. If S  is a prime implicative filter of lattice W- algebra A, then the 

characteristic function s  is a fuzzy prime implicative filter of A. 

 

Now we see the converse of Corollary 3.1.9. 

 

Proposition 3.1.10. If S  is a filter of lattice W- algebra A such that the characteristics 

function s  is a fuzzy prime implicative filter of A, then S  is a prime implicative filter     

of A. 

Proof.  Let ,x y A be such that ( )x y S  and .x S  

Then, we get 1 ( )s x y , by (3) of the Proposition 3.1.8. 

                         max{ ( ), ( ) } ( ).s s sx y y   

Thus, we have ( ) 1s y  so that y S .  Hence, S  is a prime filter of A.           ■ 

 

3.2. Anti fuzzy prime filters 

 

Definition 3.2.1. A non-constant fuzzy implicative filter of lattice W- algebra A is called 

an anti fuzzy prime if  ( ) min{ ( ), ( ) }x y x y  for all , .x y A  
 

Example 3.2.2. Let A = {0, a , b , c , 1} be a set with Figure (3) as partial ordering. 

Define unary operation “ ” and a binary operation “ ” on A as in the Table (5) and 

Table (6)  

                                                                                                                                          

           1  

           c  

     

           b   

           a 

                

           0                   

      Figure (3)                       Table (5)                                     Table (6)                                  

Define  and  an operation on A as follows: ( ) ( ) ,x y x y y  

     ( ) ( ( ) )x y x y y  for all ,x y A.  

Then, we have ( , , , 0, 1)A  is a lattice W- algebra. 

Consider the fuzzy subset on A is defined by  

                                               
0.6 1

( )
0.3

if x
x

otherwise
 for all .x A  

Then  is a anti fuzzy prime implicative filter of A. 

 x   x  

   0  

   a  

   b   

   c  

   1 

  1 

  c  

  b  

  a  

   0 

 0     a     b     c     1 

0 

a  

b  

c  

1 

1     1      1     1     1 

c     1      1     1     1 

b     c       1     1    1 

a     b      1     1     1 

 0    a     b      c     1 
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Proposition 3.2.3. Let  be an anti fuzzy prime implicative filter of lattice W- algebra 

A. Then the set {A x A / ( ) (1)x } is a prime implicative filter of A. 

Proof.  We have, A  is a implicative filter of A (by Proposition 3.1.4) 

Let ,x y A be such that ( ) .x y A   

Then, we have (1) ( ) min{ ( ), ( ) } ( )x y x y x  and ( ).y  

If ( ) (1),x  ( ) (1),y  
then

 
( )x A  and ( ) .y A  

Therefore, A  is a prime implicative filter of A.                                                            ■ 

 

Proposition 3.2.4. A fuzzy subset  is an anti fuzzy prime implicative filter of lattice       

W- algebra A, if and only if the set {T x A / ( ) 1 }x  is either empty or a fuzzy 

prime implicative filter of A. 

Proof.  Let  be a anti fuzzy prime implicative filter of lattice W- algebra A. Then, we 

get ( ) min{ ( ), ( ) }x y x y  for all , .x y A  
Consider the set {T x A / ( ) 1 }.x  If T . We have to show that T  is a 

fuzzy prime implicative filter of A. Since T , for any ,x y A and ( ), ( )x y T  

such that ( ) 1x  and ( ) 1.y Now ( ) min{ ( ), ( ) } 1.x y x y Thus, we 

have ( )x y T for all , .x y A Hence, T  is a fuzzy prime implicative filter of A. 

Conversely, if T  then T  is a fuzzy prime implicative filter of A. 

For any ,x y A and ( ), ( )x y T  such that ( ) 1x  and ( ) 1.y  

Now ( ) 1x y  and min{ ( ), ( ) } 1.x y  

Thus, we get ( ) min{ ( ), ( ) }x y x y  for all , .x y A  

Hence,  is an anti fuzzy prime implicative filter of lattice W- algebra A.                    ■ 

 

Proposition 3.2.5. Let I  be a prime implicative filter of a lattice W-algebra A, 

let <  0 be the elements of (0, 1]  . Then fuzzy set : A [0, 1]  defined by 

                                 ( )
if x I

x
otherwise

 for all x A is an anti fuzzy implicative filter of A. 

Proof.  Since1 , (1) ( )I x  for all
 .x A  

Suppose ( ) min{ ( ), ( )},y x y x  for all ,x y A does not hold. 

Then there exists ,x y A such that ( )x  and  min{ ( ), ( )} .x y x  

Thus, we have ( )x y  and ( ) .x  
Therefore, x y I and x I  so ,y I  since I  is a implicative filter.  

This is a contradiction. Hence, ( )x  is a anti fuzzy implicative filter of A.                    ■ 

 

Proposition 3.2.6. Let T  be a prime implicative filter of lattice W- algebra A and  

let (0, 1] . If   is a fuzzy subset in A defined by   

                                       
1

( )
if x T

x
otherwise

  for all x A                                           (6) 

Then  is an anti fuzzy prime implicative filter of A. 

Proof. By the result (Proposition 3.2.5), we have  is an anti fuzzy implicative filter of 

A. For any ,x y A, we have ( )x y T  then, x T  and y T . 

Thus, ( ) 1 min{ ( ), ( ) }.x y x y                                                                    
 (7) 
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If  ( )x y S  , then ( ) min{ ( ), ( ) }.x y x y                                       
 (8) 

From (7) and (8), we have  is a anti fuzzy prime implicative filter of A.                       ■ 

 

Proposition 3.2.7. Let T  be a filter of lattice W- algebra A. Then T  is a prime 

implicative filter of A if and only if the complement s  of the characteristics functions 

is an anti fuzzy prime implicative filter of A.  

Proof. Obviously, If T  is a prime implicative filter of lattice W-algebra A, then the 

characteristics function s  is an anti fuzzy prime implicative filter of A. 

Conversely, the complement s  of characteristic function is an anti fuzzy prime 

implicative filter of A, we have to prove that T is a prime implicative filter of A.  

Suppose ( )x y T  and x T  for all , .x y A  

Then, 1 ( ) 1 ( )s sx y x y  , by (6) of  Proposition 3.2.6. 

                                      1 min{ ( ), ( ) }S Sx y  

                                      max{ 1 ( ), 1 ( ) }S Sx y  

                                      max{ ( ), ( ) }S Sx y  

                                      ( ).S y  

Thus, we have ( ) 1S y . Therefore, .y T  Hence, we have T  is a prime 

implicative filter of A.                                                                                                        

                       ■ 

4. Conclusion 

 

In this paper, we have shown that A is implicative filter in which  is fuzzy 

implicative filter of lattice W-algebra A. By using this result, we have proved that A is 

prime implicative filter of A. Further, we have discussed some properties of fuzzy prime 

implicative filter, and investigated that the set of anti fuzzy prime implicative filter is 

either empty or fuzzy prime implicative filter. Finally, we have given that the 

complement characteristic function is anti fuzzy prime implicative filter of lattice W-

algebra A.  
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