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Abstract

Some third-order differential subordination and superordination results are derived for multivalent analytic functions in
the open unit disk, which are defined by using the Liu-Owa integral operator. In addition, we obtain new third-order differential
sandwich-type results for this operator.
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1. Introduction, definitions, and preliminaries

Let C be complex plane and H(U) be the class of analytic functions in the open unit disk
U={z:zeC and |z|< 1}
Forn e N:={1,2,3,---} and a € C, we suppose that
Hla,n] ={f:fe H(U) and f(z) =a+anz"+apns1z" 14}
and Hy = H[0, 1].

Let f and F be members of 3{(U). The function f is said to be subordinate to F, or F is superordinate
to f, if there exists a Schwarz function tv(z), analytic in U with

w(0)=0 and w(z)] <1 (ze 1),
such that
f(z) = F(to(z)) (z € U).
In this case, we write
f<F or f(z) < F(z) (ze U).

Furthermore, if the function F is univalent in U, then we have the following equivalence (see, for details,
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[23, 24]; see also [20, 28]):
f(z) < F(z) (zeU) < f(0) =F(0) and f(U) c F(U).

Assume that A(p) denote the class of all analytic functions of the form

f(z) =2zP 4+ Z ap+nzp+“ (peN; ze U). (1.1)

n=1

In 2004, Liu and Owa [22] (see also [8-13, 31]) introduced the integral operator Q%‘,p cA(p) — Alp)
as below:

z o—1
Qi pflz) = ( p;fgr_ﬁl_l ) ZOEL (1 - ;) tBlf(t)dt (x>0; p> -1, peN) (12
and
Q%,pf(l) =f(z) («=0; p>—1).

If the function f € A(p) shown by (1.1), then from (1.2), we deduce that

Mo+ B +7p) i rp+p+n)

Qpflz) =2+ Mot ptpin)

ApinzP ™™ (x20; p>—1; p e N). (1.3)

n=1
Also, we easily get the relationship, from (1.3), that (see [22])
2(Q§ f(2) = (x+ B +p—1QEH(2) — (o + B — 1)QF (). (1.4)

We note that
(1) for p]): 1, lel = Q[‘g‘, which was called Jung-Kim-Srivastava integral operator (see [19]; also see
7, 18]);
(ii) for x =1 and 3 =9, Q})/p = Js,p (6 > —p), which was called the generalized Libera operator and
presented as follows (see [14, 25]; see also [21])

Qhpf(2) = Jop(N)z) = “sF L ©-1f(0)dt (5> —p; peN).

In our next investigation, we need the following definitions and lemmas.

Definition 1.1 ([6]). Let Q be the set of analytic and univalent functions g on the set U \ E(q), where
E(q)={&:£€0U and lim q(z) = oo},

z— &
and are such that
min|q’ (&) =p >0
for & € 0U \ E(q). Further, let the subclass of Q for which q(0) = a be written by Q(a) and

Definition 1.2 ([6, 32, 34]). Let  : C* x U — C and h(z) be univalent in U. If p(z) is analytic in U and
satisfies the following third-order differential subordination:

Y (p(z),2p(2), 20" (2), 20" (2);2) < h(z)  (z€ 1), (1.5)

then p(z) is called a solution of the differential subordination. A univalent function q(z) is called a
dominant of the solutions of the differential subordination or, more simply, a dominant if p(z) < q(z) for
all p(z) satisfying (1.5). A dominant q(z) that satisfies q(z) < q(z) for all dominants q(z) of (1.5) is said to
be the best dominant.
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Definition 1.3 ([33]). Let ¥ : C* x U — C and h(z) be analytic in U. If the functions p(z) and
$(p(z),2p'(2), 2% " (2), 2°p" (2); 2)
are univalent in U and satisfy the following third-order differential superordination:
h(z) < W(p(z),2p'(2), 2%p" (2), 2°p" (2); 2), (1.6)

then p(z) is called a solution of the differential superordination. An analytic function ¢(z) is called a
subordinant of the solutions of the differential superordination or, more simply, a subordinant if q(z) <
p(z) for p(z) satisfying (1.6). A univalent subordinant q(z) that satisfies the following condition:

a(z) <q(z)  (z€eU)

for all subordinants ¢(z) of (1.6) is said to be the best subordinant. We note that the best subordinant is
unique up to a rotation of U.

Definition 1.4 ([6, 32]). Let Q be a setin C, g € Q and n € IN\{1}. The class of admissible functions
Y, [Q, q] consists of those functions 1\ : C* x U — C that satisfy the following admissibility condition:

P(r, s, t,wz) € Q

whenever

r=q&), s=k&q'(8), %(Z+l)2k‘ﬁ<£q”(£)+1>,

q’(&)
u £2q" (&,
m(;) - kzm( qqf(g,() )>’
where z € U, § € OU \ E(q) and k = n.
IfP:C2xU — C,qe Qandn € N\ {1}, then we obtain
P (q(&), kEq'(£);2) € Q (ze€U; £ €U\ E(q); k2 n).

IfP:C3xU — C,qe€ Qand n € N\ {1}, then we have

B(r,s,t;2) ¢ Q,

and

whenever r = q(&), s = k&q’(§), and

m(t+1> gw&(aqﬁ(a) +1> (zeU; & e dU\E(q); k=n).
s q'(&)

Definition 1.5 ([33]). Let Q be a set in C, q € H[a,n], and q’(z) # 0. The class of admissible functions
Y/ [Q, q consists of those functions 1 : C* x U — C that satisfy the following admissibility condition:

P(r,s, t,wé) e Q,

_ _zq'(2) t 1, (z9"(2)
r=q(z), s= , m<s+1>§mm(q,(z) —|—1),

whenever

and
2 11

u 1 z2q""(z)
e
m(s):m2%< q'(z) >
whereze U, e dlU,and m2n = 2.
If{:C?x U — C and q € H[a,n], then we have

P <q(z),zq;£2);£> €Q (z€eU; £€0U; m2n =2).
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If):C3x U — C and q € H[a,n] with q’(z) # 0, then we get
I’I)(Tlsltl. Ev) S Q/

whenever r = q(z), s = Z_% (2) and

9%( +1> m(zq ()+1> (zeU; £€dU; m>n>2).
m q'(z)

For the class of admissible functions ¥r,[Q), q], Antonino and Miller [6] proved the following result.
Lemma 1.6 ([6]). Let p € H[a,n] withn € N\ {1}. Also let q € Q(a) satisfying
m%a) zp'(z)
R >0 and
( q'(&) ) — q’(&)
wherez € U, £ € U\ E(q) and k 2 n. If Q is a set in C, P € Y, [Q, q], and
¥ (p(2),20'(2), 29" (2), 29" (2);2) € Q,

= 7

then
p(z) < q(z) (zeU).

On the other word, Tang et al. [33] (see also [34]) obtained the following result for the class of
admissible functions ¥/ [Q, q].

Lemma 1.7 ([33 34]). Let q € Hla,n] and P € Y/ [Q,ql. If P(p v/ (2),22p" (2),2%p"" (2);2) is univalent in
U and p € Q(a) satisfies

(5520 m

<m (zeU; £€0U; m=n=2),

then
Q C {$(p(z), 20’ (2), 2" (2),2%p""(2);2) : z € U}
implies that
q(z) <p(z) (zeU).

In recent years, several authors studied first-order and second-order differential subordination and
superordination problems associated with various linear and nonlinear operators and obtained many
interesting results, the interested readers can see, for example, [1-5, 15-17, 26, 27, 29, 30, 32-35]. More
recently, Antonino and Miller [6] introduced the notion of third-order differential subordination, and Tang
and Deniz [32] studied the third-order differential subordination results for analytic functions involving
the generalized Bessel functions. Later on, Tang et al. [33] introduced the notion of third-order differential
superordination and also studied the corresponding third-order differential superordination involving the
generalized Bessel functions. Based on [6] and [33], Tang et al. [34] considered third-order differential
subordination and superordination results for meromorphically multivalent functions associated with the
Liu-Srivastava operator. Here, in the present paper, we aim to study third-order differential sandwich-
’g}; results of multivalent analytic functions involving the Liu-Owa integral operator Q ., defined by

2. Third-order differential subordination of Qg’p

We define the following class of admissible functions that will be needed in proving our first result.

Definition 2.1. Let O be a setin C and q € Q9N H[0, p]. The class of admissible functions @ o [Q, q] consists
of those functions ¢ : C* x U — C that satisfy the following admissibility condition:

d(b,c,d, ez) € Q,
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whenever

b =q(&),
k&g’ (E) + (a4 p—1)q(&)
N a+pB+p—1

(B +p—Dc2—a—p)+datptp—2)] _) (aq"(a) )
9‘( (4 BLp—TLc—(atrp_1)b ot B=1) ) = W0 iy 1

and

m((omt[3+p—1)(oc+[3+p—2)[(oc+B+p—3)e—3(cx+[3—1)d]
(x+B+p—1)c—(x+p—1)b

2(a+B)a+ B —1)(x+p—2)b ) > 2 <¥WW&>
e e e L Ll &
whereze U, peN,x=3,p>—-1,& € 0U\E(q),and k € N\ {1}.
Theorem 2.2. Suppose that d € ©q[Q, ql. If f € A(p) and q € Q satisfy
Eq//(£)> - ch 1f( ) _
m(m@) =0 ‘ q@) =k @1
and
{0(QF pf(2), Q' f(2), Q7 f(2), Qp , f(2);2) :z € U C Q, 2.2)
then
Qﬁpf q(z) (z e U).
Proof. Let
(z) = Q pf(z). (2.3)

Then, differentiating (2.3) on z and from (1.4), we get
zp'(z) + (a+ B —1)p(z)

ax—1
Qpp flz2) = g —— (2.4)
After some computations, we show that
w2g  ZP"(2) +2(x+ B —Dzp’(z) + (x+ B — 1) (x+ B —2)p(2)
Qpp fl2) = (@t Ptp_1(atPtp—_2) (2.5)
and
QE-3¢(z) = 2" (2) +3(ax+ B —1)2%p"(2) + 3(ox+ B — 1) (x + B —2)zp’(2)
Bp (x+B+p—1(a+p+p—2)(x+B+p—3) 2.6)
(a+PB—1)(ax+ B —2)(ax+ B —3)p(z) '
(c+B+p—D(a+p+p—2)(x+pB+p—3)
Now, we define the transformation C* — C as follows:
b(r,s,t,u) =71, c(r,s,tu)= s;——*(—ocﬁ—i——‘_ﬁp—_ll)r,
ot 2(a+B—1)s+ (c+B—1)(cx+p—2)r
A s ) = e Bt p— Dt Bt p—2) o
e(rs,tu) = u+3(e+p—1t+3(ax+p—1)(x+p—2)s ’

(x+B+p—D(ax+B+p—2)(x+p+p—3)
(+p—1)(x+B—2)(cx+p—3)r
(c+B+p—1(x+B+p—2)(x+p+p—3)
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Assume that
P(r,s,t,wz) = ¢(b,c,d, e z)
:q)<r s+(a+B—1)r t+2(x+p—1)s+(x+p—1)(x+p—2)r
Ta+pB+p-—1"7 (x+B+p—1)(x+p+p—2)
u+3(a+p—Dt+3(x+p—1)(x+p—2)s (2.8)
(x+B+p—1D(x+pB+p—2)(x+pP+p—23)
(c+pB—1)(x+pp—2)(x+p—3)r )
(+B+p—1)(a+B+p—2)(ax+pB+p—3) >
Using (2.3)-(2.6), we find from (2.8) that

b (pl2),20"(2), 2" (2), 29" (2);2) = O(QE pF(2), Q5 H(2), Q% 2H(2), Q5 3H(2);z).  (29)
So, clearly, (2.2) reduces to

7

¥ (p(z),2p'(2),2%p"(2), 29" (2); 2) € Q.

We also notice that
t (x+B+p—1Dc—a—pB)+d(e+p+p—2)]

st1= +B+p—le—(atp-1p TP

and
u  (x+B+p—1)(a+B+p—2)[(x+p+p—3Je—3(ax+p—1)d]

s (x+B+p—1)c—(x+p—1)b
2(x+pB)(oc+p—1)(x+pB—2)b
3 —1).
(atB+p-De—(atp_Dp ot PlatB-1)
Thus, the admissibility condition for ¢ € ®¢[Q, q] in Definition 2.1 is equivalent to that for { € ¥,[Q, q]
as shown in Definition 1.4 with n = 2. Hence, by applying (2.1) and Lemma 1.6, we obtain

p(z) < q(z) (zeU)

or
Qg pflz) <4q(z)  (zel),
which completes the proof of Theorem 2.2. O

When the behavior of q(z) on 0U is not known, we easily get the following result.

Corollary 2.3. Let QO C C and q be univalent in U with q(0) = 0. Assume that ¢ € ®ql[Q,q,] for some
p € (0,1), where q,(z) = q(pz). If f € A(p) and q, satisfy

WY (9
m( @ ) =Y @ |k (Ui £€dUNE,)
and

d) (ngpf(z)/ Qg/;lf(z)/ Q%/;zf(z), Qg,;?’f(z), Z) c Q’
then

Qg pflz) < al(z) (z e U).
Proof. From Theorem 2.2, we have
Qg pflz) <ap(z)  (z€ ).

Since
dp(z) <q(z)  (z€U),

then we deduce Corollary 2.3. O
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If O # C is a simply-connected domain, then O = h(U) for some conformal mapping h(z) of U onto
Q. In such a case, we write ®q[h(U), q] as @ g[h, q] and easily get the following two results.

Theorem 2.4. Let § € ©glh,ql. If f € A(p) and q € Q satisfy

aq//(a)> ro 1f( ) _
%< a8 ) =" ‘ q’(&) =
and
b(Qf pf(2), Q' f(2), Q2 (2), Q1 f(2);2) < h(z), (2.10)
then

Qg pfl(z) <q(z)  (zeU).

Corollary 2.5. Let O C C and q be univalent in U with q(0) = 0. Also let ¢ € @ qlh,q,] for some p € (0,1),
where q,(z) = q(pz). If f € A(p) and q, satisfy

o (Eq{)’(é)) >0, 'Qg;lf(z)

< .
(@) 0 (@) <k (zeU; £ 0U\E(qp))

and
b (QF pfl2), QF ' f(2), Q[ f(2), QF f(2);2) < h(z),
then
Qg pfl(z) < a(z) (z e U).

Next, we yield the best dominant of the differential subordination (2.10).

Theorem 2.6. Let h be univalent in U. Also let ¢ : C* x U — C and  be given by (2.8). Assume that the
differential equation:

¥ (a(2),2q'(2), 29" (2),2°q" (2);2) = h(2) (211)
has a solution q(z) with q(0) = 0 satisfying the condition (2.1). If f € A(p) satisfies (2.10) and d)(lepf(z),
Qgplf Qgpzf Qgp3f z) is analytic in U, then

Qg pflz) <a(z)  (zeU)
and q(z) is the best dominant.

Proof. By using Theorem 2.2, we deduce that q is a dominant of (2.10). Because q satisfies (2.11), so q is
also a solution of (2.10). Hence, q will be dominated by all dominants and also q is the best dominant. [J

In particular, when q(z) = Mz (M > 0), we write ®[Q, q] as ®[Q, M] and give the corresponding
definition.

Definition 2.7. Let O C C. Alsoletp € N, « 2 3, 3 > —1, and M > 0. The class ®q[Q, M] of admissible
functions consists of those functions ¢ : C* x U — C such that

o ktoa+p—1_ o L+(a+p—1)2k+a+p—2)Me®
d)(Me 'oc—l—B—i—p—lMe ! (x+B+p—1(x+pB+p—2)
N+3(oc+B—l)L+(oc+6—1)(a+f3—2)(3k+o<+(5—3)Mei9_Z>gQ
(c+B+p—1(x+B+p—2)(ax+p+p—3) ’

4

(2.12)

whenever z € U, R(Le 1?) > (k—1)kM, and 93(Ne 1) >0 forall 8 € R and k € N \ {1}.
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Corollary 2.8. Let ¢ € ©g[Q, M]. If f € A(p) satisfies
‘Q“ (2 ‘ KM (zeU; ke N\{1; M >0)
and
b(Qf pf(2), QF ' (2), QR H(2), Qf f(2);2) € Q,
then
|Qf’5‘,pf(z)’ <M (zeU; M >0).
Specially, if
Q=q(U) ={w:|lw[<M (M >0)},
then we denote © ¢ [Q, M] by ®q[M]. Corollary 2.8 can now be rewritten as below.
Corollary 2.9. Let ¢ € O [M]. If f € A(p) satisfies
‘Q"‘ 1£(2) ‘ KM (zeU; ke N\{1; M >0)
and
[6(QR f(2), QF (), QF 7 F(2), QF [ f(2)i2) | < M,
then
|Q[‘§‘,pf(z)‘ <M (zeU; M >0).
Corollary 2.10. Let p e N, k e N\ {1}, x 23, > -1 with x+ = z;g_—k and M > 0. If f € A(p) satisfies
‘Q"‘ Lt(z ) M (zeU),
then
‘Q%‘,pf(z)} <M (z e U).
Proof. 1f we put
k+oa+pB—1., ig
b ;z)=c= ————Me"
$(b,c, d ez) T prp_1Me
then from Corollary 2.9, we get Corollary 2.10. O

Corollary 2.11. Letp € N, x 2 3, 3 > —1, and M > 0. If f € A(p) satisfies

‘Q%Llf(l)‘ <kM  (z€U; ke N\{1})

and .

o—1 I I e

‘QB"’ el (oc+f5+p—1 1) Qb pfl=)] < lc+ B +p—1 (e ),
then
Qf ,f(z)] <M (zel).
Proof. Suppose that
Amen (P _

¢(b,c,d,e,z)—c+<“+[3+p_1 1>b and QO =h(U),

where -
h(z) : (M > 0).

T latBrp—1
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To apply Corollary 2.8, we must show that ¢ € ©q[Q, M], that is, that (2.12) is satisfied. In fact, it follows
easily, because of

4

¢<M&9k+“+6_1 o L+ (ac+p—1)2k+ a+ B —2)Met®
"a+pB+p—1 " (a+B+p—1D(x+B+p—2)

N+3(°‘+B—l)LJF(OH‘B—1)(0‘+5—2)(3k+oc+[3—3)]\/le19.2>
(x+B+p—1(ax+p+p—2)(x+p+p—3) ;

:k+“+ﬁ_1Mée+<p1>Nww
x+pB+p—1 x+p+p—1
KM - 2M

T latBrp—1 = Ja+prp—1
whenever z € U, 0 € R, and k € IN \ {1}. The required result now follows from Corollary 2.8. O

Definition 2.12. Let Q C C and q € Qo N Hp. The class of admissible functions @ g 1[Q), q] consists of those
functions ¢ : C* x U — C that satisfy the following admissibility condition:

d(b,c,d, ez) € Q,

whenever

B k&g (&) + (a4 B +p—2)q(&)

(a+B+p—1DcB—ax—Pp—p)+(ax+p+p—2)d] £q" (&)
9%< (ot B+p—Tc—(atBtp—2)b _”+B+p_”>zk%<q%a'+0

4

m((oﬁ—[3+p—1)(oc+[3+p—2)[(oc+[3+p—3)e—3(oc+[5+p—2)d]

(x+B+p—1)c—(x+B+p—2)b

2+ pB+p—1D(x+p+p—2)(x+B+p—3)b
(x+B+p—1)c—(ax+B+p—2)b

an///(a))
> 1.2
:k%<qu ,

whereze U, peN,ax=3,>—-1,&€0U\E(q),and k € N\ {1}.

_l’_

+3(oc+[3+p—1)(oc+[3+p—2)>

Theorem 2.13. Let ¢ € ®q1[Q, ql. If f € A(p) and q € Qo satisfy

&%a) Q. f(z)
R 20, <K, 213
(qﬁa - ﬂ’wqa = (2.13)
and
QOC Q(X lf QO( Zf Qo( 3f

{q’< Eio TR e e e e A= ;>126U}CQ, (2.14)

then
Qp ,f(z)

W < q(Z) (ZGU).
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Proof. Let
p(z)zQiQ’l 2.15)
Then, from (1.4) and (2.15), we get
Qfp f(2) _ zp’(z) + (a+ B +p—2)p(z) 216
vl x+p+p—1 ' '
After a simper computation, we have
Qb fl2) _ 22" (z) +2(e+p+p—2)zp(z) (ot p+p—3)pl2) 217)
zp—1 (x+B+p—1)(x+B+p—2) ax+pB+p—1 ’
and
Qb f(2) _ 2%"(2) +3(au+ B +p—2)2%"(z) +3(a+ B +p—2)(e+ B +p—3)zp’(2)
zp—1 (x+B+p—1(x+pB+p—2)(x+B+p—3) 2.18)
(x+B+p—4)p(z)
a+pB+p—1
Next, we introduce the transformation C* — C as below:
B s+ (ax+B+p—2)r
b(r,s,t,u) =1, c(r,s,tu)= xtpip_1
B t+2(x+p+p—2)s (x+pB+p—3)r
d(T'S't'u)_(oc+[3+p—1)(oc+f5+p—2) x+B+p—1"7 (2.19)
e(r,s tu) = u+3(x+p+p—2t+3(x+p+p—2)(x+PB+p—3)s (x+p+p—4)r
A (a+Bp+p—1(x+B+p—2)(x+B+p—3) x+p+p—1"~
Then, upon setting
Y(r s, t,uz) = d(b,c d e z)
:cb(r s+ (x+B+p—2)r t+2(x+p+p—2)s (x+pB+p—3)r
x+p+p—1 "(a+B+p—1(x+p+p—2) a«+p+p—1"~ (2.20)
u+3a+p+p—2)t+3(x+pB+p—2)(x+p+p—3)s (oc+f3+p—4)r.z>
(x+B+p—1D(x+Pp+p—2)(x+p+p—3) a+pB+p—1"")
Using (2.15)-(2.18), we obtain from (2.20) that
5,72) Q') Qaf(z) Q§2(2)
ll)(p(Z),ZIJ/( ), zzp”( ), Z"o'p//’( ); ) (])(Qip - ’sz : ’sz : ’sz - ,Z), (2.21)

so that (2.14) becomes
¥ (p(z),2p'(2),2%p"(2), 2%p"" (2); 2) € Q.

Again we notice that

(x+B+p—1DcB—ax—B—p)+(x+pB+p—2)dl
(x+B+p—1)c—(x+B+p—2)b

t
;+1: —(x+pB+p—2)

and

u (x+B+p—1(x+B+p—2)(x+P+p—3e—3(ax+p+p—2)dl

s (x+B+p—1)c—(x+pPp+p—2)b
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2+ pB+p—1D(x+P+p—2)(x+p+p—3)b
(x+B+p—1c—(x+B+p—2)b

+3(x+B+p—1)(x+pB+p—2).

Therefore, we clearly know the admissibility condition for ¢ € ®q1[Q, g in Definition 2.12 is equivalent
to that for ¢ € W»[Q), q] as presented in Definition 1.4 with n = 2. Thus, in view of (2.13) and Lemma 1.6,
we have

p(z) < q(z) (zeU)

or

Q"i‘g,fl(z) < q(z) (zeU).

O

If O # C is a simply-connected domain, then (O = h(U) for some conformal mapping h(z) of U onto
Q. In this case, we write ®q 1[h(U), q] as @ g 1[h, q] and get an immediate consequence of Theorem 2.13.

Theorem 2.14. Let ¢ € Qg 1[h, ql. If f € A(p) satisfies (2.13), then

7 7 4

¢<ngﬂm Q) f(z) Qff(z) QF ) f(z)

zp—1 zp—1 zp—1 zp—1 'Z> < hiz)

implies that
Qg f(2)

o =< q(z) (z e U).

In particular, when q(z) = 1+ Mz (M > 0), we denote ®q1[Q,q] by ®q1[Q, M] and have the
corresponding definition.

Definition 2.15. Let Q C C. Alsoletp € N, « =2 3, 3 > —1 and M > 0. The class ® g ,1[Q, M] of admissible
functions consists of those functions ¢ : C* x U — C such that

o (kta+p+p—2)Me'® +(x+p+p—2)
1+ Me'?, /
d’( Me atp+p—1
L+ (x+B+p—2)2k+a+p+p—3)Me® «+p+p—3
(x+B+p—1)(x+p+p—2) x+p+p—17

N+3(ax+B+p—2)L+ (x+B+p—2)(x+B+p—3)Bk+a+p+p—4)Met®
(at+B+p—D(ax+B+p—2)(atp+p—3)

Qéo,

at+pP+p—4
a+pB+p—1

whenever z € U, R(Le 1?) > (k—1)kM, and SR(Ne ) >0 forall 8 € R and k € N\ {1}.
Corollary 2.16. Let & € ©q,1[Q, M]. If f € A(p) satisfies

oa—1
f(z
‘Q;l?_l() <kM  (zeU; ke N\{1}; M >0)
and 1 . .
o Qppflz) Qg flz) Qg 7f(z) Qg f(z).z co
zp—1 7 zp-1 7 p-1 7  p-1 7 4
then

QY , f(2)

g —1‘<M (zeU; M >0).
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Specially, if
Q=q(U)={w:|lw—-1<M (M >D0)},

then we denote @ 1[Q, M] simply by ®q 1[M]. Thus, Corollary 2.16 can be restated as below.
Corollary 2.17. Let ¢ € ®q1[M]. If f € A(p) satisfies

oc—lfz
‘Qr;,;l” SKM (zeU; ke N\{1; M >0)
and 1 2 3
Q% ,flz) QY 'f(z) Qpf(z) QY (z)
‘¢< Zp—1 7 zP1 ¢ zPl ! Zpl ,Z)_1‘<M,
then Qx f(z)
l3>,p_17‘_1‘<M (zeU; M>0).
zP

Corollary 2.18. Letp e N, k e N\ {1}, x =23, > -1 with x+ 3 = Eiﬂ and M > 0. If f € A(p) satisfies

Q(X lf
‘ p §kM (zeU; ke N\{1}; M >0)
and .
3o f(2)
|QBZ'§_1—1 <M (zelU; M>0),
then 0% f(z)
z
E;jll‘<l\/l (z€e U; M > 0).

Proof. 1f we take '
(k+ax+B+p—2)Me'® 4 (a+p+p—2)
a+pB+p—1
in Corollary 2.16, we easily get Corollary 2.18. O

¢(b,c,dez)=c=

3. Third-order differential superordination and sandwich-type results of Qg

In this section, we investigate the third-order differential superordination and sandwich-type results of
the Liu-Owa operator Qg ., defined by (1.2). For this, we first give the definition of the class of admissible
functions.

Definition 3.1. Let Q C C and q € H|0,p] with q’(z) # 0. The class of admissible functions @/ [Q ql
consists of those functions ¢ : C* x U — C that satisfy the following admissibility condition:

¢(b,c,d, e &) € Q,

whenever

B zq'(z) + m(oc + B —1)q(2)

b=alz), (x+B+p—1)m
(x+B+p—1DlcR—a—B)+dlx+p+p—2)] 1 zq"(z)

9%< (a+B+p—1c—(x+p—1)b _(“+B_1)>§mm< “)’

7
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and

m((oc—i—[S—i—p—l)(oc—i—[5+p—2)[(oc—|—[5+p—3)e—3(oc+[5—1)d]
(x+pB+p—1)c—(x+p—1)b

2(0c+B)(ax+p—1)(x+p—2)b 1 22q"" (z)
(atBtp—Tc—(a+p_Dp ot hlat B‘”) mzm< a2) )
whereze U, peN,x=3,p>—-1,& € 0U,and m € N\ {1}.
Theorem 3.2. Let ¢ € @’Q[Q, ql. If f € A(p) and Q%‘,pf(z) € Qo satisfy
zq”(z)) S Qg;lf(Z) <
n ()20 ‘ i@ =™ G
and
b(QF »f(2), Q' f(2), Q) f(2), QF H(2); 2)
is univalent in U, then
Q c {b(Qf»f(2), QF, 1f()Q°‘ zf()Q“ 3f() z) :ze U} (3.2)

implies that
q(z) < Qg pf(z) (z€U).

Proof. Suppose that the functions p(z) and 1 are given by (2.3) and (2.8). Because ¢ € (Db[Q, ql, so (2.9)
and (3.2) yield

Q c {W¥(p(z),zp"(2), 2" (2), 279" (2);2) : z € U}.

We see, from (2.7), that the admissible condition for ¢ € (D’Q[Q, q] in Definition 3.1 is equivalent to that
for \ as shown in Definition 1.5 with n = 2. Hence ¢ € ‘Pé [Q, g, and from (3.1) and Lemma 1.7, we get

q(z) < p(z) (ze€U)

or
qa(z) < Qp pf(z) (z€U).

We complete the proof of Theorem 3.2. O

If O # C is a simply-connected domain and QO = h(U) for some conformal mapping h(z) of U onto
Q, then we write @, [h(U), q] as @ [h, q]. Proceedings similarly as in the previous section, the following
theorem is an immediate consequence of Theorem 3.2.

Theorem 3.3. Let ¢ € d)’Q [h, ql. Also let h be analytic in U. If f € A(p) and Qg,pf (z) € Qo satisfy the condition
(3.1) and

d(QF ,f(2), QF 1f( ), Qi p 2f( ), Qi p 3f( );z)
is univalent in U, then
h(z) < ¢(Qf»f(2), QF ' f(2), Qg f(2), QF ) f(2);2) (33)

implies that
q(z) = Qg pf(z) (zeU).

The following theorem proves the existence of the best subordinant of (3.3) for an appropriate ¢.
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Theorem 3.4. Let h be analytic in U, and assume that ¢ : C* x U — C and  are given by (2.8). Suppose that
the differential equation

V(g(z),2q'(2), 229" (2),2°q" (2);2) = h(z)
has a solution q(z) € Qq. If f € A(p) and Q‘é‘,pf(z) € Qq satisfy the condition (3.1) and

b(QR »f(2), QR f(2), QR 2 (2), QR > f(2); 2)

is univalent in U, then
h(z) < (QE, (), Q¥ (2), QE2(2), QF, (2); 2)
implies that
q(z) < Qg »f(z) (z€U)

and q(z) is the best subordinant.
Proof. The proof of Theorem 3.4 is similar to that of Theorem 2.6 and now we choose to omit it. O
If we combine Theorems 2.4 and 3.3, then we obtain the following sandwich-type result.

Corollary 3.5. Let hy and qy be analytic functions in U. Also let hy be univalent in U, qo € Qg with q1(0) =
02(0) =0, and ¢ € Oqlhy, g2l N Qi [h, aul. If f € Alp), QF ,(z) € Qo NHIO, p] and

¢(Qf pf(2), Qf ' (2), Qf 7 H(2), QF (2 2)

is univalent in U, and (2.1) and (3.1) are satisfied, then

hi(z) < &(Qf »f(2), QF, f(2), Qa7 f(2), Q) f(2);2) < ha(2)

implies that
q1(z) < Qg pf(z) < a2(z) (z € U).

Definition 3.6. Let Q C C and q € H( with q’(z) # 0. The class of admissible functions d)’Q,1 [Q, q] consists
of those functions ¢ : C* x U — C that satisfy the following admissibility condition:

¢(b,c,d, e &) € Q,

whenever

_ _zq'(z) + m(a+ B +p—2)q(z)
b=alE) = b rp—m
- ((oc+[3+p—1)[0(3—oc—f3—p)+(oc+B+P—2)d]

(x+B+p—1)c—(x+B+p—2)b

—(oc+B +p—2)) < Llw <Zq//(7‘) +1>
m

q'(z)

x+p+p—2)d]

m((cx+[5+p1)(oc+[3+p2)[(cx+[5+p3)e3(

(x+B+p—1)c—(x+B+p—2)b

20+ pB+p—1(x+Pp+p—2)(x+B+p—3)b
(x+B+p—1c—(x+B+p—2)b

1 qu///( )
<5 ()

whereze U,peN,ax=3,p >—-1,§ € 0U, and m € N\ {1}.

+3(oc+[5+p—1)(oc+[3+p—2)>
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Theorem 3.7. Let ¢ € CI)’Q,1 [Q,ql. If f € A(p) and %ﬁz) € Qo satisfy
zq”(l))
R >0,
< q'(z) ) =

Qf,flz) Qf,'flz) Q§%(z) Qf ()
o(F )

1’Zp1’Zp1’Zp1

ro 1f Z)

zZP~ 1q (z)

A

m, (3.4)

and

is univalent in U, then

o oa—1 x—2 o—3
o {(b(Qﬁlpf(z) Qi f(z) Qpfz) Qf, f(z);z> e U} (3.5)

zp—1 7 zp-1 7 Zp-1 7 zp—1

implies that

Qg »f(2)
q(z) < —5=— (zeU).
Proof. Let the functions p(z) and 1 be given by (2.12) and (2.20). Because ¢ € @[Q, ql, so we get from
(2.21) and (3.5) that

Q c {W¥(p(z),zp"(2), 2" (2), 279" (2);2) : z € U}.

We find, from (2.19), that the admissible condition for ¢ € CDQ [Q, q] in Definition 3.6 is equivalent to that
for \ as shown in Definition 1.5 with n = 2. Therefore, { € ¥[Q, q], and by applying (3.4) and Lemma
1.7, we have

q(z) < p(z) (zeU)

or
Qg f(z)
zp—1

q(z) < (z e U).

O

If O # C is a simply-connected domain with (O = h(U) for some conformal mapping h(z) of U onto
Q, then we write @, ;[h(U), q] as @g ;[h, q]. Proceedings similarly, we have an immediate consequence
of Theorem 3.7.

Theorem 3.8. Let ¢ € CD 1[h, ql. Also let h be analytic in U. If f € A(p) and 2 pL(Z) € Qo satisfy (3.4) and

¢<Q%, ro 1f ) ro 21: ) ro 31: ,Z>

Zpl’zpl’zpl’zpl

is univalent in U, then

o a—1 o—2 ox—3
h(2)<d><QZ’f()Q » 1(2) Qp7flz) Qp, f()ﬂ)

1’Zp1’zp1’zp1

implies that
Qg , f(2)

q(z) < oo (ze ).

If we combine Theorems 2.14 and 3.8, we obtain the following sandwich-type result.
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Corollary 3.9. Let hy and gy be analytic functions in U. Also let hy be univalent in U, qu € Qg with q1(0) =
02(0) =0, and ¢ € ®qalhy, @] N DG 4 [y, gl If f € Alp), QiL € Qo N Ho, and

7 7

o Qnf®) QEM(E QFM(2) QFM(2)
zp—1 7 zp—1 zp—1 zp—1 7
is univalent in U, and (2.13) and (3.4) are satisfied, then

o oa—1 ox—2 ox—3
hl(ZHq)(QB,p )Q f(z) Qg flz) Qp.’f(z)

zp—1 Zpl ! zp1 ! ZP1

,z) < hy(z)

implies that

Qﬁ,pf(z)

o < q(z) (zelU).

qi(z) <

Remark 3.10. If we take p = 1 in all results of this paper, we can obtain the corresponding results for
Jung-Kim-Srivastava operator Q.
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