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Abstract 
This paper is concerned mainly with the linear operators If

γ,α 
and Jf

γ,α
 of analytic function 𝑓.The norm 

of If
γ,α

 and Jf
γ,α 

on some analytic function spaces is computed in this paper. We study the relation between 

If
γ,α

 and Jf
γ,α 

operators, the  𝐵 𝜆 spaces and  𝑄𝑝  spaces (0 < 𝑝 < ∞). 

Keywords: Integral operator, Qpspaces, Pre-Schwarzian derivative. 

1. Introduction 

Let ℋ(𝔻)denote the class of analytic functions  fon the open unit disc𝔻 =  𝑧 ∈ ℂ ∶   𝑧 < 1 . Also 
denote by 𝒜 the subclass of ℋ(𝔻) consisting of functions normalized by 

𝑓 𝑧 = 𝑧 +  𝑎𝑛𝑧𝑛
∞

𝑛=2
 

and 𝒮 the class of all univalent functions in 𝒜. 

A function 𝑓 ∈ ℋ(𝔻) is a Bloch function if 

 𝑓 𝐵 ∶=  𝑓(0) + sup
𝑧∈𝔻

(1 −   𝑧 2) 𝑓′ 𝑧  < ∞. 

The space of all Bloch functions is denoted by 𝔹. A classical source for Bloch functions is [18, 19]. 

For 𝛼 > 0, the 𝛼-Bloch space, denoted by 𝔹𝛼 , is the space of all functions 𝑓 in 𝔻, for which 

 𝑓 𝔹𝛼 ∶=  𝑓(0) + sup
𝑧∈𝔻

 𝑓′ 𝑧  (1 −   𝑧 2)𝛼 < ∞. 

Obviously, 𝔹𝛼1 ⊂ 𝔹 ⊂ 𝔹𝛼2for 0 < 𝛼1 < 1 < 𝛼2 < ∞. 

The Hardy space 𝐻𝑝 (0 < 𝑝 < ∞) is the class of all functions 𝑓 analytic in 𝔻 such that 
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 𝑓 𝑝 ≔ lim𝑟→1
− 𝑀𝑝(𝑟, 𝑓) < ∞, 

where 

𝑀𝑝 𝑟, 𝑓 =  
1

2𝜋
  𝑓(𝑟𝑒𝑖𝜃 ) 

𝑝
𝑑𝜃

2𝜋

0

 

1

𝑝

,          (0 < 𝑝 < ∞) 

and 

𝑀∞ 𝑟, 𝑓 = max
 𝑧 ≤𝑟

 𝑓 𝑧  . 

we mention [4] as a general reference for the theory of Hardy spaces. 

The space 𝐵𝑀𝑂𝐴 consists of those functions 𝑓 𝑖𝑛  𝐻1 whose boundary values have bounded mean 
oscillation in the unit circle 𝜕𝔻 as defined by 𝐹. John and L. Nirenberg [10]. We mention [5, 6, 14], as 
general references for these space. Let us recall that 

𝐻∞ ⊂ 𝐵𝑀𝑂𝐴 ⊂  𝐻𝑝

0<𝑝<∞

,       𝐻∞ ⊂ 𝐵𝑀𝑂𝐴 ⊂ 𝔹. 

Even though the inclusion 𝐵𝑀𝑂𝐴 ⊂ 𝔹 is strict, a result of Pommerenke [13] implies that 

𝑺 ∩ 𝔹 = 𝑺 ∩ 𝑩𝑴𝑶𝑨( 1.1 ) 

Let 𝑑𝜍 denote the normalized Lebesgue area measure in 𝔻 and𝑔 𝑎, 𝑧 the Green function with 
logarithmic singularity at 𝑎 , 𝑖. 𝑒. , 𝑔 𝑎, 𝑧 = − log 𝜑𝑎 𝑧  , where 𝜑𝑎 𝑧 = (𝑎 − 𝑧)/(1 − 𝑎 𝑧) is the 
Mobius transformation of 𝔻. 

For 0 < 𝑝 < ∞, 𝑄𝑝  is the space of all functions 𝑓 ∈ ℋ(𝔻), for which  

 𝑓 𝑄𝑝

2 =  𝑓 0  2 + sup
𝑎∈𝔻

  𝑓 ′ 𝑧  2 1 −  𝜑𝑎 𝑧  2 
𝑝
𝑑𝜍 𝑧 

𝐷

< ∞. 

This space was introduced by Aulaskari and Lappan in [1] while looking for new characterizations of 
Bloch functions, and we mention the books [16] and [17] as general references for the space 𝑄𝑝 . Let us 
just mention here that 𝑄𝑝 = 𝔹 for all 𝑝 > 1; 𝑄1 = 𝐵𝑀𝑂𝐴; and that whenever 0 < 𝑝 < 1, 𝑄𝑝  is a proper 
subspace of 𝐵𝑀𝑂𝐴.Aulaskari, Lappan, Xiao, and Zhao[2] extended (1.1) showing that 

𝑺 ∩ 𝑸𝒑 = 𝑺 ∩ 𝔹,                  0 < 𝑝 < ∞ .          (1.2 ) 

For any 𝑓 ∈ ℋ(𝔻), the next two integral operators on ℋ(𝔻) are induced as follows: 

𝐼𝑓
𝛾 ,𝛼   𝑧 =  ′ 𝑤 𝑓𝛾 𝑤 𝑤𝛼−1𝑑𝑤

𝑧

0

,         𝑧 ∈ 𝔻 , 

and 

𝐽𝑓
𝛾 ,𝛼   𝑧 =   𝑤 𝑓′𝛾 𝑤 𝑤𝛼−1𝑑𝑤

𝑧

0

,         𝑧 ∈ 𝔻 , 

where 𝛾, 𝛼 > 0. 

If 𝛾 = 𝛼 = 1, then 𝐼𝑓
1,1  = 𝐼𝑓   and 𝐽𝑓

1,1  = 𝐽𝑓  , which are the Alexander operators and Both 
integral operators have been studied by many authors. See [12, 13, 16, 18, 19] and the references 
therein. 

Norm of composition operator, weighted composition operator and some integral operators have 
been studied extensively by many authors, see [7, 15]. 
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2. Main Results 

In this section, we state and prove our main results. In order to formulate our main results, we need 
the following lemma from ([11] , Lemma 2.1). 

Lemma 2.1.Let 0 < 𝑝 < 1. For any 𝑧0 ∈ 𝔻, the function 

𝑔𝑧0
 𝑧 =

𝑧0 − 𝑧

1 − 𝑧0 𝑧
− 𝑧0 

is analytic in 𝔻 and  𝑔𝑧0
 

𝑄𝑝
= 1/ 𝑝 + 1 1/2. 

Theorem 2.1.Let0 < 𝑝 < 1 and 𝛼 + 𝛾 ≥ 1. If 𝑓 ∈ 𝒜, then 𝐼𝑓
𝛾 ,𝛼

 is bounded on 𝑄𝑝  space if and only if 
𝑓 ∈ 𝐻∞ . Moreover,  𝐼𝑓

𝛾 ,𝛼
 

𝑄𝑝

=  𝐼𝑓𝛾 𝐻∞  where 𝐼 𝑧 = 𝑧𝛼−1. 

Proof.Let 𝑓 ∈ 𝐻∞and 𝑀 ∶=   𝑓 𝐻∞ . Then by Showarz lemma, for any 𝑧 ∈ 𝔻, we have 

 𝑓 𝑧  

𝑀
<  𝑧 ⟹ 

  𝑧𝛼−1𝑓𝛾 𝑧  < 𝑀 𝑧 𝛼+𝛾−1 ≤ 𝑀. 

Therefore 𝑧𝛼−1𝑓𝛾 𝑧 ∈ 𝐻∞  and there exists 𝐶 > 0 such that  𝐼𝑓𝛾 𝐻∞ = 𝐶. 

Now for any   𝑄𝑝
= 1, we have 

 𝐼𝑓
𝛾 ,𝛼

 
2

= sup
𝑎∈𝔻

  ′ 𝑧 𝑧𝛼−1𝑓𝛾 𝑧  
2
 1 −  𝜑𝑎 𝑧  2 

𝑝
𝑑𝜍 𝑧 

𝐷

 

 ≤   𝐼𝑓𝛾 𝐻∞
2 sup𝑎∈𝔻   ′ 𝑧  2 1 −  𝜑𝑎 𝑧  2 

𝑝
𝑑𝜍 𝑧 

𝐷
 

 ≤ 𝐶2  𝑄𝑝
 

 = 𝐶2. 

Then  𝐼𝑓
𝛾 ,𝛼

 
𝑄𝑝

≤ 𝐶.To prove the converse, for  given any 𝜖 > 0, there exists𝑧0 ∈ 𝔻 such that 

 𝐼(𝑧0)𝑓𝛾 𝑧0  > 𝐶 − 𝜖. Let 

 𝑧 =
𝑔𝑧0

 𝑧 

 𝑔𝑧0
 

𝑄𝑝

, 

where 

𝑔𝑧0
 𝑧 =

𝑧0 − 𝑧

1 − 𝑧0 𝑧
− 𝑧0. 

It is easy to see that 

  𝑄𝑝
= 1,       ′ 𝑧0   1 −  𝑧0 

2 = 1/ 𝑔𝑧0
 

𝑄𝑝
. 

Therefore we have 
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 𝐼𝑓
𝛾 ,𝛼

 
2

≥  𝐼𝑓
𝛾 ,𝛼

 
𝑄𝑝

2

 = sup
𝑎∈𝔻

  ′ 𝑧 𝑧𝛼−1𝑓𝛾 𝑧  
2
 1 −  𝜑𝑎 𝑧  2 

𝑝
𝑑𝜍 𝑧 

𝐷

 

 =  sup𝑎∈𝔻   ′ 𝜑𝑎(𝑤) 𝜑𝑎
𝛼−1(𝑤)𝑓𝛾 𝜑𝑎 (𝑤) 𝜑′𝑎 (𝑤) 

2
 1 −  𝑤 2 

𝑝
𝑑𝜍 𝑤 

𝐷
. 

Taking 𝑤 = 𝑟𝑒𝑖𝜃and by the subharmonicityof ′ 𝜑𝑎(𝑤) 𝜑𝑎
𝛼−1(𝑤)𝑓𝛾 𝜑𝑎 (𝑤) 𝜑′𝑎 (𝑤) 

2
, we obtain 

 𝐼𝑓
𝛾 ,𝛼

 
2

≥ sup
𝑎∈𝔻

 
1

𝜋

1

0

  ′ 𝜑𝑎 (𝑟𝑒𝑖𝜃 ) 𝜑𝑎
𝛼−1(𝑟𝑒𝑖𝜃 )𝑓𝛾 𝜑𝑎 (𝑟𝑒𝑖𝜃 ) 𝜑′𝑎 (𝑟𝑒𝑖𝜃 ) 

2
 1 − 𝑟2 

𝑝
𝑟𝑑𝑟𝑑𝜃

2𝜋

0

 

 ≥ sup
𝑎∈𝔻

 ′ 𝑎 𝑓𝛾 𝑎 𝑎𝛼−1 
2
 1 −  𝑎 2 

2
 2 1 − 𝑟2 

𝑝
𝑟𝑑𝑟

1

0
 

 =
1

1+𝑝
sup
𝑎∈𝔻

 ′ 𝑎 𝑓𝛾 𝑎 𝑎𝛼−1 
2
 1 −  𝑎 2 

2
 

 ≥  
1

1+𝑝
 ′ 𝑧0 𝑓

𝛾 𝑧0 𝑧0
𝛼−1 

2
 1 −  𝑧0 

2 
2
 

 ≥
1

1+𝑝

 𝑓𝛾  𝑧0 𝑧0
𝛼−1 

2

 𝑔𝑧0
 

𝑄𝑝

2 . 

By Lemma 2.1 we obtain 

 𝐼𝑓
𝛾 ,𝛼

 ≥  𝑓𝛾 𝑧0 𝑧0
𝛼−1 > 𝐶 − 𝜖. 

Since 𝜖 is arbitrary, we have 𝐼𝑓
𝛾 ,𝛼

 ≥ sup
𝑧∈𝔻

 𝑓𝛾 𝑧 𝑧𝛼−1 and the proof is complete. □ 

Theorem 2.2.Let 𝛾 ≤ 1 and  𝛼 ≥ 1. If  𝑓 ∈ 𝑄𝑝  , then 𝐽𝑓
𝛾 ,𝛼

 is bounded on 𝐻∞ . Moreover  𝐽𝑓
𝛾 ,𝛼

 
𝑄𝑝

≤  𝑓 𝑄𝑝
. 

Proof.If   𝐻∞ = 1, then we have 

 𝐽𝑓
𝛾 ,𝛼

  
𝑄𝑝

2

 = sup
𝑎∈𝔻

   𝑧 𝑧𝛼−1𝑓′𝛾 𝑧  
2
 1 −  𝜑𝑎 𝑧  2 

𝑝
𝑑𝜍 𝑧 

𝔻

 

 ≤     𝐻∞
2 sup𝑎∈𝔻   𝑓 ′ (𝑧) 2 1 −  𝜑𝑎 𝑧  2 

𝑝
𝑑𝜍 𝑧 

𝔻
 

 ≤   𝐻∞
2  𝑓 𝑄𝑝

2 =   𝑓 𝑄𝑝

2 . 

Therefore𝐽𝑓
𝛾 ,𝛼

is bounded on 𝐻∞  and  𝐽𝑓
𝛾 ,𝛼

 
𝑄𝑝

≤  𝑓 𝑄𝑝
. The proof is complete. □ 

Theorem 2.3.Assume that  0 < 𝑝 < 1, 𝛾 + 𝛼 ≥ 1 and  𝑓 ∈ 𝒜.Thenthe integral operator 𝐼𝑓
𝛾 ,𝛼

 is compact 
from 𝑄𝑝  space to 𝑄𝑝space if and only if 𝑓 ∈ 𝐻∞ . 

Proof.If  𝐼𝑓
𝛾 ,𝛼

is compact, then it is bounded, and by Theorem 2.1 it follows that 𝑓 ∈ 𝐻∞ . Now assume 
𝑓 ∈ 𝐻∞  and  𝑛 is a sequence in 𝑄𝑝   such that 𝑛 → 0. We have  

 𝐼𝑓
𝛾 ,𝛼

𝑛 
𝑄𝑝

2

 = sup
𝑎∈𝔻

  𝑛
′  𝑧 𝑧𝛼−1𝑓𝛾 𝑧  

2
 1 −  𝜑𝑎 𝑧  2 

𝑝
𝑑𝜍 𝑧 

𝐷

 

 ≤   𝑓𝛾 𝐻∞
2  𝑛 𝑄𝑝

2 . 
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Since for𝑛 → 0 on 𝔻  we have  𝑛 𝑄𝑝
→ 0, and by letting𝑛 → ∞ in the last inequality, we obtain 

thatlim𝑛→∞ 𝐼𝑓
𝛾 ,𝛼

𝑛 
𝑄𝑝

= 0. Therefore, 𝐼𝑓
𝛾 ,𝛼

 is compact. □ 

A function𝑓 ∈ ℋ 𝔻 is called uniformly locally univalent if there exists a constant 𝜌 > 0 such that 𝑓 is 
univalent on the hyperbolic disk (𝑧 − 𝑎)/(1 − 𝑎 𝑧) < tanh 𝜌 of radius 𝜌 for every 𝑎 ∈ 𝐷. It is known 
that a non-constant analytic function 𝑓 is uniformly locally univalent if and only if the norm 

 𝑓 ′′ / 𝑓′ = sup
𝑧∈𝔻

 1 −  𝑧 2  
𝑓 ′′  𝑧 

𝑓 ′ 𝑧 
  

of the pre-Schwarzian derivative 𝑓 ′′ / 𝑓′ of 𝑓 is finite. Let 

𝐵 𝜆 =  𝑓 ∈ ℋ 𝔻 ;   𝑓 ′′ / 𝑓′  ≤ 2𝜆 . 

Kim and Sugawa in [8, 9] investigated various properties of the functions belong to the class 𝐵 𝜆 .  The 
following Lemma is doue to Becker [3].  

Lemma  2.2.If 𝑓 ∈ 𝒜 and  𝑓 ′′ / 𝑓′ ≤ 1 , then  𝑓 is univalent.  

In the next theorem we prove: 

Theorem 2.4.Let 0 < 𝜆 < 𝛼 and 𝑓 ∈ 𝐵(𝜆). Then 𝑓 ∈ 𝔹𝛼  and  

 𝑓 𝔹𝛼 ≤  𝑓(0) +  𝑓 ′ 0  2𝜆+𝛼  . 

Proof.Let 0 < 𝜆 < 𝛼 ,  𝑧 = 𝑟 and 𝑓 ∈ 𝐵(𝜆). Then we have  

log  
𝑓 ′ 𝑧 

𝑓 ′ 0 
 ≤  log

𝑓 ′ 𝑧 

𝑓 ′ 0 
  

 =   
𝑓 ′′  𝑤 

𝑓 ′  𝑤 

𝑧

0
𝑑𝑤  

 ≤ 𝑟   
𝑓 ′′  𝑡𝑧 

𝑓 ′  𝑡𝑧 
 

1

0
𝑑𝑡 

 ≤ 𝑟  
2𝜆

1−𝑟2𝑡2

1

0
𝑑𝑡 

 = 2𝜆 log  
1+𝑟

1−𝑟
 

This implies 

 𝒇′ 𝒛  ≤  𝒇′ 𝟎   
𝟏+𝒓

𝟏−𝒓
 

𝝀
. ( 2.1 ) 
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Therefore we have  

 𝑓 𝔹𝛼  =  𝑓(0) + sup
𝑧∈𝔻

 𝑓′ 𝑧  (1 −   𝑧 2)𝛼  

 ≤  𝑓(0) +  𝒇′ 𝟎  sup
0<𝑟<1

(1 −  𝑟2)𝛼  
𝟏+𝒓

𝟏−𝒓
 

𝝀
 

 ≤  𝑓(0) + 2
𝜆+𝛼  𝒇′ 𝟎  sup

0<𝑟<1
 1 −  𝑟 𝛼−𝜆  

                                                         = 𝑓(0) + 2
𝜆+𝛼  𝒇′ 𝟎  , 

and the proof is complete. □ 

Theorem 2.5.Let  2𝜆 < 1 and 𝑓 ∈ 𝒜 ∩ 𝐵(𝜆). Then 𝑓 ∈ 𝑄𝑝   for all 0 < 𝑝 < ∞. 

Proof.Let2𝜆 < 1 and  𝑓 ∈ 𝒜 ∩ 𝐵(𝜆). By setting 𝛼 = 1 in Theorem 2.4, we have 𝑓 ∈ 𝔹 . On the other 
hand, by Lemma 2.1,  𝑓 is univalent in the open unit disc and so  𝑓 ∈ 𝑆 ∩ 𝔹. Then by relation (1.2),  
𝑓 ∈ 𝑆 ∩ 𝑄𝑝   for all 0 < 𝑝 < ∞.□ 

Corollary 2.1.Let 0 < 𝑝 < 1, 𝛾 + 𝛼 ≥ 1 and 2𝜆 < 1. If 𝑓 ∈ 𝐻∞ , then for all 𝑔 ∈ 𝐵(𝜆),  𝐼𝑓
𝛾 ,𝛼

𝑔 ∈ 𝑄𝑝  and 
𝐼𝑓
𝛾 ,𝛼

 is compact from  𝐵(𝜆) space to  𝑄𝑝space. 
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