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Abstract

In this paper, we introduce a class of nonlinear contractive mappings in metric space. We also establish common fixed point
theorems for these pair of non-self mappings satisfying the new contractive conditions in the convex metric space . An example
is given to validate our results. The results generalize and extend some results in literature.
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1. Introduction and preliminary definitions

The metrically fixed point theorems for contraction self-mappings have find applications in various
areas in mathematics and economics. Many authors have proved the existence and uniqueness of common
fixed points of contraction self mappings in metric spaces and its generalizations (see Karapinar [12],
Abdeljawad et al. [2], Aydi et al. [6], Aydi et al. [7]). Much work have been done on the approximation
of fixed points of contraction mappings (see [3, 14, 15]). Kirk [13] extended the metric space to metric
space of hyperbolic type by placing Krasnoselskii’s result (for fx = (1 — )1+ «I for some « € (0,1)) in
the framework of convex metric space. In convex metric spaces occur cases where the involved function
is not necessarily a self-mapping of a closed subset. Assad [4] and Assad and Kirk [5] proved the first
fixed point result for multivalued non-self mappings in a metric space (X, d). Many authors have studied
the existence and uniqueness of fixed and common fixed point results for non-self contraction mappings,
see Ciri¢ [8], Imdad and Kumar [11], Rhoades [17], Sumitra et al. [18].

Throughout our consideration, we suppose that (X, d) is a metric space which contains a family L of
metric segments (isometric images of real line segment) such that

(a) each two points x,y € X are endpoints of exactly one number seg(x,y] of L, and
(b) if u,x,y € X and if z € seg[x, y] satisfies d(x, z) = Ad(x,y) for A € [0,1], then

d(u,z) < (1—A)d(u,x) +Ad(w,y). (1.1)
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A space of this type is called convex metric space of Takahashi ([19]).

Definition 1.1 ([1]). Let f and g be self -maps of a set X. If w = fx = gx for some x in X, then x is called a
coincidence point of f and g, and w is called a point of coincidence of f and g. Self-maps f and g are said
to be coincidentally commuting if they commute at their coincidence point; i.e., if fx = gx for some x € X,
then fgx = gfx.

Ciri¢ et al. [9] proved the following common fixed point theorem in metric space of hyperbolic type.

Theorem 1.2. Let X be a metric space of hyperbolic type, K a non-empty closed subset of X, and 6K the boundary of
K. Let 6K be non-empty and let T : K — Xand f : KNT(K) — X be two non-self~mappings satisfying the following
conditions:

d(M Ty) ,d(Tx, fx), d(Ty, fy), min{d(Tx, fy), d(fx, Ty)}, d(Ty, fx) +d(Tx fy) })

d(fx, fy) < d)(max{ > q

forall x,y € X, where ¢ : [0,00) — [0, 00) is a real function which has the following properties
o O(t) <tfort>0and d(t) is non-decreasing.

Suppose that F and T have the following additional properties:

(1) 8K C TK, fKNK C TK;
(2) Tx e 3K = fx € K;
(3) KNT(K) is complete.

Then, there exists a coincidence point z in Z. Moreover, if (f, T) are coincidentally commuting, then z is the unique
common fixed point of f and T.

Radenovi¢ and Rhoades [16] proved the analog of Theorem 1.2 in the setting of cone metric space of
Huang and Zhang [10] for ¢(t) = kt, where k € [0,1).

The purpose of this paper is to introduce a new pair of non-linear contractive type non-self mappings
which satisfy a new contractive condition and prove common fixed point theorems in convex metric space.
Our results generalize and extend the results of Radenovi¢ and Rhoades [16] and Ciri¢ et al. [9] and other
related results in the literature.

The following section gives the definition of new non-linear contractive type of non-self mappings
defined in the metric space. The existence and uniqueness of the common fixed point of these operators
in the setting of convex metric space is proved.

2. Main results

Definition 2.1. Let (X, d) be metric space, K be a non-empty closed subset of X, and f, T : K — X. If f and
T satisfy the condition d(fx, fy) < A-u(x,y), where

ATV 47, 1), a(Ty, fy), minfa(Tx, ), aTy, )}, L) : SRy

forallx,y € C,0<A<1,q>2—A, then, f is called a generalized contractive mapping of K into X.

u(x,y) € { (2.1)

We state and prove our main result as follows.

Theorem 2.2. Let X be a convex metric space, K a non-empty closed subset of X, and 5K the boundary of K. Let 5K
be nonempty and let T : K — Xand f : KNT(K) — X be the generalized contractive mappings of K into X, and

(1) 5K ¢ TK, fKNK c TK;

(2) Tx €e 8K = fx € K;
(3) fKN K is complete.
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Then there exists a coincidence point z in X. Moreover, if f and T are coincidentally commuting, then z is the unique
common fixed point of f and T.

Proof. Let x € 6K be arbitrary. We construct three sequences {xn} and {z,} in K and a sequence {yn}
in fK C X as follows. Choose z, = x. Since zg € 6K, it follows that there exists xg € K such that
zo = Txp € 8K. By (3), we have fxg € K. Now, choose y; = Tx; with y € fK C X. This implies that
fxo € fKNK C TK. Set y; = fxg, we choose x; € K such that Tx; = fxg. Hence z; = Tx; = fxg = yj1. This
gives yp = fx;.

Since Yy € fKNK, it follows that y, € TK by (2). Let x; € K with z; = Tx; € 8K such that z; = Tx; =
fx1 = yo. If fx; = yo ¢ K, then there exists z, € 0K(z2 ¢ yz) such that zo € seglyy,ya]. Since x2 € K, then
by (i) we have Tx, = z,. Hence z; € 8K Nseglyy, yol.

We can choose yz € fKNK, and by (2), yz € TK. Let xo € K such that Txz = y3 = fx. Continuing in
the process, we construct three sequences {x,,} C K, {zn} C K, and {yn} € fK C X such that

(@) Yn = fxn_1;

(b) Zn = Txn;

(c) zn =yn if and only if yn € K;

(d) zn, € yn whenever y,, ¢ K and z,, € 6K such that

zn € 0K N seg[fxn_2, fxn_1l.

This proves that f and T are non-self mappings.

Remark 2.3. By (d) if zn, # yn, then z,, € 8K and combining (b), (2), and (a) we obtain zn+1 = Yni1.
Likewise z,—1 = Yn—1 € K. If z, 1 € 8K, then it implies z, =yn € K.

Next, we show that x,, # xn,+1 for all n. From (a), (b), (c), and (d) we can establish three possibilities
as follows.

(1) zn =yn €Kand zn 1 =yYn1;
(2) zn =yn €Kbutzn1 #yni1;
(3) zn # yn € K in which case z,, € KN seg[fxn_2, fxn_1].

Now, we consider the following cases.
Case (1): Let z, =yn € Kand z,, 41 = Yn41. Using equation (2.1) we obtain
d(Zn/Zn—H) = d(yn/yn—H) =d(fxn_1, an) <A-up,
where

d(Txn_1,T
Uy € {M, d(TXn—ll fxnfl)/ d(TXn, fxn)/

2
min{d(Txn—lz an), d(TXn/ Xn_1 )}/

d(Tanlr fxn) + d(TXn/ fxnfl) }
q

d(zn_1,2z .
{M/ d(anlrUn)/ d(Zn/ynJrl)/ mln{d(lnq,ynﬂ), d(Zn/yn)}/

2
d(anlr yn+1) + d(an yn) }
q

d(zn—1, d(zn—1, 0
{(anlzn)/ d(ZTLfl/ZTL)/ d(ZTLIZ’ﬂ.Jrl)/O/ (Zn ! Zn+1) + }

d(zn_1, d(zn_1, d(zn,
= {7&“ 21 Zn)/d(lnflzln);d(Zn/ZnJrl)/O; (Zn1 Zn): (zn, Zn41) }

Obviously, there are infinite many n such that at least one of the following cases holds:

(i) d(zn,zni1) <A- 2E120) CAd(2, 4, 20);
(ii) d(Zn/ Zn+1) <A d(anlr Zn);



K. S. Eke, B. Davvaz, J. G. Oghonyon, J. Math. Computer Sci., 18 (2018), 184-191 187

(iii) d(zn,zn+1) < A-d(zn,zns1) (a contradiction);
(iv)

d(zn—1,zn) + d(zn, zn+1)

A
d(Zn, Zn+1) <A q } < a(d(znfll Zn) + d(Zn/ Zn+1))/
A A
(1— a)d(lmlnﬂ) < ad(lnfllln),
A A
d(zn, zn41) < el i)\ +d(zn-1,zn) < ﬁ-d(zn—lrzn)-

Combining the four cases (i), (ii), (iii), and (iv) we obtain
d(z’nl ZTL+1) g k- d(ZTL—ll Zn)/

A
where k = max{A, ﬁ}.

Case 2: Let z, = yn € Kbut zn11 # Yn41. Then z 1 € KN seglyn, Yn+1). From equation (1.1) with
u =y, we obtain

Therefore, we have
d(x,y) < d(x,z)+d(z,y) <Ad(x,y)+ (1—A)d(x,y) = d(x,y).
Hence,
z € seglx,yl = d(x,z) +d(z,y) = d(x,y),

because zn, 11 € seglyn, Yn+1) = seglzn, Yn1]. We have

d(zn, zn+1) = dYn, zn+1) = AYn, Yn+1) — d(zn+1, Yn+1) < dlyn, Yn41)-
From Case (1), we obtain
d(Yn,Yn+1) <A-d(zn-1,2n).
Case (3): zn # Yn. Then z,, € SKNseglfxn_2, fxn_1l, i€, zn € 6KNseglyn_1,ynl. By Remark 2.3 we have
Zn4+1 = Yn+1 and zn 1 = Yn_1. This implies that
d(zn, znv1) = d(zn, Yn+1) < d(zn, Yn) + d(Yn, Yns1)
= d(zn—1,Yn) —d(zn, zn-1) + d(Yn, Yn+1) (2.2)
= d(Yn—1,Yn) —d(zn,zn—1) + A[Yn, Yn1).
We shall find d(yn—1,yn) and d(yn,Yn+1). Since z, 1 = yn_1, we can conclude that

d(ynflzyn) <A d(zn—Zl anl)/ (23)

with respect to Case (2).
Now, we obtain

d(yn/yn+1) = d(fxnfl/ an) <A-up,
where
un 6 {d(TXn—lr Txn)

2
d(Txn—1, fxn) + d(Txn, fxn_1) }

q

d(zn_1,2 . d(zn_1, +d(zn,
{7( “21 n),d(zn_l,yn),d(zn,yn+1),mln{d(zn—1,9n+1),d(zn,yn)}, (Zn ynﬂq) (zn yn)}

d(zn_1,z d(zn-1,z +d(zn,
{FEE) s yn) Az znn), dizn, ), I T St}

s d(TX’TL—ll fxn—] )/ d(TXn/ an), min{d(TXn—lf an), d(TXTl/ fxn—l)}/
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(i) d(yn/ynJrl) < A- M < )\d(zn 1/Zn)'
(ii) d(yn,yn+1) <A d(Zn I/Un) _}\d(yn 1/Un)
(111) d(UmUn+1) < }\ d(ZTUZTL-i-l)I
(iV) d(yn/UnJrl) <A d(Zn/yn) }\-{d(zn/ anl) - d(anlfyn) < 7\.d(Zn, anl);
(V)
A
d(yn,Yn+1) < a{d(zn—lryn+1) + d(yn, zn)}
A
< a(d(znflz Zn) + d(znrynJrl) + d(ynflzyn) - d(znflz Zn))
A
< a(d(yn_byn) + d(zn,zn+1)),

Zn+1 = Yn+1, Zn—1 = Yn—1 and d(ynflr yn) < A-d(zn—2,zn—1), we obtain
A
d(yn/yn+1) q(7\ d(zn—2,zn-1) +d(zn, zn41))-

Substituting equation (2.3) and the above case in equation (2.2) yields,
(vi)
d(zn, zns1) < A-d(zn-2,zn-1) —d(zn-1,2n) + A - d(zn—1,2n)
=A-d(zn-2,2zn-1) + Ad(zn-1,2n)
2 max{d(zn-2,zn-1), d(zn-1,2n)} < Ad(zn—2,2n-1);

(vii)

d(zn, Zn—l—l) <A-d(zn—2,zZn-1) —d(zZn—1,2n) + A - Ad(zn—2, Zn—l) <A+ }\z)d(zanI Zn—l);

(viii)

d(Zn/ Zn+1) <A d(Zn_z, anl) - d(znfl/ Zn) + )\d(zn/ Zn+1)/
(1 - A)d(zn/ Zn+1) <A d(zanI anl) - d(anlz Zn)/
A
d(zn, Zn+1) < ﬁd(znfb Zn-1);
(ix)
d(zn, zn+1) <A d(zn-2,2n-1) — d(zn-1,2n) + Ad(zn, zn-1)

<A-d(zn—2,zZn-1) +Ad(zn,zn—1)
< 2Amax{d(zn-2,2n-1), d(zn, zn-1)}
< Amax{d(zn—2,zn-1), d(zn, zn-1)}

)
2 A
d(zn/ Zn+1) <A d(Zn_z, anl) - d(znflr Zn) + Ed(zn—Zr anl) + ad(zn/ Zn+1)/

A 2
(1— a)d(zn, Znt1) < (A4 — q —)d(zn—2,zn—1) — d(zn—-1,2n),

—A Aq + A2
qqd(Zn/Zn—l—l)< qq
Aq + A2
q—A

d(zn—2,zn-1),

d(zn/ Zn+1) < d(Zn—Zr anl)~

(2.4)

(2.5)

(2.6)

2.7)

(2.8)
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From equations (2.4), (2.5), (2.6), (2.7), and (2.8) we obtain
d(zn, zny1) < umax{d(zn—2,zn-1), d(zn,zn-1)}

where
A Aq+A?

u =max{\, A+ A%, —— (

1-A"" g—A )

Combining Cases (1), (2), and (3) we obtain
d(zn,zZn41) SU- Wy,
where wy, € {d(zn—2,zn—1),d(zn_1,zn)} and

A A Aq+A? A A Aq+A?
= max(A, —— A+A%, —, = Y
u = max{ Py + 1_>\(q_}\ )} max{q_?\ 1_}\( P

)}-

Following the procedure of Assad and Kirk [5], it can be easily verified by induction that for n > 1,
d(zn,2n1) SWT -y (29)
where w; € {d(zo, z1), d(z1, 22)}.
For n > m, using equation (2.9) and the triangle inequality we have

d(Zn/ Zm) < d(Zn/ anl) + d(anlr Zn—Z) +-+ d(Zerl/ Zm)

1
n_1 n—2 m_1 Vo

Su?z +u?z +---4+u?2 ) wy<
( )wr < M

The sequence is Cauchy. Since z,, = fxn—1 € fKNKis complete, it follows that there is some z € fKNK
such that z, — z. Let w in K be such that Tw = z. By the construction of {z,}, there is a subsequence
{zn, } such that zn, =yn, = fxn, , and fxn, , — z. We show that fw =z,

-wy =0, asm — co.

d(fw, z) < d(fw, fxn, )+ d(fxn,_,,z) <A-un, +d(fxn, ,,2),
where

d(Tw, T
unk { ( ( w 2 XTkal)
d(Tw, fxn, )+ d(Txn, ,, fw) }

q

Taking zn, =Yyn, = fxn, , = zasn — oo yields

, A(Txn, , fxn, ), d(Tw, fw), min{d(Tw, fxn, ,), d(Txn, ,, fW)},

d(z, fw) d(z, fw)

u, €{0,0,d(z, fw), min{0, d(z, fw)}, 1.

Looun €{d(z, fw),

Thus, we have

(@). d(fw,z) < Ad(z, fw) + d(fxn, ,,z) < Ad(z, fw).
Since A < 1, it follows that d(fw, z) = 0. This implies z = fw.
(b). d(fw,z) < %d(fw, z).
Since A < q, it follows that d(fw, z) = 0. Hence z = fw.
In all cases we have z = fw.
Suppose that T and f are coincidentally commuting. Then, we have z = fw = Tw = fz = fTw =
Tfw = Tz. Next we prove that z = fz = Tz. Suppose that z # fz, then using equation (2.1) we obtain

d(fz,z) = d(fz, fw) < A-u(z,w),
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where
u(z,w) € {@, d(Tz, fz), d(Tw, fw), min{d(Tz, fw), d(Tw, fz)}, d(Tz, fw) —(;— d(Tw, fz) }
< {422 ate, 21, 2 mintalz, 2, (e 12, TGN, (g 1 A2,

Case (1): d(fz,z) < Ad(fz,z). It is a contradiction. Hence z = fz.

Case (2): d(fz,z) < %d(fz, z). It is also a contradiction. This implies that z = fz. Therefore we obtain
z =fz =Tz. Hence T and f have a common fixed point.
Suppose there exists another common fixed point of T and f, say v, such that z = v. On the other
hand, we prove that z # v. Using equation (2.1), we have

d(z,v) = d(fz, fv) < A-u(z,v),

where

d(TZZ' ™) ATz f2), d(Tv, fv), min{d(Tz, fv), d(Tv, fz)}, 0= ) :; d(Tv, fz) }

< { d(Z’V) ,d(z,z),d(v,v), min{d(z,v),d(v,z)}, az ) ;L dlv.z) } < { d(ZZ/V)’ d(z,v), 2d(z,v)}.

u(z,v) € {

Case (1): d(z,v) < %d(z,v). Since A < 1, it follows that z = v.
Case (2): d(z,v) < Ad
<

(
Case (3): d(z,v) < %d( v) < %d(z,v). In all the cases we have z = v. Therefore the common fixed point
for T and f is unique. O

,v). It is a contradiction. Hence z = v.
z,

Remark 2.4. In Theorem 2.2, if min{d(TX, Ty), d(Ty, Tx)} is removed from its operator, then we obtain the
result of Radenovi¢ and Rhoades ([16, Theorem 2.2]) proved in the setting of cone metric spaces. Moreso,
Theorem 2.2 generalizes Theorem 4 of Ciri¢ et al. [9] proved in the setting of Banach spaces without
employing the notion of convexity.

Setting T = I, the identity mapping of X in Theorem 2.2, we obtain the following result.

Corollary 2.5. Let (X, d) be convex metric space, K a non-empty closed subset of X, and 5K the boundary of K. Let
OK be nonempty such that for each x € K and y ¢ K there exists a point z € dk such that

d(XI Z) + d(Z/y) = d(Xzy)
Suppose that f : K — X, satisfies the condition
d(fxl ﬁJ) < }\ : U(X/U),

where
d(x, fy) + d(y, fx)
q

forall x,y € K,0 <A < 3, g >2—Aand f has the additional property that for each x € 5K, the boundary
of K, fx € K, then f has a unique fixed point.

d(x,y)
2

Example 2.6. Let X be the set of real numbers with the usual metric, K = [0, +00) and let T : K — X and
f: KN T(K) — X be two non-self mappings defined by Tx = x? and fx = XTZ for all x € K.

Thus T and f satisfied equation (2.1) and all the hypotheses in Theorem 2.2 are satisfied. So, T and f
have a unique common fixed point z = 0.
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To see that our result generalized Theorem 2.2 of Radenovi¢ and Rhoades [16], let A = %, x =0, and
y = 1, then we have

1.0 1 1
< <(= =z < ,
d(fx, fy) < 5 (17 1)) = 7470, f1) < Ad(Tx, fy)

This does not satisfy Theorem 2.2 of Radenovi¢ and Rhoades [16].

1 1
2 =5(0-

Conclusion 2.7. This research introduced a new class of nonlinear contractive non-self mappings in metric
spaces. Furthermore, the existence and uniqueness of common fixed point for a pair of these maps is
proved in the setting of convex metric space. The obtained result is more general than the result of
Radenovi¢ and Rhoades [16] and Ciri¢ et al. [9] in the setting of cone metric spaces of Haung and Zang
[10] and Banach spaces, respectively. Example is given to support our claim.
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