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Abstract

In this paper, we investigate regularization method via a proximal point algorithm for solving treating sum of two accretive
operators and fixed point problems. Strong convergence theorems are established in the framework of Banach spaces. Also
we apply our result to variational inequalities and equilibrium problems. Furthermore, an illustrative numerical example is
presented. (©2017 All rights reserved.
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1. Introduction

Many important problems have reformulation which require finding common zero points of nonlinear
operators, for instance, inverse problems, variational inequality, optimization problems and fixed point
problems. In this paper, we use A~1(0) to denote the set of zeros point of A, where A is a maximal
monotone operator. A well-known method for solving zero points of maximal monotone operators is the
proximal point algorithm (PPA). First, Martinet [13] introduced the PPA in a Hilbert space H, that is, for
starting xo € H, a sequence {xn } generated by

Xni1 = J2 (xn), ¥n €N, (1.1)

where A is a maximal monotone operator, ]ﬁ = (I4+1rA)" ! is the resolvent operator of A and {rn} C
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(0, ) is a regularization sequence. An iterative sequence (1.1) is equivalent to
Xn € Xni1+TnAxna1, VneN.

If ¢ : H— R U{oo} is a proper convex and lower semicontinuous function, then J7 is reduced to

. 1
Xnil = argmm{d)(y) + FHX“ —yHZ, y€e H}, vn € IN.
n

Later, Rockafellar [16] studied the proximal point algorithm in framework of a Hilbert space and he
also proved that if liminf, .o T > 0 and A~1(0) # 0, then the sequence {xn} converges weakly to a
solution of a zero point of A. Rockafellar [16] has given a more practical method which is an inexact
variant of the method as follows

A
Xnt+1 = Jr, Xn ten, VR €N,

where {ey} is an error sequence. It was shown that if e, — 0 quickly enough such that > _; |len| < oo,
then x, =z € H, with 0 € A(z).
On the other hand, the Tikhonov method which generates a sequence {xX;, } defined by

x”n:]f\nu, vn €N,

where u € H and v, > 0 such that r,, — oo is studied by several authors (see, e.g., Takahashi [20]). The
details of Tikhonov Regularization can be found in [23-25].

In 1996, Lehdili and Moudafi [9] combined the technique of the proximal map and the Tikhonov
regularization to introduce the prox-Tikhonov method which generates the sequence {x, } by the algorithm

Xnt1=Ja"xn, V€N, (1.2)

where A, = rpI+ A, rp > 0 is viewed as a Tikhonov regularization of A. Using the technique of
variational distance, Lehdili and Moudafi [9] were able to prove strong convergence of the algorithm (1.2)
for solving the variational inclusion problem when A is maximal monotone operator on H under certain
conditions imposed upon the sequences {A,,} and {rn}.

In 2011, Sahu and Yao [17] also extended PPA for the zero of an accretive operator in a Banach space
which has a uniformly Gateaux differentiable norm by combining the prox-Tikhonov method and the
viscosity approximation method. They introduced the iterative method to define the sequence {x} as
follows:

Xn+1 = Iﬁn((l —an)xn +anf(xn)), Vn €N,
Zni1 = I (1= an)zn + anf(zn) +en), ¥neN,

where A is an accretive operator such that A~1(0) # 0 and f is a contractive mapping on C and {e} is an
error sequence. Strong convergence results were established in both algorithms. This is a source of idea
about resolvent operator can be approximated by contractions.

In the same year, PPA extended to the case of sum of two monotone operators A and B by using the
technique of forward-backward splitting method. Manaka and Takahashi [12] introduced the following
iterative scheme in a Hilbert space:

X1 € C,
Xnt1 = &nXn + (1 — ‘Xn)sl?n(l —AMB)xn, n>1,

where {x,,} is a sequence in (0,1), {An} is a positive sequence, S : C — C is a nonexpansive mapping, A is
a maximal monotone operator, B is an inverse strongly monotone mapping, and J3 = (I+AnA) ! is the
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resolvent of A. They proved that a sequence {x,, } converges weakly to some point z € Fix(S) N (A +B)~1(0)
provided that the control sequence satisfies some conditions.

In 2012, Lépez et al. [11] used the technique of forward-backward splitting methods for accretive
operators in Banach spaces. They considered the following algorithms with errors:

Xnil = (1—ocn)xn+ocn]f\n(xn—rn(]3xn+an)) + by, (1.3)

Xn41 = XpnU+ (1 - o‘n)];: (Xn _Tn(an + an)) + bnr (14')

where u € E, {an}, {bn} C E and ]fn = (I4+AnA)~ ! is the resolvent of A. An operator A is a maximal
accretive operator and B is an inverse strongly accretive. They proved that the sequences {x,, } in equations
(1.3) and (1.4) is weakly and strongly convergence, respectively.

In 2014, Cho et al. [5] introduced the following iterative scheme in a Hilbert space:

x1 € C,

zZn = Xnf(xn) + (1 —an)xn,

Yn = ]ﬁ(ln —TnBzn +en),

Xn+1 = PnXn+ (1 —PBn)(Ynyn + (1 —yYn)Syn) forall n €N,

where {xn}, {fn}, {yn} are sequences in (0, 1), {rn} is a positive sequence, A : C — H is an inverse strongly
monotone mapping, B is a maximal monotone operator, and ]Qﬂ = (I+AnA)~ ! is the resolvent of A.
Let S : C — C be a strictly pseudo-contractive mapping with k € [0,1), and f : C — C be a contractive
mapping. They proved that a sequence {x,,} converges strongly to a point X € Fix(S) N (A + B)~1(0) if the
control sequence satisfies some restrictions.

Motivated by [5, 11, 12, 17], we are interested in the problems for finding a common element of fixed
point of nonexpansive S and element of the (quasi) variational inclusion problem as follows:

Find x € C such that x € Fix(S) N (A +B)~1(0),

where A is a single-valued nonlinear mapping and B is a multi-valued mapping.

The purpose of this paper is to introduce an iterative algorithm which is modify regularization method
and uses technique of forward-backward splitting methods for finding a common element of the set
solution of nonexpansive S and the set solution of fixed point of the variational inclusion problems,
where A is an m-accretive operator and B is an inverse-strongly accretive operator in the framework of
Banach space with a uniformly convex and 2-uniformly smooth. Furthermore, an illustrative numerical
example is presented.

2. Preliminaries

Let E be a Banach space and let E* be its dual. Let (-, -) be the pairing between E and E*. For all x € E
and x* € E*, the value of x* at x be denoted by (x,x*). The normalized duality mapping J : E — 2F is
defined by J(x) = {x* € E* : (x,x*) = ||x||, ||x|| = ||x*||}, for all x € E. A single-value normalized duality
mapping is denoted by j, which means a mapping j : E — E* such that, for all u € E, j(u) € E* satisfying
the following:

(w i) = [[ulllFal )] = [hul.

If E = H is a Hilbert space, then ] = I, where I is the identity mapping. If E is smooth Banach space, then ]|
is single-valued j.

A Banach space E is called an Opial’s space if for each sequence {x,,}°_, in E such that {x,} converges
weakly to some x in E, the inequality

liminf||x, — x| < iminf|[x, —y]|
n—oo n—o0
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holds for all y € E with y # x. In fact, for any normed linear space X admits the weakly sequentially
continuous duality mapping implies X is Opial space. So, a Banach space with a weakly sequentially
continuous duality mapping has the Opial’s property; see [7].

The modulus of convexity of E is the function og : (0,2] — [0,1] defined by

5(e) == inf{1 — | X1 Y

Hixll =Nyl =L ix =yl = ).

E is said to be uniformly convex if and only if 5(e) > 0, for each e € (0,2]. It is known that a uniformly
convex Banach space is reflexive and strictly convex.

Let S(E) be the unit sphere defined by S(E) = {x € E: ||x|| = 1}. Then the norm || - || of E is said to be
Gateaux differentiable norm, if

L e tyll =[x o
t—0 t
exists for all x,y € S(E). In this case, space E is called smooth. A spaces E is said to have a uniformly
Gateaux differentiable norm if for each y € S(E), the limit (2.1) exist uniformly for all x € S(E). The norm of
E is said to be uniformly smooth if the limit (2.1) is attained uniformly for all x,y € S(E). It is known that
if the norm of E is smooth, then the duality mapping ] is single-valued and norm to weak* uniformly
continuous on each bounded subset of E.
On the other hand, the modulus of smoothness of E is the function p : [0, c0) — [0, c0) defined by

1
p(t) = sup{5 (Ix +yll+x—yl) =1:xy € S(E), [Ix] =1, |yl < )

A Banach space E is smooth if pg(t) > 0 for all t > 0. A Banach space E is uniformly smooth if and only
if lim¢_,o @ = 0. A Banach space E is said to be g-uniformly smooth, if for fixed real number 1 < q < 2,
there exists a constant ¢ > 0 such that p(t) < ct9 for all t > 0. It is known that every g-uniformly
smooth space is smooth. In the case p(t) < ct? for t > 0, these are 2-uniformly smooth. The examples of
uniformly convex and 2-uniformly smooth Banach spaces are Lp, 1, or Sobolev spaces W§,, where p > 2.
It is well-known that, Hilbert spaces are 2-uniformly convex and 2-uniformly smooth. We know that if
E is a reflexive Banach space, then every bounded sequence in E has a weakly convergent subsequence.
Note that all uniformly convex and 2-uniformly smooth Banach spaces are reflexive.

Next, we recall the definitions of some operators as follows.

1. Let f : E — E be an operator. Then f is called k-contraction if there exists a coefficient k (0 < k < 1)
such that
Ifx—fy[| <k|x—yl, vxyekE

2. Let S: E — E be an operator. Then S is called nonexpansive if
1Sx =Syl < [x—yll, YxycE

3. A set-valued operator A : D(A) C E — 2F is called accretive if there exists j(x —y) € J(x —y) such
that u € A(x), v € A(y) and

(u—v,j(x—y)) =0, V¥x,ye€D(A).
4. Let A: D(A) C E — E be an operator. Then A is called o-inverse-strongly accretive if there exists a
constant o > 0 and j(x —y) € J(x —y) such that
(Ax=Ay,i(x—y)) > «|Ax—ay|’, ¥xy € D(A).
5. A set-valued operator A : D(A) C E — 2F is called m-accretive if A is accretive and R(I+71A) = E for
some 1 > 0, where [ is the identity mapping.

Let C and D be nonempty subsets of a Banach space E such that C is a nonempty closed convex
and D C C, then a mapping Q : C — D is said to be sunny if Q(x + t(x — Q(x))) = Q(x) whenever
x+t(x—Q(x)) € Cforallx e Cand t > 0.
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A mapping Q : C — C is called a retraction if Q> = Q. Also, if a mapping Q is a retraction, then we
have Qz = z for all z in the range of Q.

Lemma 2.1 ([15]). Let E be a smooth Banach space and let C be a nonempty subset of E. Let Q : E — C be a
retraction and let | be the normalized duality mapping on E. Then the following statements are equivalent:
(i) Q is sunny and nonexpansive;

(i) [[Qx— QHH2 (x=v,J(Qx—Qyu)),Vx,y € E;
(iif) [|(x —y) — (Qx — Qy)II* < [x —ylI* — |Qx — Qul%
(iv) (x—Qx,J(y—Qx)) <0,vx € E,y € C.

Lemma 2.2 ([8]). Let C be a nonempty closed convex subset of a uniformly convex and uniformly smooth Banach
space E and let S be a nonexpansive mapping of C into itself with Fix(S) # 0. Then, the set Fix(S) is a sunny
nonexpansive retract of C.

It is well-known that if E = H is a Hilbert space, then a sunny nonexpansive retraction Q¢ is coincident
with the metric projection Pc from E onto C, thatis Q¢ = Pc. Let C be a nonempty closed convex subset
of E.

In the sequel for the proof of our main results, we also need the following lemmas.

Lemma 2.3 ([18]). Let E be a Banach space and ] be a normal duality mapping. Then there exists j(x +y) € J(x+y)
such that

I +yl? < Ixl? + 20y, i (x+y)), jlx+y) € J(x+y)
for any given x,y € E.

Lemma 2.4 ([11]). Let E be a real Banach space and let C be a nonempty closed and convex subset of E. Let
B : C — E be a single-valued operator and o-inverse strongly accretive operator and let A be an m-accretive
operator in E with D(A) D Cand D(B) D C. Then

Fix(JA(1—7B)) = (A +B)"1(0),
where ] = (1+1A) ™ is a resolvent of A for all v > 0.

Lemma 2.5 (The resolvent identity, [2]). Let E be a Banach space and A be an m-accretive operator. Then
s s
=1 (B (1))

Lemma 2.6 ([1]). Let C be a nonempty closed convex subset of a 2-uniformly smooth Banach space E with the
2-uniformly smooth constant K and the mapping B : C — E be an x-inverse strongly accretive operator. Then, we
have

forallr>0,s>0and x € E.

(1 —B)x— (I—B)y|? < |lx — y||* —2r(a— K?r)||Bx — By,

where 1 is the identity mapping. In particular, if v € (0, 2%5), then (I —B) is nonexpansive.

0,y
Lemma 2.7 (Demiclosed principle, [4]). Let C be a nonempty, closed and convex subset of a uniformly convex
Banach space E and S : C — E be a nonexpansive mapping with Fix(S) # (0. Then 1—S is demiclosed at zero, i.e.,

Xn — X and xn — Sxn — 0 imply x = Sx.

Lemma 2.8 ([19]). Let {xn} and {zn} be two bounded sequences in Banach space E and let {3} be a sequence in
[0,1] with 0 < liminf, .o Brn < limsup, _,  Bn < 1. Suppose xn41 = (1 —Pn)zn + Bnxn for all integers
n > 0and limsup, ., ([[zny1 —zn|| = [Xns1 —xnl]) < 0. Then limp_, ||zn —xn|| =0.

Lemma 2.9 ([10]). Assume that {an} is a sequence of nonnegative real numbers satisfying the condition
ani1 < (I—tn)an +thbn +cn,Vn >0,

where {tn} is a number sequence in (0,1) with imn oo tn =0and Y 37 tn = 0o, {bn} is a sequence such that
limsup, , bn <0and{cn}is a positive number sequence with Y gcn < oo. Then, imp 00 an = 0.
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3. Main results
Before proving our main result, we need the following lemma.

Lemma 3.1. Let E be a uniformly convex and uniformly smooth Banach space. Let C be a nonempty closed convex
subset of E. Let A : D(A) C C — 2F be an m-accretive operator and B : C — E be an o-inverse strongly
accretive operator. Let S : C — C be a nonexpansive mapping and let f : C — C be a contraction mapping with the
constant k € (0,1). Let ]él = (I+1n,A) "1 be a resolvent of A for v, > 0 such that Fix(S) N (A +B)~1(0) # 0.
If we define operator Wy, : C — C by Wn(x) = S]ﬁl (I—=rnB)laxnfx + (1 — an)x] + en) for all x € C, where
on € (0,1), 1n > 0, then Wy, is a contraction operator and has a unique fixed point.

Proof. Since S, ]ﬁ\n , and (I —r,B) are nonexpansive, then we know that W,, is nonexpansive. Since f is a
contraction mapping with coefficient k € (0,1) we have

[Wix —Wayl| = [ISTA (I—1nB)lonf(x) + (1 — om)x] + en) — SJA (I—1nB)lonf(y) + (1 — an )yl +en) ||
NI =rnB)lanf(x) 4+ (1 — o )x] + en) — (I —mnB)lanf(y) + (1 — xn)yl +en) |
< o f(x) + (1 — an)x] — [axn f(y) + (1 — an)yl||

[on (F(x) = F(y)) + (1 — o) (x —y) ||

< on[[f(x) = fY) || + (1 — an)[[x —y|

< onkfx —y[[+ (1 — an)[x —y|

:((Xnk‘i‘(l_o‘n))HX_yH'

Since 0 < (ank + (1 —an)) < 1, it follows that Wy, is a contraction mapping of C into itself. By Banach
contraction principle, then there exists a unique fixed point, i.e., we say X = W;,X. Moreover, using
Lemma 2.2, the set Fix(Wy,) is sunny nonexpansive retraction of C. Hence there exists a unique fixed
point X € Fix(Wy) =Fix(S) N (A + B)~1(0) := Q, namely Qo f(X) =% = WxXx. d

Theorem 3.2. Let E be a uniformly convex and 2-uniformly smooth Banach space with weakly sequentially contin-
uous duality mapping. Let C be a nonempty closed convex subset of E. Let A : D(A) C C — 2F be an m-accretive
operator and B : C — E be an x-inverse strongly accretive operator. Let S : C — C be a nonexpansive mapping and
let f: C — C be a contraction mapping with the constant k € (0,1). Let ] = (I+ 1, A) ™! be a resolvent of A for
Tn > 0. Assume that Fix(S) N (A + B)~1(0) # 0.

For given xo € C, let {xn} be a sequence defined by the following:
Yn = anf(xn) + (1 —an)xn, (3.1)
Xn41 = Bnxn + (1— Bn)sllr/\n (Yn —TnByn +en), ¥n >0, ‘

where {on},{Bn} are real number sequences in (0,1), {rn} is a real number sequence in (0, %), K > 0 is the 2-
uniformly smooth constant of E and {en } is a sequence in E. Assume that the control sequences satisfy the following
conditions:

(@) limn oo 0n =0, and Y 57 4 an = 00;
(b) 0 <liminf, o Brn < limsup, ,  Pn <1
(¢) imp yoomn =71, and 1€ (0,-%);

7 K2
@) Y |l en < oo.
Then, the sequence {x} converges strongly to a point X € Fix(S) N (A 4+ B)~1(0), where x = Qo f(%) and Qqf is
a sunny nonexpansive retraction from E onto Q.
Proof.

Step 1. We want to show that {x, } is bounded.
Fix p € Fix(S)N (A +B)"1(0) # 0. So, we have p € Fix(S) and p € (A +B)~1(0) = Fix(J2 (I—rnB))
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(see Lemma 2.4). Observe that, we consider

[yn —pll = lloenf(xn) + (1 — atn)xn —p|
< o [[f(xn) =Pl + (1 — an)|[xn — Pl
< ot (1) — () |+ F(p) — p) + (1 — o) — .
< ankl[xn =Pl + anl[f(p) =Pl + (1 — otn)|[xn — P

= lonk + (1= on)][Ixn — |l + an [[f(p) — Pl
= —an(1=K)[xn =Pl + anllf(p) =

We set z,, := S]{,\TL (Yn —TnByn +en+1). Since ]QL and I — B are nonexpansive mappings, and from
(3.2), it follows that

[Xn+1 =Pl = [[Brnxn + (1 —Bn)zn —p||
< Bnlxn =Pl + (1= Bn)llzn =Pl
= Bnllxn—7pl + (1 Bn)”slﬁl(yn_rnByn‘f‘en)—SPH
< Bnlxn —pll + Bn)”]ﬁ\n(yn_rnBUn“‘en)—pH
= Bnlxn—pl+(1 Bn)”]?ﬂ(yn —TnByn +en) — ]rAn(I — 1 B)p||

(1
(1=Bn)l(yn —TnByn +en) — (I—TnB)p||

= Bnlxn =Pl + (1= Br)[(I=TnB)yn — (I—TnB)p +en|

< Bnlxn —pll+ (1 —=Bn) ([(I=TnBlyn — (I—TaB)p| + [len])

< Bulxn =PI+ (1= Bn) [lyn —pll + llenll]

< Bnlxn =Pl + (1= Bn) [(1 = an (1 =K))[xn — Pl + an[[f(p) = P[]+ (1 = Bn)fenll

= Bnllxn =Pl + 11— Bn)(1—on(T=K)|[xn —pll + (1= Br)on|[f(p) = pll + (1 = Bn)enll
=[Bn+(1—=PBn) —an(I=K)(1 = Bn)l[[xn —pll+ (1= Br)xn[lf(p) = pl| + (1 — Bn)llenll
=1 —(1—Bn)on(l=K)l[[xn —pll+ (1= Bn)an[f(p) =Pl + (1 —Bn)llen]

=1 =A@ =K)l[[xn —pll+An[[f(p) —pl[ +[[enl],

where A, := (1 — fn)oxn. Then, it follows that

< Bnlfxn —pll +

f(p) —p
Pensa =l < max {en = pl, PP e

[f(p) — 7
< max {fns =l PP e 4 e

If(p) — Pl
<maX{Hxn—z—pH,1k + len—all + llen—1ll + llen|

<max{u><o— , 1 p”}+Z||e1||<oo

It follows by mathematical induction, we conclude that

n
s —pll < max{nm—pu,(l—k)1||f(p) —pn} +3 lesll, ¥n>0
i=0

By condition (d), we get that {x, } is bounded. Since yn = otnf(xn) + (1 — &n)xn, we obtain that
[yn =PIl = llanf(xn) + (1 — an)xn —pl| < on|[f(xn) =Pl + (1 — otn)[[xn —p||- (3.3)
By (3.3) and the boundness of {xn}, then {y,} and {z,,} are also bounded.
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Step 2. We want to show that limy_, || Xn+1 — Xn|| = 0.
By Lemma 2.8, we set vy, := Yn — ThAyYn + €n, then z,, := S]F’nvn. It follows that

1zns1 = znll = ISJ7, ;a1 = ST vnll
< H]i\nﬂ\’n+l —L{\n"nH
<5 vt =T vnll 2 vn =T vnl
<

Vgt = Vel + 12 v = T2 vall.

(3.4)

Next, we compute ||[vn1 —Vvn| that

[Vt —=vall = [(Ynt1 = Tns1BYnt1 +ens1) — (Yn —TnByn +en)|
= H(I _rnB)Un+l —(I— TnB)yn + (Th — rn+1)Byn+l +eny1— en”
< [T=rnB)yntr = (I=rnBlyn+ [ mn — rni1 [ [[Byniall + llens1 —en|
<yns1 —Ynll+ [0 =Tt LIBYngall + llensall + [lenl]-

Next, we compute ||yn1 —yn| that

[Yyn+1 —Ynll = [[(ent1f(xnt1) + (1= on 1) (xn41)) — (onf(xn) + (1T — on)xn)||
= [Jant1f(xnt1) = anf(xni1) + onf(xni1) + (1= ng1)xn1 — anflxn) + (1 — axnj1)xn
— (1= otni1)xn — (1 — o )xnl|
= [[(atny1 — o) f(xng1) + on (Fxny1) = f(xn)) + (1 — otng 1) (Xn1 —Xn)
Fxn (1= otng1) — (1 — o))l
< o1 — anlf[f(xng1) = xnfl + oan [[f(xns1) = fxn) [ + (1 — atnp1) [ Xns1 — x|
1—ani1)*ne1 —xnl| +hn

= (
< X1 —Xn ||+ han,
where hy = [otny1 — anl|[f(xna1) — xn || + an|[f(xni1) — f(xn)||. Then,
Vi1 = vall < [[Xne1—xnl| +hn+gn, (3.5)

where g =[Th — Ty | ||Byn+1H + ||en+1H + HenH

Next, we compute ||J2 o Vn— J2 v || by the resolvent identity (see Lemma 2.5) that

A A A T T A A
I8 v = vl = I, (S (1= 072, v ) = Tom
Tn+1 Tn+1
Th Th A
< v 1— v —Vv
< (2 (1= 2 ) =l
n Tn A
= —1)v 1— v 3.6
G =D+ (1= R (36)
Tn ;A Th
={|(1— vn —(1— %
It Tn+1) PV n+1) nl
T 1 T
= |02, vn—vn)ll
Tn+1
Th+1 —T
< AT Hlfnﬂvn—vnll-

Tn+1

From (3.4), (3.5), and (3.6), we obtain

The41 —T
[Zn41 = zn|l < [[Xns1—Xnl[ +hn 4+ gn+t | L: ) = | ||]é1+1"“ —vn|.
n+
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In view of the conditions (a), (c), and (d), it follows that

[zn+1 = zn| = [[Xn41 = xn | <0
Then, we have
limsup (||zn41 = znl| = [Xn+1—xnl) <0
n—oo
By Lemma 2.8, we conclude that
lim ||zn —xnl| =0. (3.7)
n—oo

This implies that limn o0 [|SJ7 (V) — xn|| = 0. From (3.1), we observe that
Hxn+1 _XTLH = Hﬁnxn + (1 - Bn)zn _XnH < (1 - Bn)HZn _XnH-
By (3.7), then we conclude that

nlgréo [Xni+1—xnl =0. (3.8)

Step 3. We will show that limn o [[Byn —Bp|| = 0, limn o0 [[J2 (Vi) —yn || =0, and limn o0 || ST (Vi) —
J& (vn)|| = 0.
Step 3.1. First, we show that lim,_, ||Byn — Bp|| = 0. Notice that

[[xn+1 _pH2 = [[Bnxn +(1— Bn)slé Vn _sz

< Bnllxn — P”2 +(1—Bn) Hslrn"n 'PH2

ZBnHXn—PHZ + (1= Bn)[[vn — (I—TnB) sz

= BnHXTL_sz (1—=Bn)[l(yn —TnByn +en) — (I_TnB)P”Z

< Brln = pl* + (1= Br)[[(T=TnB)yn — (I—rnB)p|?
+2]len[[[(I=TnB)yn — (I—TnB)p]]

< Bnlxn — P”2 +(1—PBn) (Hyn PHZ 2rn (o —Krn) )[[Byn — Bp| )
+2(1—Bn)llenl[[(I=TnB)yn — (I—TnB)p].

Set pn = (1—Bn)2[len||||(I=TnB)yn — (I —=1oB)p||, we get

1—pBn) (Hyn p”2 2rn (o — Kzrn JIByn — Bp|| )+pn
1—Bn)lyn = pI* —2rn (e — K*ry)(1 = Bn) | Byn — Bp[* + pn
1—Bn)llonf(xn) + (1 — atn)xn —pl?
(1—ﬁn)\|Byn—BpH2+pn.

1= Pl* < Bnllxn —pl* +
= Bnllxn _pHZ +

= Bnllxn _pHZ +

—2rn(ax— K%y

— —~ —~

Set qn = 2T ( — K?1,) (1 — Bn)||Byn — Bp||?, we get

Brlxn —PI* + (1= Bn)lanf(x ) (1— ot )Xn —P|> = qn +Pn
Brlxn — P>+ (1= Bn)on |[f(xn) —p|* + 1—Bn)( — o) IXn = PII* = qn +Pn
= (1= &n (1= Bn))|Ixn —pl* + 1—ﬁn on|[f(xn) = P[* = qn + P

X1 —pl?

NN

It follows that

21 (otn — K21) (1 — Bn)||Byn — Bp)?
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(1—otn(1—=Bn))||xn _sz — IxXn+1 _pHZ + (1= Bn)an|f(xn) _P”2 +Pn

[[xn PHZ—Hxn+1—P|!2+(1—f3n)0¢an(Xn)—PH2+Pn

| (x + (Xnt1 =P (xn =) = (Xng1 =P + (1 = Br)otn || f(xn) _PH2 +Pn
|

’ (Xn+1 —P)H Hxn _Xn+1H +(1— Bn)“n”f(xn) _pHZ +Pn.

<
<

In view of the conditions (a), (c), (d), and from (3.8), we conclude that limy,,  ||Byn — BpH2 = (. This
implies

lim ||Byn —Bp|| =0. (3.9)
n—oo

Step 3.2. Second, we will show that limp_,o [|[J2 (Vi) —yn || =0.
We observe that

DA, ) =PI < 112, ) = Pl (Yn — TnByn + en) = (p — T Bp)|

= 02, 0m) = I+ l(yn — By + en) — (p— B
—11 (32, vn) =) = (Wn —TnByn +en) + (p —TnBP) |}

= %{llJﬁ(vn) — P[P+ [[T=rnB)yn — (I—TnB)p+en|?
—[J7, (vn) =Yyn —TnByn —en —TnBp|*}

= 27, ) =PI+ 1= PnB)yn — (1= 1uBIp| 4+ P
— 11 (32, vn) —yn —en ) = (Byn — Bp)I?)
SLIIA (vn) =PI+ lyn — pIP+ B
= (7, vn) = yn = en* = 2rn[[Byn — B[], (vn) = yn — enl|
+[[rnByn — T Bp|?)}

= ST o) =PI+ lyn =PI + P — T2, (v) —ym —enl?
+ 21 [|Byn — BP”HL%\n (Vvn) =yYn —enll = [[TnByn _TnBPHZ},

Pn

where pn, = 1 . It follows that

n
A, ) =2l < llyn —pI? + P — 1157, (vi) —yn —enl?
+ 211 ||[Byn — BPHHKXH (vn) =Yn —enll = [rnByn _ranHz
= llanf(xn) + (1= otn)xn = |2 = [J7, (vn) —yn —enlf?
— |[rnBYn — TnBp|* + 2 [|Byn — BPHHJ?H Vn) —Yn —enl[ +Pn
< atn[[f(xn) = PI* + (1 — on) [ xn — P> — ||]rn (Vn) —Yn +enl®

—Tn||Byn — BPHZ + 2 || Byn — BP””Irn Vi) —Yn —en| +Pn.

(3.10)

From (3.10), this implies that

< Bnllxn — sz +(1—Bn) HS]rn Vn) pHZ
< BnHXn_pHZ +(1—Bn) H]rn Vn) _P”Z
< Bnlxn —pIP + (1= Bn) {onl[f(xn) =PI + (1 — an) xn — |
- ||]¢\n (Vn) —yn + en”2 —Tn|Byn _BPHZ + 27| Byn —BPHIIIﬁl(vn) —Yn —en| +pn}
= Brlxn =Pl + (1= Br)onllfxn) = pl* = (1= Bn)[J7, (Vi) —yn + en

Pt —pll?
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— (1= Bn)Tnl[Byn — BP”2 + (1= Bn)2rn||Byn — BPHHJQ (vn) —yn —enl[+ (1= Bn)pn
< [[xn _pHZ + ot || f(xn) _P”Z —(1— ﬁn)”]ﬁ("n) —Yn Tt en”2
—Tn||Byn — BPHZ + 2 ||Byn — BPHHIQ(VTL) —Yn —en| +Pn.
It follows that
(1= B)I7, (vn) —yn +enl? < [xn =pI* = [Xnr1 =PI + otn || f(xn) = P[> = n | Byn — Bp|?
+2rn|[Byn — Bp””]i\n (Vvn) —yn —en| +pn.
= [0 =PI = [Xns1 =PI +sn (3.11)
= [[6n =P) 4+ i1 =PI 0 = P) = (X1 =PI + 50
= [[(xn —P) + (xn1 = PIxXn —Xn1ll + sm,

where we set sy = on[f(xn) — P[> — [ Byn — Bp||? + 2rn|[Byn — Bp|[[[J2 (Vi) —yn — en|| + pn. From
(3.11), in view of the conditions (a), (c), (d), and equations (3.8) and (3.9), we conclude that

nh_r}})o H]ﬁ("n) —Yn—enl/=0.

This in turn implies that

fim [J2 (va) — yn | =0. (3.12)

n—

Step 3.3. Lastly, we will show that limn o [|[SJ (V) —J2 (vn)|| = 0.
We see that

lyn —xnl| = [anf(xn) + (1 — an)xn — Xn || = an||f(xn) —xn |- (3.13)
By condition (a), then
lim [jyn —xn| =0. (3.14)
n—oo
Next, from (3.12) and equation (3.14), then we see that

2 ) = ynll < 1T Wn) = ynll + [yn —xnll-
That is,
lijll HJlr/\n (V) —xn| =0. (3.15)

n—oo

From equations (3.7) and (3.15), then we see that
117, (o) = I, (o) F < IST7, (vn) = |+ [l = 7, ()
That is,
Jim [SJ2 (v) = T8, (vn) | = 0. (3.16)

Step 4. Since E is a uniformly convex and 2-uniformly smooth Banach space, then E is reflexive Banach
space. By reflexive Banach space and from {xn}, {yn} being bounded, then it has a weakly convergence
subsequence. We may assume that x,, — %. In view of limn_, [[yn —xn|| = 0, then there exists a
subsequence {yn, } of {yn} which converges weakly to k. We can say that {yn,} also converges weakly to %,
i.e, yn, — %, without loss of generality. We will show that % € Fix(S) N (A +B)~1(0) = Q.

(i) First, we want to show that & € Fix(S). Now, we have y,,, — X. Since we know that Uﬁ (va)} is
bounded and from limn_,o [|J2 (Vi) —yn|| = 0, then we say that {J7* (vn,)} — %.

From (3.16), we have lim; HS]QL (vny) — ]ﬁ\n (vn)|] = 0. By demiclosed principle, this implies
Sk = %, namely we prove that ® € Fix(S).
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(ii) Next, we show that J2(I —rB)% = %. From a Banach space with weakly continuous duality mapping
has the Opial’s condition, see [7]. Suppose & # JA(I—1B)%. By the Opial’s condition and conditions (c),
(d), then we have

liminf [[yn, —%|| < liminf|jyn, —J*(I—B)%|
i—00 i—o00
< minf(lyn, — I8, Wnll+ 1175, (vn) = T4, (L= raB)RID
= liminf{llyn, — &, (Va4 118 (va)) = T2 (1= BI])}
< timinf{|[yn, —J7, (nll + [lvn = (1= TB)]}
= li.minf{HUm - JrAn (Vni)” + H(I _rB)yﬂi - (I _T‘B)QH + HeniH}
i—o00 i

<lminf{[lyn, =I5, n)ll+ yn, = %I+ lenl)
1—00 1

By (3.12) and condition (d), hence

iminf [y, —%/| < liminf[jyn, — .
1—00 1—00

This is contradiction. Therefore, ]2 (I—7B)& = %. This completes the proof that % € Fix(S)N (A +B)~1(0) =
Q.
Step 5. We define operator W;, : C — C by Wpx = S]él ((I—=71nB)lotnfx+ (1 — o )x] +en) for all x €
C, where «,, € (0,1), rn > 0. From Lemma 3.1, the operator W,, is a contraction operator and has a
unique fixed point. Moreover, using Lemma 2.2, we know that X € Fix(Wy) = Fix(S) N (A + B)~1(0) := Q,
namely Qo f(X) =% = Wy (thatis ® = X).

Next, we will show that limsup, ,_(f(X) —%,j(yn —%)) < 0, where lim;_,ox; = X = Qo f(X) and x;
solves equation x¢ = S]{.\n(l —1nB)(tf(x¢) + (1 —t)x¢) forall t € (0,1).

Consider

”ann _ynH < HSJf\n ((I _TnB)[‘XnﬂXn) + (1 - O‘n)xn] + en) _xn” + Hxn _ynH

= |lzn = xn | + [[xn —yn|-

From (3.7) and (3.13), then

T}E)I;O [Wnxn —yn|| = 0. (3.17)
We compute
%t = ynl* = ISJ2 (I = maB) (tF(x¢) + (1 — t)x¢) —yn®
= <S]1/~\n(1 - TnB)(tf(xt) + (1 —t)x¢) — Wnxn + Wnxn _Unz](xt _Un)>
= <S]1/~\n(1 _TnB)(tf(Xt) + (1 _t)xt) _annrj(xt _Un)> + <ann _Un/j(xt _yn)>
= (SR (T—=TnB)(tf(x) + (1 — t)xe) = ST (I —TnB)yn + en), j(xt —yn))
+ <ann _yn/j(xt _yn)>

+ [Wnxn —ynll[xe —yn |

= ((I=rnB)(tf(x¢) + (1 —t)x¢) — (I—=TnB)yn,j(xt —yn)) + (en,i(xt —yn))
+ [Wnxn —ynll[xe —yn

<A((HF(x) + (T =t)xe) —x¢ + Xt —Yn, it —Yn))
+ llenlixe =ynll + IWnxn = ynllllxe —ynll
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< ((F(xe) =xe), i (e —yn)) + (ke = Yn, j(xe = yn)) + [lenlllxe —ynll
+ [[Wnxn —ynllllxe —yn|

< HFx) =xe, (e —yn)) + e —yn|? + llenllxe = ynl + [Wixn —ynlllxe = ynl

< —t{f(xe) =%t j(Yn —x0) + [Ixe = ynl? + lenlllxe —ynll + [Waxn —ynlllxe —ynll-

It follows that
t(f(xe) —xt,j(yn —xt)) < [len]lXt —ynl + [Wnxn —ynllllxt —ynll-
Then

) 1
(flxe) = x¢ jyn —x¢)) < Lllenlllxe —ynl + [[Wnxn —ynflxe —yn |}
By virtue of (3.17) and condition (d), we get that
lim sup(f(x¢) —x¢,j(yn —x¢)) < 0. (3.18)

n—oo

Since x; — X, as t — 0 and j is norm-to-weak™* uniformly continuous on bounded subset of E, we obtain
that

[(f(%) =%, j(yn — %)) — <f(xt)_XtJ(U —xt))l

SHF(R) =%, (yn —%)) — (f(X) = %, j(yn — xe )|+ [(F(X) = %, j(Yn —x¢)) — (Fxt) —x¢,j(Yn —x¢))]
<HF(R) =%, j(yn —%) —jlyn —xe) + {f(% ) i—f(xt)+xt,j(yn—xt)>|

<) =%l lyun —%) —jlyn —x) [ + [[f(X) =% — f(x¢) + x¢][[yn —x¢]| = 0, as t — 0.

Hence, for any e > 0, there exists & > 0 with some t € (0, 8) such that
(f(%) =%, j(yn — %)) < (f(xe) —x¢,jlyn —x1)) €.
Then, we obtain that

limsup(f(%) — %,j(yn — %)) < limsup(f(x¢) —x¢,j(yn —x¢)) + €.

n—o0 n—o00

Since e is arbitrary, by (3.18), we obtain that

lim sup(f(x) —%,j(yn — %)) < 0.

n—oo

Step 6. Next, we will prove that {x,,} converges strongly to X = Qo f(X) by using Lemma 2.3 and Lemma
2.9. We note that

[Xn+1 _7_(||2 = [|Brnxn +(1— Bn)S]'ﬁn (Vn) _7_<H2
< Brlxn =2+ (1= Bn) ST (vn) — 1
= Brlxn =%+ (1= Bn) ST, (vn) — S|
< Bnllxn — %[ + (1= Bn) T, (vn) — %I
= Brlxn =X+ (1= Br) T2 (vn) = J 7 (I = T B)%|1?
< Brllxn —%[* + (1= Bn)|lvn — (I—TnB)X| (3.19)
(1 Bn)”(yn_rnByn+en)—(I—TnB)7_<”2
= Bnlxn =X+ (1= Bn) (1= TnBlyn — (I—TnB)% + en|
= Brllxn = %[+ (1= Br) (I = TnA)yn — (I—TnA)X|?
+2(en, j((I=TnBlyn — (I—TnB)% + €n))
BnHXn*XHZ +(1—Bn) [Hyn*"HZ*zHenHH B)Un*(I*TnB)i+enH}-

= Bnllxn — 7_(”2



K. Sitthithakerngkiet, et al., J. Math. Computer Sci., 17 (2017), 506-526 519

Consider
yn — ’_(||2 = (anf(xn) + (1 —an)xn —%,j(yn — %))
= (otn (f(xn) —=%) + (1 — otn) (xn — %), j(Yn — %))
= (otn (f(xn) — (%)) + o (f(X) = %) + (1 — otn ) (xn — %), j(yn — %))
= (o (f(xn) = (X)) + (1 — atn) (xnn = %), j(yn — X)) + (xn (f(X) — %), j(yn — %))
< o (f(xn) = (%)) + (1 = on) (xn = %) [[[lyn — X[ + xn (f(X) =%, j(yn — X))
< lotnkflxn =X 4+ (1 = o) Ixn = X[ Hyn = X[ 4 on (f(X) = X, j(yn — X))
[

= [1—an (1 =K)l[lxn = X|llyn — X[l + an (f(X) = X, j(yn — X))
[en — %1% + lyn — %J1?

=1 —oan(l-k)) 5 + an (F(R) = %, (yn — X))
1—an(l—%k ' ]
- “2() (Hxn - 7_(H2 + Hyn _7_CH2) + OCTL(f()_C) —)Z,](yn —X)>.
It follows that
2llyn — %> < (1= atn (1= K))lxn — %|* + (1 — ot (1 = %))[[yn — X||* + 20n (f(X) — X, j (yn — X))
< (1 - an(l - k ”xn _XHZ + ”yn _XHz +20(n< (X) _X/](y )>

Therefore, we obtain that
lyn — %[> < (1 — ot (1 —=K)) [[xn — X[ + 20 (F(%) — %, j(yn —X)). (3.20)
By (3.19) and (3.20), we conclude that

Xn1 = %|? < Bulen = %I+ (1= Br) [(1— (1 =K))xn =% + 20 (F(%) =%, j(yn — %))
+ (1= Bn)2[[en|[|(I=TnB)lyn — (I —TnB)X + en/|
= (1 —=an(1=K)(1—Bn))[[xn _XHZ + 20t (1 = Bn)(f(X) — %, j(yn — %))
+2(1—=Bn)llenl[l(I=TnBlyn — (I =TnB)X + en/|
2An
(1—Kk)

= (1= An)[xn — %% + (f(%) = %,j(yn — %)) +cn,
where ¢ :=2(1 — Bn)|len|/[|(I—=ThB)yn — (I—=1mnB)X +enl and A, = an (1 —k)(1 — Bn).

Setting by, = 12k] (f(x) —%,j(yn —x)), since limsup, . _(f(X) —%,j(yn —%)) < O then we see that
limsup, .. bn <0, and also that ) 5 ;cn < 0.

By Lemma 2.8 and conditions (a), (b), and (d), we conclude that ||x,, —%||> — 0, as . — oo. This implies

lim ||xn —%| =0,
n—oo

i.e., xn converges strongly to X. O

Next, we will utilize Theorem 3.2 to study some strong convergence theorem in L, with 2 < p < co.
Since L, where p > 2 are uniformly convex and 2-uniformly smooth Banach space w1th K =p—1, then
we consider E = L, and we derive the following theorem.

Theorem 3.3. Let C be a nonempty closed convex subset of an Ly, for 2 < p < oo. Let A, B, S, f, J{*. be the same
as in Theorem 3.2. Let {&n}, {Bn} be real number sequences in (0, 1) {rn} is a real number sequence in (0, ﬁ)
and {en } is a sequence in E. Assume that the control sequences satisfy the following (a), (b), (d) in Theorem 3.2, and
condition (c) limp oo Tn =71, and v € (0, (p%"l)z). Then the sequence {xn} defined by (3.1) converges strongly to

a point x € Fix(S) N (A + B)~1(0).
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Consider a mapping S = I in Theorem 3.2, we can obtain the following corollary directly.

Corollary 3.4. Let E be a uniformly convex and 2-uniformly smooth Banach space with weakly sequentially contin-
uous duality mapping. Let C be a nonempty closed convex subset of E. Let A : D(A) C E — 2F be an m-accretive
operator such that the domain of A is included in C and B : C — X be an «-inverse strongly accretive operator. Let
f: C — C be a contraction mapping with the constant k € (0,1). Let J2 = (I+rnA)~! be a resolvent of A for
Tn > 0 such that (A + B)~1(0) # 0.

For given xo € C, let xn be a sequence in the following process:

Yn = onf(xn) + (1 — ot )xn,
Xn+1 = PnXxn + (1 - Bn)]én (yTL - 1”nByn + en)/ Vn >0,
where {on},{Bn} are real number sequences in (0,1), {rn} is a real number sequence in (0,%5), K > 0 is the 2-

uniformly smooth constant of E and {en } is a sequence in E. Assume that the control sequences satisfy the following
conditions:

(@) limp 500 Xn =0, Zf:l Xn = 00,
(b) 0 <liminf, ;o Bn < limsup,, . Pn <1

(©) limnyoomn =7, and 1€ (0,%);
(d) 270 [l en [I< oo

Then, the sequence {x,} converges strongly to a point X € (A +B)~1(0).

Consider a mapping S = I and f(x,,) = u for all n € IN in Theorem 3.2, we obtain the following
corollary directly.

Corollary 3.5. Let E be a uniformly convex and 2-uniformly smooth Banach space with weakly sequentially contin-
uous duality mapping. Let C be a nonempty closed convex subset of E. Let A : D(A) C E — 2F be an m-accretive
operator such that the domain of A is included in C and let B : C — X be an «-inverse strongly accretive operator.
Let JB = (I41B) ! be a resolvent of B for rn, > 0 such that (A +B)~1(0) # 0.

For given xo € C, let xn be a sequence in the following process:

Yn = anU+ (1 — otn)xn,
Xnt1 = Bnxn +(1— Bn)];i\n (Yn —™aByn +en), ¥n =0,
where {0}, {Bn} are real number sequences in (0,1), {rn} is a real number sequence in (0,5) , K > 0 is the 2-

uniformly smooth constant of € and {en } is a sequence in E. Assume that the control sequence satisfies the following
conditions:

(@) 0 <liminfy o Brn <limsup, . Bn <1

(b) limp oot =1, and 1€ (0, %),

(© X n=oll en[I< oo

Then, the sequence {xn} converges strongly to a point X € (A + B)~1(0).

Setting ];f\n =[,B=0, f(xn) =uforalln € N and e,, = 0, then we have the following corollary of the
modified Mann-Halpern iteration.

Corollary 3.6. Let E be a uniformly convex and 2-uniformly smooth Banach space and let C be a nonempty closed
convex subset of E. Let S : C — C be a nonexpansive mapping such that Fix(S) # 0. For given xo,u € C, let xn
be a sequence in the following process:

Yn = XnU+ (1 - (Xn)xn/
Xnt1 = PnXn + (1 - Bn)syn/ vn >0,

where {on )}, {Pn} are real number sequences in (0,1). Assume that the control sequence satisfies the following
conditions:
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(@) limn_yoo 0tn =0, and Y 0 otn = 00;
(b) 0 <liminf, ;o Bn < limsup,, ., Pn <1

Then, the sequence {xn} converges strongly to a point X € Fix(S§).

4. Some applications

In this section, we give two applications of our main results in the framework of Hilbert spaces. Now,

we consider Theorem 3.2, in the framework of Hilbert spaces, it is known that K = % Let H be a Hilbert
space and let C be a nonempty closed convex subset of H.

Theorem 4.1 ([5, Corollary 2.2]). Let A : C — 2 be a maximal monotone operator such that the domain of B
which is included in C and B : C — H be an «-inverse strongly monotone operator. Let S : C — C be a nonexpansive
mapping and let £ : C — C be a contraction mapping with the constant k € (0,1). Let J{ = (I+1nA)"! be a
resolvent of A for Ty, > 0 such that Fix(S) N (A + B)~1(0) # 0.

For given xg € C, let {xn} be a sequence defined by following:

Yn = onf(xn) + (1 —on)xn,
Xn+1 = Brnxn + (1 — Bn)slf\n (yn - rnByn + en)/ vn > 0,

where {own }, {Bn )} are real number sequences in (0, 1), {rn } is a real number sequence in (0, 2«) and {en } is a sequence
in H. Assume that the control sequences satisfy the following conditions:

(@) limn_yoo 0t =0, and Y 71 otn = 00;

(b) 0 <liminf, o0 By < limsup, ,  Pn <1

(c) limp oot =1, and 1€ (0, %),

(d) X no I en [I< oo

Then, the sequence {xn} converges strongly to a point X € Fix(S) N (A + B)~1(0). Next, we will give some related
results.

4.1. Application to projection for variational inequality

Let C be a nonempty, closed, and convex subset of a Hilbert space H. The metric projection of a point
x € H onto C, denoted by Pc(x), is defined as the unique solution of the problem

Ix=Pex| < fx—yl, VyeC, ¥xeH
For each x € H and z € C, the metric projection P¢ satisfies
z=Pc(x) <= (y—z,x—2z) <0, YyeC. (4.1)

Note that the metric projection is nonexpansive mapping.
Let g: H — (—o0, o0] be a proper convex lower semicontinuous function. Then the subdifferential dg
of g is defined as follows,

og(x) ={ze H:g(y) —g(x) > (y—x,z), Yy € H}

for all x € H. If g(x) = oo, then 9g(x) # (), Takahashi [21] claimed that 0g is m-accretive operator. Since
we know that, an m-accretive operator is maximal monotone operator in a Hilbert space, then we claim
that dg is maximal monotone operator. Then we define the set of minimizers of g as follows:

argmin, ., g(y) ={z € H: g(z) = glelﬂ gy}
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It is easy to verify that 0 € 9g(x) if and only if g(z) = minye g(y). Let ic be the indicator function of C

by
. 0, x € (C,
telx) = 400 x ¢ C.

Then ic is a proper lower semicontinuous convex function on H. So, we see that the subdifferential dic
of ic is maximal monotone operator; see [21]. The resolvent J, of dic for r > 0, thatis J,x = (I+ mdic) x
for all x € H. Next, we recall that set N¢(u) is called the normal cone of C at u defined by

Nc(uw) ={zeH:(z,y—u) <0, Yy € C}.
Since N¢(u) = dic(u). In fact, we have that for any x € Hand u € C,

u=Jx= (I+70ic) 'x <= x € u+71dicu
<= xeceu+rNc(u)
<= x—u€rNc(u)

1

= ;(x—u,y —u) <0, WyeC

— (x—uw,y—u) <0, WyecC

<= u = Pcx.
Then u = (I+1dic) 'x <= u=Pcxforallx e H, u e C.

Now, we consider the following variational inequality problem (VIP) for B is to find x € C such that
(Bx,y—x) >0, Yy e€C. 4.2)
The set of solutions of (4.2) is denoted by VI(C, B).
VI(C,B)={xe C:(Bx,y—x) >0, VyeC }.

Theorem 4.2. Let B : C — H be an «-inverse strongly monotone mapping. Let S : C — C be a nonexpansive
mapping and let f : C — C be a contraction mapping with the constant k € (0,1). Assume that Fix(S)NVI(C, B) #
(). For given xg € C, let {xn} be a sequence defined by following:

{ Yn = anf(xn) + (1 — otn)xn,
Xnt+1 = PnXn+ (1 —PBn)SPc(yn —m™Byn +en), ¥n >0,
where {an }, {Bn} are real number sequences in (0, 1), {rn} is a real number sequence in (0,2) and {en} is a sequence
in H. Assume that the control sequences satisfy the following conditions:
(@) imnp_yo0 0n =0, and Y 7 4 an = 00;
(b) 0 <liminf, ;o Bn < limsup,, . Pn <1
(¢) limp yootn =71, and 1€ (0,2x);
(d) 7ol en [I< 0.
Then, the sequence {xn } converges strongly to a point X € Fix(S) N VI(C, A), where X = Prix(s)nvi(c,B)f(X).
Proof. By Lemma 2.4 we know that Fix(J2(I—1B)) = (A +B)~1(0). Put A = dic, and we show that
VI(C,B) = (dic + B)~1(0). Note that
x € (dic +B)7H0) < 0 € dicx + Bx

<= 0€ Ncx+ Bx

<= —Bx € N¢x

< (—Bx,y—x) <0

<~ (Bx,y—x) >0

<~ x € VI(C, B).

From (4.1), therefore, we can conclude the desired conclusion immediately. O
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4.2. Application for equilibrium problems

Let F be a bifunction of C x C into R, where R is the set of real numbers. The equilibrium problem is to
find x € C such that
F(x,y) >0, Yy € C. (4.3)

The set of solutions of (4.3) is denoted by EP(F).
For solving the equilibrium problem, we assume that the bifunction F satisfies the following condi-
tions:

(A1) F(x,x) =0forallx € C;

(Az) Fis monotone, i.e., F(x,y) + F(y,x) <0 for any x,y € C;

(Az) for each x,y,z € C, limsup, . F(tz+ (1 —t)x,y) < F(x,y);

(A4) for each x € C, y — F(x,y) is convex and lower semicontinuous.

Lemma 4.3 ([3]). Let C be a nonempty closed and convex subset of a real Hilbert space H and let F be a bifunction
of C x Cinto R satisfying (A1)-(As). Let r > 0 and z € H. Then, there exists x € C such that

1
F(x,y) + ;(y —x,x—2z) >0, Vy € C.

Lemma 4.4 ([6]). Let C be a nonempty closed and convex subset of a real Hilbert space H and let F: C x C — R
satisfy (A1)-(Ag). For v > 0 and z € H, define a mapping T, : H — C as follows:

1
T.(z) ={x € C:F(x,y) —|—;(y—x,x—z> >0, Wy € C},Vz € H. (4.4)

Then, the following hold:

(1) T is single-valued;
(2) T is firmly nonexpansive, i.e., for any x,y € H,

HTrX_TTUHZ (T (x) = Te(y),x —y);

(3) Fix(Ty) = EP(F);
(4) EP(F) is closed and convex.

Lemma 4.5 ([22]). Let C be a nonempty closed and convex subset of a real Hilbert space Hand let F: C x C =+ R
satisfy (A1)-(Aq) and Ay be a multi-valued mapping of H into itself defined by

Ay = ] ZEHIFY) 2 {y—x2),YWyeC), xeC
00, x ¢ C.

Then EP(F) = A;l(O) and A¥x is a maximal monotone operator with the domain D(A¢) C C. Furthermore, the
resolvent T, of F coincides with the resolvent of A, i.e.,

Tex = (1 +TAF)_1(X), VxeH, r>0,
where T, is defined as in (4.4).

We recall that T, is the resolvent of Af for r > 0. Since A = Af, we will show that J,x = T,x. Indeed,
for x € H, we have

zeJx=(I14+1Ap) }x) < x € (I+1AF)z
< X Ez+TAFZ
<< Xx—2zE€TAFZ
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1
<— ;(x—z) € Afrz

=y 2 =2 (x—2)

— F(Z/U) 2 <y —Z T(Z_XD

<~ F(z,y) > _rl<y—z,z—x)

—_

<~ F(z,y)+-(y—z,z—x) >0, Wye C

..g

<— z e Tx.
Using Lemmas 4.3, 4.4, 4.5 and Theorem 4.1, we also obtain the following result.

Theorem 4.6. Let F: C x C — R which satisfies (A1)-(As). Let S : C — C be a nonexpansive mapping and let
f: C — C be a contraction mapping with the constant k € (0,1). Assume that Fix(S) N EP(F) # (. For given
xo € C, let {xn} be a sequence defined by following:

Yn = (xnf(xn) + (1 - an)xn/

Xn+1 = PnXn + (1 —PBn)STr (Yyn+en), Vn >0,
where {atn },{Bn} are real number sequences in (0, 1), {rn} is a real number sequence in (0,2) and {en } is a sequence
in H. Assume that the control sequences satisfy the following conditions:

(@) limn_oo 0tn =0, and Y 57 4 an = 00;
(b) 0 <liminfy, ;o n <limsup,, ,  Pn <1
(c) imp 00T =1, and v € (0,2a);

(d) 2 %ol en < oo
Then, the sequence {xn } converges strongly to a point X € Fix(S) N EP(F), where X = Pgix(s)nep(r)f(X).
Proof. Put A = Af and B =0 in (A + B)~1(0) from Theorem 4.1. Furthermore, for bifunction F: C x C —

IR, we define Afx as in Lemma 4.5, we have EP(F) = A;l(O) and let T, be the resolvent of Af for r, > 0.
Therefore, we can conclude the desired conclusion immediately. O

5. Numerical Example

In this section, we demonstrate the performance and convergence of Theorem 3.2 with the following
example.

Example 5.1. Let E = R and C = [-1,000, 1,000]. Define the following mappings

2 1 1
g(x—l), and S(x) 7§X_EX

We see that the proposed mappings satisfy the assumptions in Theorem 3.2. It is easily seen that for

3x —2rx —71
>0, JMI—-7B)(x) = T 3160

and J2 (I —1B), that is —% € Fix(S) N (A +B)~1(0) and can be seen in Figure 1.

f(x):=05x, A(x):=2x+1, B(x):=
1
. Furthermore, we have a point —3 which is in the fixed point sets of S

2n n+1

i
n+1’ T3+l T on

and ey, = 0 for all n > 0. So, {otn}, {Pn}, {rn}, and {e,} are real number sequences that satlsfy all of the
conditions (a)-(d) in Theorem 3.2.

We tested the algorithm (3.1) for this example starting three initial points are random and the compu-
tation results are reported in Figure 2. The computations associated with example were performed using
MATLAB software.

In this example, we set the parameters on algorithm (3.1) by o =
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y=ly_ L " Fixed Point Line
S@) =325 Y A+ B
A(z)=2z+1 o
B(z) = g (o=1)
z—1

JitI - B)(e) = 9

5
A+ B)'(0)

1’) 1
[/ -5 RSN
<2

Figure 1: The solution point of Fix(S) N (A + B)~1(0).

x — Values
o ~
[

—-0.125

_3 1 1 1 1 1 1 1
0 5 10 15 20 25 30 35 40

Number of Iterations (n)

Figure 2: Behavior of xy, for three different initial points xg = —3, 1, 4.

6. Conclusions and remarks

Our main results extend and improve in the following:

1.

Theorem 3.2 extends and improves Theorem 3.1 of Manaka and Takahashi [12, Theorem 3.1] from a
Hilbert space to a Banach space and from weak convergence to strong convergence.

Theorem 3.2 partially extends and improves Theorem 2.1 of Cho et al. [5, Theorem 2.1] from a
Hilbert space to a Banach space with uniformly convex and 2-uniformly smooth.

Theorem 3.2 extends and improves Theorem 3.1 of Qing and Cho [14, Theorem 3.1] from the problem
of finding an element of A~1(0) to the problem of finding an element of Fix(S) N (A +B)~1(0).
Theorem 3.2 extends and improves Theorem 3.7 of Sahu and Yao [17, Theorem 3.7] from the problem
of finding an element of A~1(0) to the problem of finding an element of Fix(S) N (A + B)~1(0).
Theorem 3.2 extends and improves Theorem 3.7 of Lépez et al. [11, Theorem 3.7] from the problem
of finding an element of (A + B)~!(0) to the problem of finding an element of Fix(S) N (A + B)~1(0).
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