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Abstract
In this paper, we investigate the non-Archimedean intuitionistic fuzzy continuity through the existence
of a certain solution of a fuzzy stability problem for the system of additive-quadratic-cubic-quartic
functional equations.
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1. Introduction

The study of stability problems for functional equations is related to a question of Ulam [25]
concerning the stability of group homomorphisms and affirmatively answered for Banach spaces by
Hyers [12]. The results of Hyers were generalized by Aoki [2], Rassias [21] and Gavruta [10],
respectively. We refer the reader to see, for instance, [1, 4, 5, 6, 7, 8, 9, 24] for more information on
different aspects of stability of functional equations. The notion of intuitionistic fuzzy set introduced by
Atanassov [3] has been used extensively in many areas of mathematics and sciences. The notion of
intuitionistic fuzzy norm [22, 13, 20] is also useful one to deal with the inexactness and vagueness arising
in modeling. There are many situations where the norm of a vector is not possible to find and the concept
of intuitionistic fuzzy norm seems to be more suitable in such cases, that is, we can deal with such
situations by modeling the inexactness through the intuitionistic fuzzy norm. The stability problem for
Pexiderized quadratic functional equation, Jensen functional equation, cubic functional equation,
functional equations associated with inner product spaces, and additive functional equation was
considered in [14, 15, 16, 17, 18, 23], respectively, in the intuitionistic fuzzy normed spaces.
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In this paper, we determine some stability results concerning the system of additive-quadratic-cubic-
quartic functional equations

(f(axy + bxy,y,z,w) + f(ax; — bxy,y,z,w) = 2af (x1,y,2z,w)
fCx,ay; + bys, z,w) + f(x,ayy — by,, z,w) = 2a® f(x,y1,2,w) + 2b*f (x,y,,2,w)
f(x,v,az, + bzy,w) + f(x,y,az, — bzy,w) = ab’(f(x,y,21 + z5, W)
\ Hf Yz = 23, w)) + 2a(@® — b f(x,y, 21, W)
f(x,y,z,awy + bwy) + f(x, 5,2, aw; — bw,) = a?b?(f(x,y,z,wy + w;)
+f(x,y,z,w; —wy)) + 2a(a® — b®)f(x,y,z,wy) — 2b%(a®? — b2 f(x,y,2,w,) (1.1)

where a, b € Z\{0} with a # +1,+b, in the setting of non-Archimedean intuitionistic fuzzy normed
spaces. We also study the non-Archimedean intuitionistic fuzzy continuity through the existence of a
certain solution of a fuzzy stability problem for the system of additive-quadratic-cubic-quartic functional
equations. Note that, the function f:RxR xR xR — R given by f(x,y,z,w) = cxy?z3w* is a
solution of (1.1).In particular, putting x =y =z = w, we get a dectic function g:R — R in one
variable given by g(x) = f(x,x,x,x) = cx'?. The proof of the following proposition is evident, and we
omit the details.

Proposition 1.1. Let Xand Y be real linear spaces. If a mapping f:X XX X X X X - Y satisfies
system (1.1),then f(Ax, uy,nz,yw) = Au’n3y*f(x,y,z,w) for all x,y,zw € X, and all rational
numbers 4, u,n,v.

2. Non-Archimedean intuitionistic fuzzy normed spaces

In this section, we introduce the concept of non-Archimedean intuitionistic fuzzy normed space and
further define the notions of convergence and Cauchy sequences in this new framework.

A valuation isamap |.| from a field K into [0, ) such that 0 is the unique element having the 0
valuation, |k1k,| = |k1||k,|, and the triangle inequality holds, that is, |ki + k,| < |k¢| + |k,|, for all
kq,k, € K. We say that a field K is valued if K carries a valuation. The usual absolute values of R and
C are examples of valuations.

Let us consider a valuation which satisfies stronger condition than the triangle inequality. If the

triangle inequality is replaced by |k; + k,| < max {|kq], |k,|} for all k;,k, € K then, a map |.| is
called non-Archimedean or ultrametric valuation, and field is called a non-Archimedean field. Clearly
1] =]—=1]=1and |n|] < 1, for all n € N. A trivial example of a non-Archimedean valuation is the
map | .| taking everything but 0 into 1 and |0]| = 0.

Let X be a vector space over a field K with a non-Archimedean valuation |.|. A non-Archimedean
normed space is a pair (X, ||.|), where ||.]|:X — [0, ) is such that
M.l =0,ifand only if x = 0;

(i) || Ax || = A||x ||, forall A € Kand
(iii) the strong triangle inequality, || k1 + k2 || < max {|| k1 ||, || k2 |[3 forall x,y € X.

In [11], Hensel discovered the p-adic numbers as a number theoretical analogue of power series in
complex analysis. The most interesting example of non-Archimedean spaces is p-adic numbers.
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A binary operation =: [0,1] x [0,1] = [0,1] is said to be a continuous t-norm if it satisfies the
following conditions:
(a) = is associative and commutative, (b) * is continuous, (¢c) a* 1 =a foralla € [0,1]and (d) a x b <
c *d whenevera < cand b < d foreacha,b,c,d € [0,1].

A binary operation ¢ : [0,1] x [0,1] — [0,1] is said to be a continuous t-conorm if it satisfies the
following conditions:
(@) ¢ is associative and commutative, (b") ¢ is continuous, (c) a ¢ 0 = a forall a € [0,1] and
(d)a 0 b <cddwhenevera <candb < dforeacha,b,c,d € [0,1].

Definition 2.1. The five-tuple (X, F, P, *, 0) issaid to be a non-Archimedean intuitionistic fuzzy
normed space (for short, non-Archimedean IFN space) if X is a vector space over a non-Archimedean
field K, * is a continuous t-norm, ¢ is a continuous t-conorm, and F, P are functions from X x R to [0,1]
satisfying the following conditions. For every x,y € X and s, t € K,

(D) Flx,t) + P(x, t) <1, (ii) F(x, t) > 0, (iii) F(x,t) =1 ifandonly if x =0, (iv) F(ax,t) =

F (x, I;z_l) foreacha # 0, (V) F(x,t) * F(y,s) < F(x + y,max{t,s}), (vi) F(x,.):(0,0) - [0,1]is
continuous, (vii) lim;_, F (x,t) = 1 and lim,_y F (x,t) = 0, (viii) P(x,t) <1, (ix) P(x,t) =0 if
andonlyifx =0, (X) P(ax,t) =P (x, Izz_l) foreach @ # 0, (xi) P(x,t) 0 P(y,s) = P(x + y, max{t, s}
), (xii) P(x,.): (0,00) - [0,1] is continuous, (xiii)lim;_. P (x,t) =0 and lim, P (x,t) = 1.

In this case (F, P) is called a non-Archimedean intuitionistic fuzzy norm.

Example 2.2. Let (X,|| . |) be a non-Archimedean normed space, a* b=ab and a b=
min {a + b, 1} foralla,b € [0,1]. Forallx € X, allt > 0 and k = 1,2, consider the following:

‘ kil I
F (o, t) = { 4kl xl t>0 and P, (x,t) = { Crkl x] £>0

0 t<0, 0 t<0.

Then (X, Fi, Py, *, ¢) isanon-Archimedean intuitionistic fuzzy normed space.

Definition 2.3. Let (X, F, P, =, 0) be a non-Archimedean intuitionistic fuzzy normed space. Then, a
sequence s = (s,) is said to be

(i) convergentin (X, F, P, =, 0) orsimply (F,P)-convergentto A € X if forevery e > 0andt > 0,
there exists ny € N such that F(s, —A,t) > 1—€ and P(s,, — A, t) < € for all n > ny. In this case we
write (F,P)- lims,, =4 and A is called the (F, P)- limit of s = (s,,).

n—oo

(if) Cauchy in (X, F, P, =, 0)or simply (F,P)-Cauchy if for every e > 0and t > 0, there exists
ny € N such that F(s,, —s,,,t) >1—€ and P(s,, —s,,,t) < e forall n = ny. A non-Archimedean
IFN-space (X, F, P, =, ¢) issaid to be complete if every (F,P)- Cauchy is (F,P)- convergent. In this
case (X, F, P, =, ¢) iscalled non-Archimedean intuitionistic fuzzy Banach space.

Throughout this paper, we assume that I = {1,2,3,4}.
3. Non-Archimedean intuitionistic fuzzy stability

In this section, we deal with the stability results concerning for system of functional equations (1.1) in
non-Archimedean intuitionistic fuzzy normed spaces.
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Theorem 3.1. Let X be a linear space over a non-Archimedean field K and let (Z, T',P') be a non-
Archimedean IFN space. Suppose that ¢;: X X X X X X X x X — Z for i € be functions such that |a| < 1
is far from zero and for some real number « with |a| > |a|'°,
, Xy Zwvuv ,
F ((pi(_l_'_'_'_'t)zg: (Qoi(va/»Z»W;v)Jah)
) Xy zZwv G

______ <P (0
P 222 0 <P (i y, 2w lal)

for all x,y,zw,v € X, t>0 and i€ [. Let f be a mapping from X X X XX x X to a non-

Archimedean intuitionistic fuzzy Banach space (Y,F,?P) such that f(x,0,z,w) =0, f(x,y,2,0) =0
forall x,y,z,w € X, and satisfying

F(f(ax; + bxy,y,z,w) + f(ax; — bxy,y,2z,w) — 2af (x1,y,2z,w), t)

> F' (1 (x1,%2,7,2,W), 1),
(3.2)
| P(f(axq + bxy,y,z,w) + f(ax; — bxy,y,z,w) — 2af (x1,y,2z,w),t)

< :P’ ((pl (xl' X2,Y,Z, W)' t)'

f.‘]-"(f(x, ayi + byZ'Z)W) +f(x) ays — byZ)Z;W) - Zaz f(x'}’pZ;W) - szf(x:}’z'Z'W) :t)
ZT((pZ(xlyl'YZ'Z;W);t);
J (3.3)

“P(f(xlayl + byZIZ'W) +f(x'a}’1 - byZ'Z:W) - 2a2 f(x,}’pZ,W) - szf(x,YZ:Z,W).t)
<P (<P2(x'}’1:}’2'Z»W),t),

(F(f(x,y,azy + bzy,w) + f(x,y,az; — bzy,w) — ab?(f(x,y,2; + 25, W) + f(x,V,21 — Z,,W))

_Za(az - bz)f(x,y,zl,w),t) = 7:’(€03(X,y'21,22,w).t).
X (3.4)

P(f(x,y,azy + bzy,w) + f(x,v,az; — bzy,w) — ab?(f(x,y,2z; + 25, W) + f(x,V,2, — Z3,,W))
—2(1(0,2 - bz)f(x'yle'w)' t) < 3)’(403(75,}’, Zl:ZZIW)'t):

and

(F(f(x,y,z,awy + bwy) + f(x,y,z,aw; — bw,) — azbz(f(x,y, zZ,wy +wy) +f(x,y,z,w; —wy))
—2a%(a?® = bHf(x,y,z,wy) + 2b%(a® — b2 f(x,y,z,wy), t) = F (@4(x,y,2z,wy, W), ), (3.5)

P(f(x,y,z,awy + bwy) + f(x,y,z,aw; — bw,) — azbz(f(x, v, Z,wy +wy) + f(x,y,z,w; —wy))
—2a%(a* = b)f(x,y,z,wy) + 2b%(a? = bA)f(x,y,2,wy), 1) < P (pa(x,y,2,w1,wy),0),

forall x,y,z,w, x1, x5, y1, V2, 21, Z2, w1, Wy € X and all t > 0. Then there exists a unique dectic mapping

D: XxXxXxX—-Y suchthat

F(f(x,y,z,w) —D(x,y,z,w),t) = M (x,y,z,w,(|a | — la|1%)t)
(3.6)
P(f(x,y,z,w) = D(x,y,z,w),t) <N (x,y,z,w,(|la | — |a|10)t)
forall x,y,z,w € X and t > 0, where
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(M(x.y,z,w. t) = F (@1 (x,0,,2,w),|2||a]°t) * F' (p2(ax,y,0,2z,w),|2||a|~"t)
*F (o3 (ax,ay,z,0,w),|2]||la|™t) * F' (¢, (ax,ay,az,w,0),|2|t)

(3.7)
{ N(x,y,z,w,t) = P'(p1 (x,0,y,z,w),12]|a|~%t) ¢ P’ (p;(ax,y,0,z,w),|2||a|~"t)

0P (03 (ax,ay,z 0,w),|2]la|™* t) 0 P (¢, (ax,ay,az,w,0),|2|t).
Proof. Put x, = 0 and replace xy,y,z,w by 2x,2y, 2z, 2w respectively, in (3.2) we get

F(f(2ax,2y,2z,2w) — af (2x,2y,2z,2w),t) = F'(p1(2x,0,2y, 2z, 2w), |2]t)

(3.8)
P(f (2ax, 2y,2z,2w) — af (2x, 2y, 2z,2w),t) < P (p1(2x,0,2y,2z,2w), |2|t),

forall x,y,z,w € Xandt > 0.Puty, = 0andreplace x,y,,z,w by 2ax, 2y, 2z, 2w respectively, in
(3.3) we get

F(fQax,2ay, 2z,2w) — a®f(2ax, 2y, 2z,2w),t) = F (¢,(2ax,2y,0,2z,2w),|2|t)
3.9
P(f(2ax,2ay,2z,2w) — a’f(2ax, 2y, 2z,2w),t) < P (p2(2ax, 2y,0,2z,2w), |2]t),

forall x,y,z,w € Xandt > 0.Putz, = 0andreplace x,y,z;,w by 2ax, 2ay, 2z, 2w respectively, in
(3.4) we get

F(f(2ax, 2ay, 2az,2w) — a®>f(2ax, 2ay, 2z,2w),t) = F (p3(2ax, 2ay,2z,0,2w), |2|t)
(3.10)
P(f (2ax, 2ay, 2az, 2w) — a3 f(2ax, 2ay, 2z,2w),t) < P (p3(2a2ax,2ay,2z,0,2w), |2|t),

forall x,y,z,w € Xandt > 0.Putw, = 0 and replace x, y, z, w; by 2ax, 2ay, 2az, 2w respectively, in
(3.5) we get

F(f(2ax, 2ay, 2az, 2aw) — a*f (2ax, 2ay, 2az,2w),t) = F (@4(2ax, 2ay, 2az, 2w, 0), |2|t)
(3.11)
P(f(2ax,2ay, 2az, 2aw) — a*f (2ax, 2ay, 2az,2w),t) < P (p4(2ax,2ay,2az, 2w, 0), |2]t),

forall x,y,z,w € Xandt > 0. Thusforall x,y,z,w € Xandt > 0, we have

(F(f(2ax, 2ay, 2az, 2aw) — a'® f(2x, 2y, 2z, 2w), t)
> F'(¢1(2x,0,2y,22,2w),|2||a| %) *  F (@,(2ax,2y,0,2z,2w),|2||a|"t)
* .‘F'(<p3(2ax,2ay,22,0,2w),|2||a|_4t)* T’(<p4(2ax,2ay,2az,2w,0),|2|t)
) (3.12)
P(f(2ax,2ay,2az, 2aw) — a'® f(2x, 2y, 2z, 2w), t)
> P (91(2x,0,2y,2z,2w),|2]la]~%t) ¢ P (¢,(2ax,2y,0,2z,2w),|2||a|~"t)
\ 0 P (p3(2ax,2ay,2z,0,2w), |2||al~*t) ¢ P (@s(2ax,2ay,2az,2w,0),|2|t).

Replace x,y,z,w by =,

y z
2

,2,% respectively, in (3.12) and using (3.1) we obtain

N R
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F(f(ax,ay,az,aw) — a'’f(x,y,z,w),t) = M(x,y,z,w,t)
(3.13)
P(f(ax,ay,az,aw) — alof(x, v,zZ,w),t) <N(x,y,z,w,t)

y z w
ak+1’ k+1? gkt gk+l

forall x,y,z,w € Xandt > 0.Replace x,y, z,w by
using (3.1) we obtain

respectively, in (3.12) and

x 0y z w Xy z w
10(k+1) _ 10k 10k 4 k+1
T(a f(ak+1’ak+1’ak+1’ak+1) a f(ak’ak’ak' ) |al ) > M(x,y,z,w,|al*'t)

X y VA w Xy Z w
10(k+1) _ 10k 10k k+1
?(a f(ak+1pak+1lak+1pak+1) a f(ak;akpak; ) |a| t) SN(x,y,Z,W,|0(| t),

forall x,y,z,w € X,t > 0andan integer k > 0. By replacing t by Ialﬁ we get

10k
10(k+1 y _z W ke (X Y 2z wy la
(T( ( )f(ak+1 ak+1’ak+1’ak+1) a f(a—k'a—k;a—k'a—k);m—kﬂf =My, z,w,t)
{ " (3.14)

X y z w Xy z wy |a
10(k+1) _ 10k -) =
l? <a f(ak+1'ak+1'ak+1'ak+1) a f(ak’ak’ak’ak)'|a|k+1 t) <Ny, zw0).

It follows from

tne(X Y Z W
a"f ' atat at —f(x,y,2z,w)
n—1
= 3 atotsng ( x Yy zZ W )_alokf(ilil)
& ak+17 gk+1’ ghk+1" gk+1 ak’ak’ ak’ ak

10k
10 Xy z w lal
T(a nf(a_n'a_npa_n a_n)_f(x s W) | |k+1

= z w x z wy |a]tok
- | |3_~ 10(k+1)f( y ) 10kf( y ) ¢
= ak+17 gk+17 gk+1’ gk+1 ak’ gk’ ak’ qk ) |a|F+T

10k
10 Xy zw | |
P(a nf(a_n'a_"'a_n'a_") -fxy 2 W) | |k+1

T ( 10(k+1) ( X y z W ) 10k (x y Z W) |al %
S f —a%f (= % —t)
| a a

k1 gk +17 gk+1 gk+1 ak ' ak’ gk k) " ||k +1

<N, y,2zw,t),

forall x,y,z,w € X, t > 0 and n > 0, where [[;_; ex=€1 * & *...x g, and [ [} er=¢1 0 €2 0...0 &,.
Replacing x, v, z, w by — ak,ak, Zk, - respectively in the last mequalltles we have
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n—1

10(k+p)
F 10(n+p)f( y £ W ) 10pf(x Y Z W) lal” ~°7 t
antp’ gntp’ gntr’ gntp aP ap ap " aP ~ | a | k+1

>M(x,y,z,w,|alPt)

n—1

10(k+p)
P a10<n+10)f( x Yy z W ) 10pf(x Yz W) al” =7 t
antp’ gntp’ gntp’ gntp a? ap ap "aP 4 |(Z|k+1

SNy, zw,|alPt).

Whence

n—1
10(k+p)
(g (2 2 5 (x> 2wy St
ante’ gntp’ gntpe’ gntp al’aP’ a?’ aP |a|k+p+1
k=0
=>M(x,y,z,w,t)
n—1
10(k+p)
p [ g100+p) X y z w 107 Xy zw |a] .
a f n+p’ gntp’ gntp’ gn+ f k+p+1
anrtp’ qntp’ qnte’ qntp apapapapkolalp

<N(x,y,2zw,t)

forall x,y,z,w € X,t >0, n>0and p = 0. Hence,

fg:(alo(nH?)f( X Y z w )_f(x Yz W) t)
an+p’an+p’an+p’an+p ap ap ap aP
t
ZM x' IZIWI—
y st |10k
k=p |a,|k+1 315
) x y z w Xy z w (315)
? (aroemr ( )G w @)
antp’ gntp’ gntp’ gntp al’ab’ ar’ ab/’
t
SN xl IZIWI—
Yy st |10k
k=p |a,|k+1

Il ||k+1 < oo . This shows that( 1°”f( )) is a Cauchy

sequence in non-Archimedean intuitionistic fuzzy Banach space (Y, F, P) and so it converges to some
point D(x,y,z w) € Y. Thus, we define a mapping D: X X X X X X X — Y such that

Since|a| > |a|'?, we have Y7,

n’ an an'an

Xy z w
_ 10n -z -
D(x,y,z,w) = (F,P) llma f( 'a"'a”)'
Hence forall x,y,z,w € X and t > 0, we have
y z w
10n _) — =
im0 (G o ) ~ D@z =1
y z w
10n _) — =
Jim P (G g var) = DG 2w =0
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Moreover, if we put p = 0in (3.15), we get

T(alonf(iliK)_f(xyzw)t)>M xyzw;
a®’at’ q*’ an ) R I
Zk:OM—k-I-l

Xy z w t
:P(aIOn (_’_’_’_)— X, ,Z,W,t)SN X, V,Z,W,————————=7-
f a*’a®’ at’ a® f( y ) y n—lM
Zk=()|a|k+1

forall x,y,z,w € X,t > 0and n > 0. Therefore,

F(D(x,y,z,w) — f(x,y,z,w),t) >T(D(x Y, Z, W) —alonf((fn zln aZn,aKn),t)

. T(alonf(_’_’_’_)—f(x,y,Z,W),t) > M x,y,Z,W,W

k=0 |a|k+1

y zw
:P(D(x,y,Z.W)—f(x,y,z,W),t)2?(D(x,y,2,W)— wnf(an P an’a_n)’t)

0 :P(alonf(i,l,i,ﬁ) _f(x,y,z,w),t) <N X,}’:Z,W,W

at a" a"* a"
kzow

forall x,y,z,w € X,t > 0and n > 0. Letting n — oo in the above inequalities, we

F(Dy,z,w) = fx,y,2w),t) = Mx,y,zw, (la| - |a]**)t)

POy, zw) = f(x,y,2w),t) = M(x,y,z,w,(la] —|al')t).
Hence, D satisfies (3.6). Let x,y, z, w, X1, X2, V1, V2, 21, Z2, W1, W, € X, then
( F(D(axq + bxy,y,z,w) + D(ax; — bxy,y,z,w) — 2aD(x1,y,z,w),t)

n

>F <(p1(x1,x2,y,z, W),%t)
< P(D(axy + bxy,y,z,w) + D(ax; — bxy,y,2z,w) — 2aD(x1,y,z,w),t)

, la|™
\ <P (Pl(xl'xz'y'z'w)'lallont’

, la|™
>F | o2(x,¥1,¥2,2, W), PIEE t

|la |"
(p2(x Y1,Y2,24, W) | |10n )

180

( F(D(x,ay; + by,,z,w) + D(x,ay, — by,,z,w) — 2a® D(x,y;,z,w) — 2b*D(x,y,,z,w) ,t)

:P(D(x'a% + byZIZ:W) +D(x:a3’1 _byZ,Z,W) - ZazD(xJ’bZ;W) - szD(x;}’Z'Z.W);t)

(3.16)

(3.17)
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( F(D(x,y,az; + bzy,,w) + D(x,y,az; — bz,,w) — abz(D(x, Y,21 +2,w) +D(x,y,21 — z3,,W))

: |a|
—2a(a® = b*)D(x,y,z1,w),t) =F <<p3(x,y,zl,zz,w),mt ,

! (3.18)
P(D(x,y,az; + bzy,w) + D(x,y,az; — bz, w) — abz(D(x, y,z1 +2z3,w) +D(x,y,21 — 2,,W))

, |e|™
\—Za(az —b)D(x,y,2;,w),t) <P <<p3(x.y,21.Zz'W):Wt :

and

( F(D(x,y,z,aw; + bwy) + D(x,y,z,aw; — bw,) — azbz(D(x, Y, Z,wy +wy) +D(x,y,z,w; —wy))

n

|ex
—2a%(a® — b¥)D(x,y,z,wy) + 2b%(a® — bH)D(x,y,z,w;),t) = F ((p4(x Y, 2, Wy, Wy), B |10n , (3.19)

P(D(x,y,z,aw; + bw,) + D(x,y,z,aw; — bw,) — azbz(D(x,y,Z, wi+wy) +D(x,y,z,w —wy))

, al®
k—2a2(a2 —bA)D(x,y,z,wy) + 2b%(a? — b¥)D(x,y,z,wy),t) <P ((p4(x,y, Z, Wl,wz),llll%t)

Letting n — o0 in (3.16),(3.17),(3.18) and (3.19), we get
F(D(axy + bxy,y,z,w) + D(ax; — bxy,y,z,w) — 2aD(xy,y,z,w),t) =1
T(D(x'a}ﬁ + byZ'Z;W) + D(x;a}ﬁ - byZ'Z'W) - 2a2 D(X;YLZ.W) - szD(x,}’z:Z.W) :t) = 11

F(D(x,y,az, + bzy,w) + D(x,y,az; — bz,,w) — ab?(D(x,y,2; + z;,w) + D(x,y,2, — 23,,W))
—2a(a® — b*)D(x,y,z;,w),t) = 1,

F(D(x,y,z,aw; + bwy) + D(x,y,z,aw; — bw,) — aZbZ(D(x,y, zZ,wy +wy) +D(x,y,z,w; —wy))
—2a?(a® — b>)D(x,y,z,wy) + 2b*(a® — b*>)D(x,y,z,w;),t) = 1,

and similarly, we obtain
P(D(axq + bxy,y,z,w) + D(ax; — bxy,y,2z,w) — 2aD(xq,y,z,w),t) =0,
P(D(x,ay, + by,, z,w) + D(x,ay; — by,,z,w) — 2a® D(x, y,,z,w) — 2b*D(x,y,,z,w) ,t) = 0,

P(D(x,y,az, + bzy,w) + D(x,y,az; — bzy,w) — ab?>(D(x,V,2z, + z5,w) + D(X,y,2z; — z3,,W))
—2a(a? — b*)D(x,y,z,,w),t) =0,

P(D(x,y,z,aw; + bw,) + D(x,y,z,aw; — bw,) — a’b?(D(x,y,z,w; + wy) + D(x,y,z,w; —w,))
—2a?(a® — b>)D(x,y,z,wy) + 2b*(a® — b*>)D(x,y,z,w;),t) = 0,

forall x,y,z,w,xq,%2,V1,¥2, 21,22, W1, W, € X and t > 0. This means that D satisfies (1.1) and so it is
dectic mapping. To prove the uniqueness of D, assume that D’ be another dectic mapping from X x X x
X x X into Y, which satisfies (3.6). For all x,y,zw €X, all n>0,clearly D(x,y,z,w) =

al®np (i Xz )and D'(x,y,z,w) = al® D’(i L ) It follows from (3.6) that

an’an’an’ n an’an’an’ n
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F(D(x,y,z,w) =D (x,y,z,w),t) = M (x,y,z,w,w(ll:l%t)
" (3.20)
P(D(x,y,z,w) — D’(x,y,z, w),t) <N (x,y,z,w,wl%#t).
We see that the right—hand sides of (3.20) tending to 1 and ,0, respectively, as n — oo. Therefore,
F(D(x,y,z,w) —D (x,y,z,w),t) =1and P(D(x,y,z,w) — D (x,y,z,w),t ) =0, forall x,y,z,we
X andt > 0.Hence, D(x,y,z,w) = D' (x,y,z,w). o

Theorem 3.1. Let X be a linear space over a non-Archimedean field K and let (Z, F',P) be anon-
Archimedean IFN space. Suppose that @;: X X X X X XX x X —» Z for i € I be functions such that
la] < 1 is far from zero and for some real number a with 0 < |a| < |a|'°,

F (p;(ax,ay,az,aw,t) = F (lalp;(x,y,z,w,v),t)

P (p;(ax,ay,az,aw,t) < P (lalp;(x,y,z,w,v),t)
for all x,y,zw,v € X, t>0 and i€ [. Let f be a mapping from X X X XX x X to a non-
Archimedean intuitionistic fuzzy Banach space (Y, F,P) such that f(x,0,z,w) =0, f(x,y,2,0) = 0 for

all x,y,z,w € X, and satisfies (3.2), (3.3),(3.4) and (3.5). Then there exists a unique dectic mapping
D:XxXxXxX—-Y suchthat

F(f(x,y,zw) —D(x,y,z,w),t) =M (x,y,z,w,(|a|!® — |a |)t)
P(f(x,y,2z,w) = D(x,y,z,w),t) <N (x,y,z,w,(|la]'’ - |a|)t)
forall x,y,z,w € X and t > 0, where M (x,y,z,w,t) and N (x,y, z,w, t) are defined as in Theorem 3.1.

Proof. The proof can be done by the same way as in Theorem 3.1. O

4. Non-Archimedean intuitionistic fuzzy continuity

Recently, the intuitionistic fuzzy continuity is discussed in [19]. In this section, we establish non-
Archimedean intuitionistic fuzzy continuity of continuous mappings satisfying (1.1) approximately.

Definition 4.1. Let g: R — X be a mapping, where R is endowed with the Euclidean topology and X is a
non-Archimedean intuitionistic fuzzy normed space equipped with non-Archimedean intuitionistic fuzzy
norm (F,%).Then, g is called non-Archimedean intuitionistic fuzzy continuous at a points ry € R if for
all e>0and 0 < p <1 there exists some § > 0 such that for each r with 0 < |r — 1| < 6,

F (g(rx) — g(rox),€) = p, P (glrx) — g(rox),€) <1 —p.
Theorem 4.2. Let X be a non-Archimedean space and let (Z, F',P") be a non-Archimedean IFN space.
Let p > 10and z, € Z. Let f be a mapping from X X X x X X X to a non- Archimedean intuitionistic

fuzzy Banach space (Y,F,P) such that f(x,0,z,w) =0, f(x,vy,2,0) =0 for all x,y,z,w € X, and
satisfying
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F(f(axy + bxy,y,z,w) + f(ax; — bxy,y,z,w) — 2af (x1,y,z,w), t)
= F ((lxg 1P + N2 [P + NylIP + Nz + [[wllP)zo, 1),

(4.1)
P(f(axy + bxy,y,z,w) + f(axy — bxy,y,z,w) — 2af (x1,y,z,w),t)
< P (P + 122 P + Y1 + 11zIP + [Iw]P)zo, 1),
f:F(f(x, ay; + byz,Z,W) +f(x1 ay; — byz,Z,W) - 2a2 f(x,yl,Z,W) - szf(x,yz,Z,W) !t)
> F (1P + lyallP + ly2 1P + N2lIP + IwliP)zo, £),

J (4.2)

?(f(x! ayq + byZ!Z' W) + f(x' ay, — byZ'Zr W) - 2a2 f(x!ylizr W) - szf(xryZ'Z' W)r t)
\ < P (P + Ny P + lly2lIP + 11zlP + IwliP)zo, £),

( F(f(x,y,azy + bzy,w) + f(x,y,az; — bzy,w) — ab?(f(x,y,21 + 25, W) + f(x,y,21 — Z3,,W))
—2a(@® = b)) f(x,y,z,w), t) = F ((UlxIP + IylP + Iz 1P + llz 1P + IwlP)zo, t) (4.3)

P(f(x,y,azy + bzy,w) + f(x,y,az; — bzy,w) — abz(f(x,y,zl +2z5,w) + f(x,y,21 — 23,,W))
—2a(a® — bH)f(x,y,z1,w),t) <P ((IxlIP + llylP + NIz 1P + llzz|IP + IwlP)zo, ),

and

(F(f(x,y,z,aw; + bwy) + f(x,y,z,awy — bwy) — a?b?(f(x,y,z,wy + W) + F(X, ¥,z w; — wy))
—2a%(a? — b®)f(x,y,z,wy) + 2b%(a® — b®)f(x,y,z,w,),t)
= T’((”x”p +IyIP + llzIP + [lwilIP + llw,1IP)zo, t)
{ (4.4)
P(f(x,y,z,aw; + bwy) + f(x,v,z,aw; — bw,) — a?b?(f(x,y,z,wy + wy) + f(x,V,2,wy — w,))
—2a?(a? - bz)f(x, Y, z,wy) + 2b2(a2 - bz)f(x, Y, Z,W3),t)
<P (UlxIIP + [IylIP + NzlIP + [[wllP + [[w,]IP)zo, t)

forall x,y,z,w,x1, x5, y1, V2, 21,22, w1, Wy € X and all t > 0. Then there exists a unique dectic mapping
D: XXX XxXXxX—-Y suchthat

(F(f(x,y,z,w) —D(x,y,z,w),t)
> F ((IxIP + ylIP + lIzIIP + [IwllP)zo, 12]1al 2 (lal*® — [alP)1)
« F ((lxllP + IylIP + 1zlP + IwllP)zo, 12]1al 7 (lal*® - |alP)t)
« F ((lxlP + IylIP + 1zlP + IwllP)zo, 12]1al~*(lal®® — |alP)t)
« F ((xlP + IylIP + NzIP + IwliP)zo, 121(lal*® — |alP)t)
4 (4.5)
P(f(x,y,z,w) —D(x,y,2z,w),t)

<P ((IxIP + IyllP + lIzIP + [IwllP)zo, 12]1al 2 (lal*® — |alP)t)

0P ((IlxlP + llylIP + Izl + [IwliP)zo, 12]lal ™" (lal*® — |alP)t)

0P ((llxlP + llylIP + llzIIP + [IwlIP)zo, 12]lal~*(lal'® — |alP)t)
\ 0P ((IxlP + llylIP + llzIIP + [IwllP)zo, 12| (Jal*® — |al?)t)
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for all x,y,z,we X and all t> 0. Furthermore, if the mapping g:R — Y defined by g(r):=

fla™rx,a™ry,a™rz,a™rw)
al0n

n € N then the mapping r - D(rx,ry,rz,rw) from R to Y is non-Archimedean intuitionistic fuzzy
continuous.

is non-Archimedean intuitionistic fuzzy continuous for some x,y,z,w € X and all

Proof. Define p: X X X X X XX - Zby ¢;(x,y,z,w) = (|Ix[IP + lI¥lI” + ||z|[P + [|w||P + ||v||P)z, for
allx,y,z,w,v € X andalli € I. Existence and uniqueness of the dectic mapping D satisfying (4.5) are
deduced from Theorem 3.2. Note that, for all x,y,z,w € X, allt > 0 and n € N we have

( f(a"x,ay,a"z,a™w)
F <D (x,y,z,w) — 10 ,t

/ 12]lal°]al*" (al'® = |al?)
2 F (xl” +yllP + Nzl + [wll")zo, t

|la|™®

: 12]]al7|a|""(la]" - |a|")

* F | (lax]lP + lyllP + [1zlIP + [wll?)zo, apw t
, 12al~*|al**" (|a]"® - |al?)

* F o (lax]lP + llayllP + llzlIP + lwllP)zo, Tl t
, 12[1a|'""(|a]™ — |al?)

* F o (lax|l? + llayll” + [lazl|lP + [[wlP)zo, a] t

< f(@a"x,a"y,a"z,a"w) (6)
Plflx,y,z,w)— 10 ,t

<P <(I|x||” HYIP 4+ 1zllP + [lwllP)zo,

12]lal°]al*" (|al'® = |al?) .
|l

: 2llal”|al**"(lal'® — |al?)
0P | (lax]” + llyll” + 1zl + llwll")zo, a[ t
: 12]lal*al**" (|a]*® — |al?)
0P | (lax)|” + llayll” + llzIIP + [lwl[")zo, [ t
, 12]lal"*"(lal'® = |al?)
0P | (lax)l” + llayll” + llazll” + [lw[*)z, la[™ t)

Fixx,y,z,w,v € Xandry € R.Givene > 0and 0 < p < 1. From (4.6) it is follows that
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( arx,ary,a"rz,a"rw
F (D (rx,ry,rz,TW) — it a}1l0n )' >

12llal=°lal**" (|a]'° — |al?) )
L+ ro)Plal™
12llal~7|all%" (|a|® — |al?)
(1 +ro)Plal™ t)
12llal~*al'*" (|a|® — |al?)
A +ro)lal™ t)
12/1al " (Ja]®® — |a|?)
(L + o) lal™ t)

>F ((lell" +yIIP + zllP + llwllP)zo,

« F <(|IaXI|p +YIP A+ 1zllP + lwllP)zo,

« F ((Ilaxllp +llayllP + [lzlIP + llwllP)zo,

« F ((Ilaxll" +llayll? + llaz||P + [wllP)zo,

f(a*rx,a"ry,a"rz,a*rw)
P|D(rx,ry,rz,tw) — o t
a n

12]lal~?|al**" (|a|*® — |a|P)
(A +rp)P|al™

<P ((lell" +ylIP + NlzlP + [wllP)zo,

(B B
' (1 +1o)Plal™
0> ((”“x”” 4 llaylP + [P + Pz, (I Ja " al” ~ Jal”) )
' (1 +1y)Plal™

12]al"*" (|a|"® - |a|?) .
\ (1 + rp)?|al™® '
Forall |r —ry] < 1and r € R. Since

0P ((Ilaxll” + llayll? + [laz|lP + [[w][")zo,

lim I2I|al‘9Ia|1°"(Iallo—lalp)t — oo
e (1+7)P la|™ ’

lim 12]lal™7|a|*" (ja |0 —]alP) , _ o
e (1+7)P lal™ ’

lim I2I|al_4la|1°"(Ialw—lalp)t - o
e A+7o)P |al™® ’

__12llal*®(lal*® = |al?)
lim =
noo (1 +19)P|al|™

Then there exists ny € N such that

f(@"orx,a™ry,a™rz,a™orw)
F|D@rx,ry,rz,rw) — 107, El=p

i f(a™orx,a™ry,a™rz,a*orw)
k.‘P D(rx,ry,rz,tw) — J10mp El<1—p

Forall [r —ry] < 1and r € R. By the non-Archimedean intuitionistic fuzzy continuity of the mapping

no no no no R .
r o [airne T ™) there exists & < 1 such that for each  with [+ — 7| < & we have
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F f(@"rx,a™ry,arz,a*rw) f(a"ryx,a™ryy,a"0ryz, a0 ryw) -
q10n 2107, €)1=p

| . (f@a@a"rx,a"ry,a"rz,a"rw) f(a™ryx,a™ryy, a™ryz, a™ryw)
P 10 - ,EI<1—0p.
aqlon alOno

It follows that

{T (D(rx,ry,rz,rw) — D(ryx, 19y, 102, ToW),€) = p

P(D(rx,ry,rz,rw) — D(ryx, 10y, 192, 1ow),€) <1 —p
for each r with |r — ry| < 6. Hence, the mapping r —» D(rx, ry,rz,rw) is non-Archimedean intuitionistic
fuzzy continuous. O

Theorem 4.3. Let X be a non-Archimedean space and let (Z, F,P') be a non-Archimedean IFN
space. Let p<10and z, € Z. Let f be a mapping from X X X X X X X to a non- Archimedean
intuitionistic fuzzy Banach space (Y,F,P) such that f(x,0,z,w) =0, f(x,y,z,0)=0 for all
x,y,z,w € X, and satisfying (4.1), (4.2), (4.3), (4.4). Then there exists a unique dectic mapping
D: XXX XxXxX-Y suchthat

(F(f(x,y,z,w) —D(x,y,z,w),t)
> F ((xIIP + IylIP + lIzIP + IwlP)zo, 12]lal°(al? — |al**)t)
« F (NP + Y17 + 11zIP + IwlP)zo, 12]1al 7 (lalP — |a]**)t)
« F (NP + Y17 + 1zIP + IwlP)zo, 12]1al~*(lalP — |al'®)¢)
« F ((IxlP + ylIP + 1IzIIP + IwllP)zo, 12](alP — |al'®)¢)
J (4.8)
P(f(x,y,z,w) —D(x,y,z,w),t)
<P (1P + IylIP + llzlP + IwlP)zo, 12]1al°(lal? — |al**)t)
0P ((llxIP + IyllP + llzIIP + lIwllP)zo, 12]lal ™ (|alP — |al*®)t)
0P ((llxIlP + IyllP + NlzIIP + IwllP)zo, 12]lal~*(lalP — |al*®)t)
0P ((IIxlP + llylIP + lIzIIP + [IwllP)zo, 12| (lalP — al**)t)
for all x,y,z,w € X and all t > 0. Furthermore, if the mapping g: R — Y defined by g(r): = a'®" f(=

ry rz rw

—,—, —, ) is non-Archimedean intuitionistic fuzzy continuous for some x,y,z,w € X and all n €

an’aqn’ aqn’

am’

N then the mapping r - D(rx,ry,rz,rw) from R to Y is non-Archimedean intuitionistic fuzzy
continuous.

Proof. Define ¢;: X X X X X X X - Z by ¢;(x,y,z,w) = (||lx||P + |lylI? + |Iz]|]P + ||W]|P + ||v||P)z, for
allx,y,z,w,v € X andalli € I. Existence and uniqueness of the dectic mapping D satisfying (4.5) are
deduced from Theorem 3.2. Note that, for all x,y,z,w € X, all t > 0,n € N andalli € I, we have

F o (22,55,5),0) =F (AP + IyllP + llzIP + IwllP + [0]1P)zo, lalPt),

L2V R R}
a a a a a

P (0 (2.2,52,5),6) =P (lxIP + IyIIP + lzllP + lwlP + 1v]P)zo, lalP D).

a’a’a’a’a
Since p < 10, we have

|a| = |alP > |a|P. By Theorem 3.1 there exists a unique dectic mapping D which satisfies (4.8). The
rest of the proof can be done by the same way as in Theorem 4.1. m

186



M. A. Abolfathi, A. Ebadian, R. Aghalary / J. Math. Computer Sci. 10 (2014), 173-188

References

[1] M. A. Abolfathi, A. Ebadian and R. Aghalary, Stability of mixed additive-quadratic Jensen type
functional equation in non-Archimedean (-fuzzy normed spaces, Annali Dell *Universita ’Di Ferrara.
2013 doi: 10.1007/s11565-013-0182-z, 13 pages, (2013).

[2] T. Aoki, On the stability of the linear transformation in Banach spaces, J. Math. Soc. Japan, 2(1950),
64-66.

[3] K. Atanassov, Intuitionistic fuzzy sets, VII ITKR'S, Session, Sofia, June 1983 (Deposed in Central
Science-Technical Library of Bulg. Academy of Science, 1697/84) (in Bulgarian).

[4] A. Ebadian, R. Aghalary and M. A. Abolfathi, Approximation of homomorphisms and derivations of
additive functional equation of n-Apollonius type in induced fuzzy Lie C*-algebras, Journal of Advances
in Mathematics, 3 (2013), 201-217.

[5] A. Ebadian and S. Zolfaghari, Stability of a mixed additive and cubic functional equation in several
variables in non-Archimedean spaces, Annali Dell ’Universita ’Di Ferrara. doi:10.1007/s11565-012-
0152-x.

[6] M. Eshaghi Gordji, S. Kaboli-Gharetapeh, C. Park and S. Zolfaghari, Stability of an additive-cubic-
guartic functional equation, Advances in Difference Equations. Article ID 395693, 20 pages, (2009).

[7] M. Eshaghi Gordji, M., Kaboli Gharetapeh, S., Rassias, J. M. and Zolfaghari, S. Solution and stability
of a mixed type additive, quadratic and cubic functional equation, Advances in difference equations.
Article ID 826130, 17 pages, doi:10.1155/2009/826130, (2009).

[8] M. Eshaghi Gordji, M. S. Moslehian, S. Kaboli and S. Zolfaghari, Stability of a mixed type additive,
guadratic, cubic and quartic functional equation, Nonlinear Analysis and variational problems, A. Khan,
(ed.) et al., Springer-Verlag, (2009), 65-80.

[9] M. Eshaghi Gordji, S. Zolfaghari, J. M. Rassias and M. B. Savadkouhi, Solution and Stability of a
Mixed type Cubic and Quartic functional equation in Quasi-Banach spaces, Abstract and Applied
Analysis, Art. ID 417473, (2009), 1-14.

[10] P. Gavruta, A generalization of the Hyers-Ulam-Rassias stability of approximately additive
mappings, J. Math. Anal. Appl. 184 (1994),431-436.

[11] K. Hensel, Uber eine neue Begrundung der Theorie der algebraischen Zahlen, Jahresber. Deutsch.
Math. Verein. 6(1897), 83-88.

[12] D. H. Hyers, On the stability of the linear functional equation, Proc. Natl. Acad. Sci. 27 (1941), 222-
224,

[13] S. A. Mohiuddine and Q. M. Danish Lohani, On generalized statistical convergence in intuitionistic
fuzzy normed spaces, Chaos Solitions Fractals, 42 (2009), 1731-1737.

187



M. A. Abolfathi, A. Ebadian, R. Aghalary / J. Math. Computer Sci. 10 (2014), 173-188

[14] S. A. Mohiuddine and H. Sevli, Stability of Pexiderized quadratic functional equation in
intuitionistic fuzzy normed space, Journal of Computational and Applied Mathematics, 235 ( 8) (2011)
2137- 2146.

[15] S. A. Mohiuddine, M. Cancan and H. Sevli, Intuitionistic fuzzy stability of a Jensen functional
equation via fixed point technique, Mathematical and Computer Modelling,54 (9-10) (2011), 2403-2409.

[16] S. A. Mohiuddine, Stability of Jensen functional equation in intuitionistic fuzzy normed space,
Chaos, Solitons and Fractals, 42( 5)(2009), 2989-2996.

[17] M. Mursaleen and S. A. Mohiuddine On stability of a cubic functional equation in intuitionistic
fuzzy normed spaces, Chaos, Solitons and Fractals, 42 (5) (2009), 2997-2005.

[18] S. A. Mohiuddine and M. A. Alghamdi, Stability of functional equation obtained through fixed point
alternative in intuitionistic fuzzy normed spaces, Advances in Difference Equations, 2012, article 141,
(2012).

[19] M. Mursaleen and S. A. Mohiuddine, Nonlinear operators between intuitionistic fuzzy normed
spaces and Fr_echet derivative, Chaos, Solitons and Fractals. 42(2009), 1010-1015.

[20] M. Mursaleen and S. A. Mohiuddine, On lacunary statistical convergence with respect to the
intuitionistic fuzzy normed spaces, J. Comput. Appl. Math. 233(2009), 141-149.

[21] Th. M. Rassias, On the stability of the linear mapping in Banach spaces, Proc. Amer. Math. Soc.
72(1978), 297-300.

[22] R. Saadati, and J. H. Park, On the intuitionistic fuzzy topological spaces, Chaos, Solitons and
Fractals, 27( 2)(2006), 331-344.

[23] Z. Wang and T. M. Rassias, Intuitionistic fuzzy stability of functional equations associated with
inner product spaces, Abstract and Applied Analysis, vol. 2011, Article ID 456182, 19 pages, (2011).

[24] T. Z. Xu, J. M. Rassias and W. X. Xu, Intuitionistic fuzzy stability of a general mixed additive-cubic
equation, Journal of Mathematical Physics, 51(6) , Article ID 063519, (2010).

[25] S. M. Ulam, A Collection of the mathematical problems. Interscience, New York, 1960.

188



