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Abstract
In this paper, we study the notions of bounded σ-approximate amenability and sequential σ-approximate amenability

for Banach algebras, where σ is a continuous homomorphism of the corresponding Banach algebra. Also, we discuss some
hereditary properties of these concepts.
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1. Introduction

The concept of amenability for a Banach algebra was introduced by Johnson in 1972 [6]. Several
modifications of this notion were introduced by relaxing some of the restrictions on the definition of
amenability. Some of the most notables are concepts of approximate amenability [3], boundedly ap-
proximate amenability [4], and σ-amenability [7], where the former had been studied previously under
different names.

Our main goal in this paper is to develop the definitions of bounded approximate amenability and se-
quential approximate amenability to bounded σ-approximate amenability and sequential σ-approximate
amenability, respectively, where verify the relation between usual notions and σ-notions of bounded ap-
proximate amenability. Moreover, we obtain some hereditary properties of these concepts.

2. Preliminaries

Let A be a Banach algebra and E be a Banach A-bimodule such that the following statements hold

‖a.x‖ 6 ‖a‖‖x‖ and ‖x.a‖ 6 ‖x‖‖a‖

for all a ∈ A and x ∈ E.
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Then, the dual space E∗ of E is a Banach A-bimodule under the following actions

〈x,ϕ.a〉 = 〈a.x,ϕ〉 and 〈x,a.ϕ〉 = 〈x.a,ϕ〉

for all a ∈ A, x ∈ E, and ϕ ∈ E∗.
Similarly, the second dual space E∗∗ of E becomes a Banach A-bimodule with the following actions

〈ϕ,Λ.a〉 = 〈a.ϕ,Λ〉 and 〈ϕ,a.Λ〉 = 〈ϕ.a,Λ〉

for all a ∈ A, ϕ ∈ E∗, and Λ ∈ E∗∗.
Now, let σ : A −→ A be a continuous homomorphism. A σ-derivation from A into a Banach A-

bimodule E is a bounded linear map D : A −→ E such that for each a,b ∈ A,

D(ab) = σ(a).D(b) +D(a)σ(b).

Also, the σ-derivation δ : A −→ E is σ-inner if there exists x ∈ E such that δ(a) = δx(a) = σ(a).x− x.σ(a)
for all a ∈ A.

A σ-derivation D : A −→ E from Banach algebra A into Banach A-bimodule E is a σ-approximately
inner if there exists a net (ξα) ⊂ E such that for every a ∈ A, D(a) = limα(σ(a).ξα−ξα.σ(a)). We say that
A is called σ-approximately amenable if for any Banach A-bimodule E, every σ-derivation D : A −→ E∗

be a σ-approximately inner.
In [4], the notion of bounded approximate amenability was also introduced; a Banach algebra A is

boundedly approximately amenable if for each Banach A-bimodule E, and every derivation D : A −→ E∗,
there exists a net (ξα) ⊆ E∗ such that the net (adξα) is norm bounded in B(A, E∗) and for a ∈ A,
Da = limα adξα(a).

3. Bounded and sequential σ-approximate amenability

In this section, we continue the investigation of σ-approximate amenability. We study basic prop-
erties of the notion of Bounded σ-approximate amenability. Moreover, we show that any boundedly
σ-approximately amenable Banach algebra which is also separable as a Banach space is sequentially σ-
approximately amenable.

The following definition extends the concept of the approximate amenability.

Definition 3.1 ([3]). Let A be a Banach algebra and σ : A −→ A be a continuous homomorphism. Then
a continuous σ-derivation D : A −→ E from A into Banach A-bimodule E is boundedly σ-approximately
inner if there exists a net (ξα) ⊆ E such that the net (adσξα) is norm bounded in B(A, E) and for a ∈ A,

Da = lim
α
adσξα(a).

If in the above definition (ξα) can be chosen to be a sequence, then D is called sequentially σ- approx-
imately inner.

Definition 3.2. Let A be a Banach algebra and σ : A −→ A be a continuous homomorphism. Then A

is called boundedly (Resp. sequentially) σ-approximately amenable if for every Banach A-bimodule E,
every continuous σ-derivation D : A −→ E∗ be a boundedly (Resp. sequentially) σ-approximately inner.

Definition 3.3. Let A be a Banach algebra and σ : A −→ A be a continuous homomorphism. Then A

is called boundedly σ-approximately contractible if for every Banach A-bimodule E, every continuous
σ-derivation D : A −→ E be a boundedly σ-approximately inner.

For example, the Banach algebra A is boundedly approximately amenable (contractible) if and only if
A is boundedly idA-approximately amenable (contractible).
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Remark 3.4. Note that it is the net of σ-derivation (adσξα) that is required to be bounded, not the imple-
menting net (ξα). On the other hand, if A is σ-amenable then [5, Proposition 1] shows that A is boundedly
σ-approximately contractible with the implementing net bounded.

Remark 3.5. Let σ be a continuous homomorphism on Banach algebra A and E be a Banach A-bimodule.
Then, E is a Banach A-bimodule under the following module actions

a.x := σ(a)x and x.a := xσ(a)

for all a ∈ A and x ∈ E.

A standard argument shows the following proposition.

Proposition 3.6. Let σ : A −→ A be a continuous homomorphism on Banach algebra A. Then A is boundedly σ-
approximately amenable if and only if there exists a constant K > 0 such that for each Banach A-bimodule E and
any continuous σ-derivation D : A −→ E∗ there is a net (ξα) ⊆ E∗ such that (i) supα ‖adσξα‖ 6 K‖D‖; and (ii)
for any a ∈ A,

Da = lim
α
adσξα(a).

Proof.

⇒: Assume towards a contradiction that there exists no such K, then for every integer n ∈N there exists
a module Mn with constant at least n for some norm on σ-derivation Dn : A −→ M∗n. Take the module
`1(Mn) with dual `∞(M∗n). Then the σ-derivation D = (Dn) into the latter has constant at least n, for
each n, a contradiction.

⇐: It is clear.

In terms of the basic characterization of σ-approximate amenability, we have the following result.

Proposition 3.7. Let A be a boundedly σ-approximate amenable and let σ : A −→ A be a continuous homo-
morphism. Then there exists a net (Mα) ⊂ (A] ⊗ A])∗∗ and constant K > 0 such that for each a ∈ A],
σ(a).Mα −Mα.σ(a) → 0, π∗∗(Mα) → e and ‖σ(a).Mα −Mα.σ(a)‖ 6 K‖σ(a)‖. Conversely, if A has this
latter property and (π∗∗(Mα)) is bounded, then A is boundedly σ-approximate amenable.

Proof. The argument of [3, Theorem 2.1] suffices.

Remark 3.8. Let σ : A −→ A be a continuous homomorphism on Banach algebra A, then we define
σ] : A] −→ A] by σ](a+ α) = σ(a) + α for each a ∈ A and α ∈ C. It is routinely shown that σ] is a
continuous homomorphism on A]. We know that (A])∗ = A∗ ⊕Ce∗ where for each a ∈ A, f ∈ A∗ and
α,β ∈ C we have 〈a+ β, f+ αe∗〉 = f(a) + αβ. In particular, e∗(a+ α) = α. Note that for f ∈ A∗ and
α ∈ C we have ‖f+αe∗‖ = max{‖f‖, |α|}. Now, for each a,b ∈ A, f ∈ A∗ and α,β ∈ C we have

(a+α).(f+βe∗) = af+αf+ (f(a) +αβ)e∗,
(f+βe∗).(a+α) = fa+αf+ (f(a) +βα)e∗.

Lemma 3.9. Let A be a unital Banach algebra with unit e, σ : A −→ A be a continuous homomorphism on A such
that σ(A) = A, E be a Banach A-bimodule and D : A −→ E∗ be a continuous σ-derivation. Then, there exists a
continuous σ-derivation D1 : A −→ e.E∗.e and η ∈ E∗ such that

(i) ‖η‖ 6 2CE‖D‖;

(ii) D = D1 + δ
σ
η .

Proof. Since A is a unital Banach algebra with unit e and σ(A) = A, it is easy to show that σ(e) = e. We
follow the standard argument in [7, Lemma 2.3]. Take Y1 = e.E∗.e, Y2 = (1− e).E∗.e, Y3 = e.E∗.(1− e), and
Y4 = (1 − e).E∗.(1 − e), which are Banach A-bimodules. Note that the action on the left (Resp. right, both
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sides) on Y2(Resp.Y3, Y4) is zero. For f ∈ E∗, we have

f = efe+ (f− ef) + (f− ef) + (ef+ fe− efe− f) = efe+ (f− ef) + (f− ef) − (1 − e)f(1 − e).

This shows that E∗ = Y1 ⊕ Y2 ⊕ Y3 ⊕ Y4. Let D : A −→ E∗ be a continuous σ-derivation. Consider the
derivations Di = PioD : A −→ Yi for 1 6 i 6 4, where Pi : E∗ −→ Yi be the associated canonical
projections. Thus, D = D1 +D2 +D3 +D4 and Di : A −→ Yi is continuous σ-derivation for 1 6 i 6 4.
Now, it can be easily shown that D2 = δ(−D2e), D3 = adD3e, D4 = 0. Therefore, D is inner if and only
if D1 is inner. Consider η = D3e −D2e = e.De.(1 − e) − (1 − e).De.e = e.De −De.e. Then, we have
‖η‖ 6 2CE‖D‖.

Remark 3.10. A Banach A-bimodule E is said to be neo-unital if

E = A.E.A = {a.x.b : a,b ∈ A, x ∈ E}.

Proposition 3.11. Let σ : A −→ A be a continuous homomorphism on Banach algebra A such that σ(A) = A,
then A is boundedly σ-approximately amenable if and only if A] is boundedly σ]-approximately amenable.

Proof.

⇒: Since σ(A) = A, it is clear σ](A) = A]. Let E be a Banach A-bimodule and D : A] −→ E∗ be a
continuous σ-derivation. By Lemma 3.9, there exists a continuous σ-derivation D1 : A] −→ e.E∗.e and
η ∈ E∗ such that D = D1 + δ

σ
η , where σ(e) = e is the identity of A]. Thus D1(e) = 0. Hence without loss

of generality, we may suppose that E∗ is neo-unital and so D(e) = 0. By assumption, there exists a net
(ξα)α ⊂ E∗ and a constant K > 0 such that for all a ∈ A,

D(a) = lim
α

(ξα.σ(a) − ξα.σ(a)).

Moreover, ‖ξα.σ(a) − ξα.σ(a)‖ 6 K‖σ(a)‖ for all α. Since D(e) = 0 and e.x = x.e for all x ∈ E∗, it follows
that

D(a+ λe) = lim
α

((σ(a) + λe).ξα − ξα.(σ(a) + λe))

and
‖(σ(a) + λe).ξα − ξα.(σ(a) + λe)‖ 6 K‖σ(a)‖ 6 K‖σ(a) + λe‖

for all a ∈ A and λ ∈ C. Therefore A] is boundedly σ]-approximately amenable.

⇐: Let D : A −→ E∗ be a continuous σ-derivation for Banach A-bimodule E∗. Set D̃ : A] −→ E∗ by
D̃(a+ λe) = D(a) for all a ∈ A and λ ∈ C. Setting e.x = x.e = x (for all e ∈ A] and x ∈ E), makes E∗

into a Banach algebra A]-bimodule and D̃ is a continuous σ-derivation. So D̃ is σ-approximately inner,
therefore there exists a net (ξα)α ⊂ E∗ and a constant K > 0 such that for all a ∈ A,

D(a) = lim
α

(ξα.σ(a) − ξα.σ(a))

with
‖ξα.σ(a) − ξα.σ(a)‖ 6 K‖σ(a)‖

for all α.

Proposition 3.12. Let σ : A −→ A be a continuous homomorphism on Banach algebra A. If A is boundedly
approximately amenable, then A is boundedly σ-approximately amenable.

Proof. Let E be a Banach A-bimodule and D : A −→ E∗ be a continuous σ-derivation. Consider the
following module actions on E

a.x = σ(a).x and x.a = xσ(a)

for all a ∈ A and x ∈ E. Then E with this product is a Banach A-bimodule and since D : A −→ E∗ is a
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σ-derivation, then

D(ab) = D(a)σ(b) + σ(a)D(b) = D(a).b+ a.D(b)

for each a,b ∈ A. Thus, D is a derivation and so, by bounded approximately amenability of A, there
exists a net (ξα) ⊂ E∗ and a constant K > 0 such that for each a ∈ A

D(a) = lim
α

(ξα.a− a.ξα)

and moreover ‖ξα.a− a.ξα‖ < K‖a‖ for all α. Hence for each a ∈ A,

D(a) = lim
α

(ξασ(a) − σ(a)ξα)

and
‖ξασ(a) − σ(a)ξα‖ = ‖ξα.a− a.ξα‖ < K‖a‖

for all α. Thus, A is boundedly σ-approximately amenable.

Now, in the following proposition we show that the converse of Proposition 3.12 holds, when σ be a
continuous homomorphism on Banach algebra A with dense range.

Proposition 3.13. Let σ : A −→ A be a continuous homomorphism on Banach algebra A with dense range. If A
be a boundedly σ-approximately amenable. Then, A is boundedly approximately amenable.

Proof. Given a Banach A-bimodule E, then it is also Banach A-bimodule with actions

a.x := σ(a).x and x.a := x.σ(a) (a ∈ A, x ∈ E).

LetD : A −→ E∗ be a continuous derivation. Then, this is clear thatD1 = Doσ is a σ-derivation. Therefore,
the boundedly σ-approximately of A implies that there exists a net (ξα) ⊂ E∗ and a constant K > 0 such
that for each a ∈ A, D1(a) = limα(ξα.σ(a) − σ(a).ξα) and ‖adσξα‖ < K for α. Now, since σ(A) = A, for
any b ∈ A there exists a net (aβ) ⊆ A such that

σ(aβ)→ b.

For an arbitrary ε, there exists an index β such that

‖D‖‖b− σ(aβ)‖+K‖b− σ(aβ)‖ < 2ε/3.

Then we may choose ε such that ‖D1(aβ)− (ξα.σ(aβ)−σ(aβ).ξα)‖ < ε/3. Now ‖D(b)− (ξα.b−b.ξα)‖ <
ε. Thus, A is boundedly approximately amenable.

The uniform boundedness principle shows that every sequentially σ-approximately amenable Banach
algebra is boundedly σ-approximately amenable.

Proposition 3.14. Let σ : A −→ A be a continuous homomorphism on Banach algebra A with dense range and A be
a boundedly σ-approximately amenable. If A is separable as a Banach space, then it is sequentially σ-approximately
amenable.

Proof. Let {σ(an) |n ∈ N} be a countable dense subset of A, E be Banach A-bimodule, and D : A −→ E∗

be a continuous derivation. Since A is boundedly σ-approximately amenable, then there exists a constant
K > 0 such that for each n ∈ N there exists ξn ∈ E∗ such that

‖D(ak) − (σ(ak).ξn − ξn.σ(ak))‖ < 1/n (k = 1, 2, . . . ,n)
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and
‖σ(a).ξn − ξn.σ(a)‖ 6 K‖a‖ (a ∈ A).

This shows that the sequence (ξn) ⊆ E∗ satisfies

D(ak) = lim
n→∞(σ(ak).ξn − ξn.σ(ak)) (k = 1, 2, . . .),

and the sequence (adσξn) is bounded in B(A, E∗). Now, since σ(A)=A, then for any a ∈ A, limk→∞ σ(ak)=
a. Hence for all a ∈ A, D(a) = limn→∞(a.ξn − ξn.a). Whence A is sequentially σ-approximately
amenable.

The same argument gives the next.

Proposition 3.15. Let σ : A −→ A be a continuous homomorphism on Banach algebra A with dense range
and A be a boundedly σ-approximately contractible. If A is separable as a Banach space, then it is sequentially
σ-approximately contractible.

Example 3.16. Let σ : A −→ A be a continuous homomorphism on Banach algebra A. Hence by applying
the argument of [3, Example 6.1], we have that for any net (Ai) of σ-amenable (contractible) Banach
algebras, C0(A

]
i) is boundedly σ-approximately amenable (contractible).

We should mention that the imposed condition is necessary in above proposition. The next example
shows that the conclusion of the proposition is not true for non-separable Banach algebras.

Example 3.17. Let A = C0(S) where S is uncountable set and σ : A −→ A be a continuous homomor-
phism on Banach algebra A. Then A is σ-amenable and hence is boundedly σ-approximately contractible.
But A cannot be sequentially σ-approximately contractible, for otherwise C0(S) would have a sequential
approximate identity, which is impossible. So, without separability Proposition 3.15 is not true.

Proposition 3.18. Let A be a boundedly σ-approximately amenable Banach algebra and σ : A −→ A be a contin-
uous homomorphism on A. Then, A has left and right approximate identities for σ(A); that is, there exists a net
(eα) ⊆ A such that for each a ∈ A

σ(a)eα −→ σ(a) and eασ(a) −→ σ(a).

Proof. Let E = A∗. Clearly, E is a Banach A-bimodule with module actions induced via a.f(b)= f(ab) and
f.a=0 for all f ∈ A∗ and a ∈ A. Thus, E∗ = A∗∗ is a Banach A-bimodule with right action F.a(f)=F(a.f)
and zero left action a.F=0 for all f ∈ E, F ∈ E∗, and a ∈ A. Now, the map D : A −→ E∗ defined by
D(a) = σ̂(a) is a σ-derivation. Since A is σ-approximately amenable, then there exists (Fα)α ⊂ A∗∗

and a constant K > 0 such that ‖adσFα‖ < K for all a ∈ A, D(a) = limα(Fα.σ(a) − Fα.σ(a)) and since

a.Fα = 0 and D(a) = σ̂(a), then σ̂(a) = limα(Fα.σ(a)). Take K ⊂ σ(A) and χ ⊂ A∗ be two non-empty
finite sets and ε > 0. Therefore, there exists α0 = α0(K,χ, ε) where the family of such pairs (K,χ, ε) is a
directed set for the partial order 6 given by (K1,χ, ε1) 6 (K2,χ, ε2) if K1 ⊆ K2 and ε1 > ε2, such that for
σ(a) ∈ K, ‖ ˆσ(a) − Fα0 .σ(a)‖ < ε/2M, where

M = max{‖ϕ.σ(a)‖, ‖ψ‖;σ(a) ∈ K,ϕ,ψ ∈ χ}.

Since Fα0 ∈ A∗∗ by Goldestine’s theorem, there exists a net (eα)α ⊂ A such that Fα0 = w∗ − limα eα.
Choose eβ ∈ A such that

|〈σ(a).ϕ, Fα0〉− 〈eβ,σ(a).ϕ〉| < ε/2(ϕ ∈ χ,σ(a) ∈ K).

Then,

| 〈eβ.σ(a),ϕ〉− 〈σ(a),ϕ〉 |6| 〈eβ.σ(a),ϕ〉− 〈ϕ, Fα0 .σ(a)〉 | + | 〈ϕ, Fα0 .σ(a) − ˆσ(a)〉 |6 ε/2 + ‖ϕ‖.ε/2M 6 ε.

Thus, (eβ)(K,χ,ε) is a left approximate identity in weak topology for σ(A). Therefore, by [2, Proposition
4] A has left approximate identity for σ(A). By applying a similar argument, A has a right approximate
identity for σ(A).
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Recall that a Banach algebra A is essential if A2 = A. We have the following corollary.

Corollary 3.19. Let A be a σ-approximately amenable Banach algebra and σ : A −→ A be a continuous homomor-
phism on A such that σ(A) is dense in A. Then, A has a approximate identity. In particular, A is essential.

Proof. Immediate from Proposition 3.18.
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