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Abstract
Let T be an arbitrary time scale that is unbounded above. In this paper, we will present some stability

criteria for first order delay differential equations

X (1) = a(t)x(t) +bO)x(z (1)
using their asymptotic behavior.
AMS Mathematics Subject Classification: 34K20, 39A30
Keywords: Delay differential equations, Time scale, Asymptotic behavior, Stability.

1. Introduction

Time delays occur in many social and natural phenomena, often in a form of time gap between an
action/decision and the corresponding effects. Time delays also exist in different systems such as
mechanical systems, chemical systems, etc.

A major class in dynamical systems is delay differential equations. These equations particularly arise in
control problems. In a control problem, the state of the system is continuously monitored by a controller
and the system is adjusted after each monitoring process, based on the observations. Here, as a result of
the gap between monitoring and adjustment, a considerable time delay can occur.

A good example is the Insulin-Glucose system. The most important factors in this system are the amount
of Insulin, Glucose and their alteration rate. The system is represented with a delay differential equation
with two delays. Writing the mass conservation law for both Insulin and Glucose, we have:
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{G'(t) =Gj, — F,(G(1)) — f3(G()) £, (G(1) + f5(G(1)), (1)
'(t) = £ (G(t—71)) —d; 1 (1),
with the initial conditions
1(0)=1, >0,
G(0)=G, >0, G()=G, ;te[-7,,0],7;,>0 2)
1K) =1, ‘te[-7,,0],7, >0.

In this relation we present the production of Hepatic Glucose with f5(1), that is related to blood Insulin,
the rate of glucose consumption with f,(G) and the absorption with respect to Insulin with f5(G) f,(1).

2. Some Preliminaries

2.1 Time Scale

Despite the great importance of studying time delays, the theory of time delay equations had not been
developed until 1990. The study of time delay systems which was very difficult in the infinite-
dimensional space, became easy after developments in nonlinear dynamics.

The theory of time scales was introduced by Stefan Hilger in 1988. His main purpose was to unify
continuous and discrete analysis (see [1]). This theory is able to unify the theories of differential
equations and difference equations. Besides, it can extend those classical cases to cases in between.

Definition 2.1 ( time scale). A time scale T is an arbitrary nonempty closed subset of R .

The cases when this time scale is equal to the real numbers or to the integer numbers represent the
classical theories of differential and of difference equations. Many other interesting time scales exist, and
they give rise to plenty of applications.

A book on the subject of time scale by Bohner and Peterson [2,9] summarizes and organizes much of time
scale calculus. For the notions used below we refer to [2-10]. In the next section we recall some of the
main tools used in the subsequent sections of this paper.

Definition 2.2 let T be a time scale. For t e T we define the forward jump operator o:T —T by
o(t):=inf{seT :s>t}.

Definition 2.3 let T be a time scale. For t eT we define the backward jump operator o:T —T by
p):=sup{seT:s<t}

Definition 2.4 If o(t)>t, we say that t is right-scattered, while if po(t) <t we say that t is left-
scattered.
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Definition 2.5 If t <sup(T) and o(t) =t, we say that t is right-dense, and if t >int(T) and p(t) =t we
say that t is left-dense.

Definition 2.6 The graininess function «:T — R is defined by
ut):=o(t)-t.
Definition 2.7 If T has a left-scattered maximum m, then T* =T —m. Otherwise, T* =T . In summary,

T T —[(osupT),supT] ,supT <o
B T ,SUpT =co.

Definition 2.8 If f:T — R is a function, when we define the function f°:T —R by
fo@t) = f(o(t)) = foo(t).

Example 2.9 In the following table, we get some examples:

time scale o p H
T=R o(t) =t pt) =t u)=0
T=z o) =t+1 o) =t-1 u(t) =1

T=[ab] o(t)=t pt) =t u(t)=0
T=hz ot)=t+h p(t)=t-h u(t)=h

Definition 2.10 Assume f:T — R is a function and let t e T*. Then, we define f*(t) to be a number
(provided it exists) with the property that given any ¢ >0, there exist a neighborhood U of t, such that

VteT VseU |[[f(o®)—f(s)]- f2M[ct)—sl<e|o(t)-s].
We call f(t) the delta (or Hilger) derivative of f at t.
Theorem 2.11 (see [2]). Assume f:T — R is a function and let t eT*. Then we have the following:
1. If f isdifferentiable at t, then f is continuousat t.
2.If f iscontinuous at t and t is right-scattered, then f is differentiable at t with

fle@-f®

fA@) =
® u(t)
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3. If f isright-dense, then f is differentiable at t iff the

- f)-1f(s)
lim—————
st t-s

exists as a finite number. In this case

£ = lim 1),

st t-s

4. If f isdifferentiable at t, then

flo®) = fO)+u® 2 @).

Definition 2.12 A function f:T — R iscalled regulated provided its right-sided limits exist (finite) at all
right-dense points in T and its left-sided limits exist (finite) at all left-dense pointsin T .

Definition 2.13 A function f:T — R iscalled rd-continuous provided it is continuous at right-dense
points in T and its left-sided limits exist (finite) at all left-dense points in T . The set of rd-continuous
functions f:T — R will denoted by C4(T).

Definition 2.14 A function f:T — R iscalled regressive
1+ ut)f () =0.

The set of all function f:T — R that are regressive will be denoted by R. Also the set of all positively
regressive function, that is

{f eR: 1+ u(t)f (t) >0, forallteT}

will be denoted by R*.

Definition 2.15 If peR, then we define the exponential function by
t
p(t.t) = Y(O) = &P &) (PN ASHY(to) ©)
0

forall s,teT, where £, (z) isthe cylinder transformation, which is given by

Log(1+ hz)

¢n(z) = h
z ,h=0

,h=0

Theorem 2.16 ( Mean Value Theorem(see [2])). Let f be continuous on [c,d] and delta-differential on
[c,d), where ¢c,d eT, c<d. Then there exist a,b e[c,d) such that
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f2a) <1 @D=TO) _¢aqy
d-c

Theorem 2.17 ( Chain Rule(see [2])). Assume that f :T — R isincreasing, T := f(T) is a time scale and

let g:=T >R.If £ and g®(f () existfor all teT, where " " is the delta-derivative on T , then
vteT, (gof) (@) =g (f@®) ().

Theorem 2.18 ( Substitution(see [2])). Let f eCL,(T) be an increasing function, T := f(T) be a time
scale and let g eC,4(T). Then

vedeT, [“g0f mat=[ (ol H)s)A()
Theorem 2.19 (see [2]). Let y,f €C,4y and peR*. Then
vteT y2(@t) < p(t)y(t)+ f(t).
implies
vieT yO)<ylto)e,(t.ty) + j;ep (t,o@®) f (r)A7.

2.2 Stability

In [3] M. Adivar and Y. Raffoul represent some stability criteria for first order delay differential equations
x® (1) = b()x(t) —a)x(z(t) 7" (), (4)

with the use of Lyapunov theorem and fixed point theory. Also, Kipnis and Levitskaya in [4], present
some stability criteria for first order differential and difference equation.

First, we get some definitions for the stability of solutions of an arbitrary differential equation.
Definition 2.20 Let x(t) be a solution of the system

X2 (1) = b()x(t) —ax(z(®)z* (1)
we say that x(t) is asymptotically stable if

limx(t) =0 (5)

t—oo
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2.3 The Asymptotic Behavior
Throughout the paper, we suppose that the time scale under consideration is not bounded above, i.e.
supT =0,

First, we are looking for some relations to study stability of solutions of first order delay differential
equations. Next, we introduce some auxiliary functional relations which turn out to be of great importance
in the asymptotic investigation of

X2 (t) = at)x(t) + b(t)x(z ().
We consider the equation
vteT, w()=w®)-1, (6)
and the inequality
VteT, [b(t)|4(z(®) <l at)|4). )
The simple result ensuring the existence of a solution of (6) have certain delta-differential properties.

Proposition 2.21 (see [5]). Assume that the function e C,(T) satisfies z(t) <t forall teT, z* is
positive and non increasing on [ty,o) for some t, €T and let z(T) =T . Then there exist an unbounded
solution y e Cl, ([ty,0) of (6) whit a positive and non increasing delta-derivative on [z(t,), ).

The question of the existence of a positive solution ¢ of (7) having certain additional properties can be
dealt with similarly. In particular, if a and b are nonzero constant functions, then (7) becomes

VteT, [blg(z(®) <ala) (8)
and ¢(t) :|g|"’ ® where y is a solution of (6), and this defines the positive function satisfying (8).

Consider the following equation:
vteT, x2(t)=a(t)x(t) +bt)x(z(t)), €)]

J. Cermak and M. Urbanek have shown the following theorems and corollaries about asymptotic behavior
of solutions of (9) in [5]:

Theorem 2.22 (see [5]). Consider Equation (9), where a,b,z € C4(T), a(t)>0,b(t)=0 forall teT and
let -:T —T beincreasing on T such that z(t) <t forall teT and lim.7(t) = . Further assume that

Vi, eT, Itwlb(t)lea(r(t),a(t))At <o, (10)
0
then for any solution x of (9) there exists a constant L eR such that
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t|im x(t)e, (ty,t) = L. (1)

Lemma 2.23 (see [5]). Consider the equation
teT, x*(t) = ax(t)+bx(z(t)), (12)

where a>0, b=0 are real scalars and r is a delta-differentiable on T such that z(t) <t for all teT,

r(T)=T and 0<7z*<A<1on T.Let x be asolution of (12) satisfying (11) with L =0, i.e.,
X)=0(e,(t.ty), ast—oo (13)
and let ¢ be a positive solution of (8), then
X(t) = O(¢(t))- (14)

Theorem 2.24 (see [5]). Consider equation (12), where a>0, b=0 are real scalars and r is a delta-
differentiable function on T such that z(t) <t for all teT, z(T)=T and 0<z*<A1<1 on T. Then any

solution x of (12) satisfies (11). Moreover, if X; , X, are solutions of (12) satisfying (11) with the same
limit L. Then

X () =%, (t) =O(g(t)) ast—o,
where ¢ is a positive solution of (8).
Now, we consider the equation (9) with a negative coefficient a.

Proposition 2.25 (see [5]). Let aeR™, a(t)<a <0 forall teT and let = be a delta-differentiable

function on T such that z(t)<t forall teT, 7(T)=T and 0<z*<A<1 on T.Then

u(t)=0,
onT.

Using proposition (2.25) we can derive the following consequence:

Corollary 2.26 (see [5]). Consider Dynamic equation (9), where aeR", beC4(T), reClL(T), a is
non increasingon T, a(t)<a <0, 0#b(t)[< B, z(t)<t forall teT, z(T)=T, z* is positive and non

increasing on T and z“(t,) <1. If y is a solution of (6) with the properties guaranteed by Proposition
(2.21)), then

x() = 0Ly 0)  as t o
-
for any solution x of (9).
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3. Stability Results
Theorem 3.1 Assuming that the assumptions of corollary (2.26) holds and g < -« , then the solution x(t)
of (9) is asymptotically stable.

proof. According to definition (2.20), we must show that if x(t) is a solution of (9), then

limx(t) = 0.

t—owo

From Proposition (2.21) it becomes clear  that is a solution of (6) is an increasing and unbounded
function. Also according to Corollary (2.26) we know that if g < -« then

40 =(Ly0 50 astoo
-a

Then from Lemma (2.23) we see that
X(t) = O(4(t)).
Thus we have

limx(t) = 0.

t—wo

Example 3.2 Let T =R and consider the equation
X'(t) = a(t)x(t) + b(t)x(z(t)),

t2
2t? +1

that « is a differential function on | =[ty,«), t; 21, a(t) :ﬁ and b(t) = , and let z(t) <t for all
+

tel, limswoz(t)=c and 0<7'(t)<A<lon I.

It can be shown clearly that a(t) <0, a,beC(l), b(t) #0. Also we have
at)<-1=a, |b(t) |<% - B,
and pB < -« . Thus according to (2.26), ¢(t) >0,ast—>oo.
= X{t)=0(g(t) >0 ast—ow
that is, from Theorem (3.1), x(t) is asymptotically stable.
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