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Abstract 
In this article, a New Homotopy perturbation method (NHPM) is presented to obtain an approximate 

solution of a class of two-dimensional initial value problems. In this method, the first appropriate 

approximate solution has been used to reach the exact solution of the equation. Some examples are 

presented to validate the ability of the proposed method. 

 
Keywords: New Homotopy perturbation method; reaction-diffusion Brusselato; system of partial 
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1. Introduction  

Reaction-diffusion systems (RDs) arise frequently in the study of chemical and biological phenomena 

and naturally they are modeled by partial differential equations. Finding accurate and efficient 

methods for solving nonlinear system of PDEs have been an active research undertaking for a long 

time [1-4].  Some authors investigated the numerical solution of Brusselator system [5–8]. Adomian 

used a decomposition method for the numerical solution of the reaction–diffusion Brusselator system 

[6]. Twizell et al. developed a second order (in space and time) finite difference method for diffusion 

free Brusselator system [7]. Wazwaz used modified Adomian decomposition method [5]. Whye-

Teong applied the dual-reciprocity boundary element method for numerical solution of this system 

[8].  

Reaction-diffusion Brusselator system with initial conditions has the following general form 
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Where , A and B are constants. 

 

There are some methods to obtain approximate solutions of these kind of equations. One of them is 

Homotopy perturbation method. The method introduced by He in 1998[9]. In this method the solution 

is considered as the summation of an infinite series. This method continuously deforms the difficult 

problems under study into multiple simple problems which are easy to solve. Homotopy perturbation 

method can be considered as a universal capable to solve various kinds of non-linear functional 

equations [10-12]. 

 The article is organized as follows. In Section 2, the new modification of HPM, called NHPM, for 

solving partial differential equation is presented. The NHPM applied to reaction–diffusion Brusselator 

system are illustrated in Section 3. Numerical results are presented in section 4.The conclusion of the 

article appears in Section 5.      

2. The Basic Idea of NHPM 

Homotopy perturbation method has been well addressed in [13-16], so we introduce the New 

Homotopy perturbation method in this section. 

The general form of a system of PDEs is considered as the following:  

    
1 2 1 1( , , , ) ( , , , ), 1,2, , .

j

j n j n

u
N u u u g x x t j n

t



  


                                                    (3)              

With the following initial conditions: 

     1 1 0 1 1( , , , ) ( , , ), 1,2, , .j n j nu x x t f x x j n                                                 

Where 1, , nN N
 

are non-linear operators, which usually depend on the functions
 

, 1,2, ,n,iu i 
 
and their derivatives with respect to ' , 1,2, , 1,ix s i n t   and

 1 2, , , ng g g are 

inhomogeneous terms. 

For solving system (1), by using NHPM, we construct the following Homotopy: 

  ,0 11 ( , , ) 0, 1,2, , .
j j

j j n j

U U
P u p N U U g j n

t t

    
         

    

                                  (4) 

Or 

 ,0 ,0 1( , , ) , 1,2, , .
j

j j j n j

U
u p u N U U g j n

t


    


                                                                (5) 

Applying the inverse operator,  
0

1 .
t

t
L dt    to both sides of Eq. (3), we obtain 

   
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
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                                       (6)  
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where 

   1 2 1 0 1 2 1 0, , , , , , , , , 1,2, ,j n j nU x x x t u x x x t j n   . 

Let's present the solution of system (4) in the following form: 

2

0 1 2 , 1,2, , ,j j j jU U pU p U j n                                                                                (7)  

where , , 1, , , 0,1,2, ,i jU i n j 
 
are functions which should be determined. Suppose that the 

initial approximations of the solutions of Eqs. (1) are in the following form:

 

          ,0 1 2 1 , 1 2 1

0

, , , , , , , , , 1,2, , ,i n i j n j

j
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
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                            (8)

 

where  , 1 2 1, , , , , 1, , , 0,1,2, ,i j na x x x i n j    are unknown coefficients, and 

     0 1 2, , ,p t p t p t are specific functions.                                                                                          

Substituting (5) and (6) into (4) and equating the coefficients of the terms with identical powers of ,p  

leads to        
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                               (9)                                                                                                                                                                                                                                                                             

By solving these equations in such a way that  ,1 1 2 1, , , , 0,i nU x x x t   then Eqs. (7) yield 

         , j 1 2 1, , , , 0, 2,3, , .i nU x x x t j n  
        

 

Therefore, the exact solution may be obtained as follows:

 

   

   
0

1 2 1 ,0 1 2 1

1 2 1 , 0

0

, , , , , , , ,

, , , , 1,2, , .

i n i n

t

i n i j
t

j

u x x x t U x x x t

f x x x a p t dt i n

 









   
                         (10)

 

It is worth mentioning that if  1 1, , , ,i ng x x t and  ,0 1 2 1, , , ,i nu x x x t are analytic around 

0,t t  then their Taylor series are written as 
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    
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                                                    (11)                                               

which can be used in Eqs. (7), where  , 1 2 1, , , , 1,2, , , 0,1,2, ,i j na x x x i n j    are unknown 

coefficients, that must be computed, and  *

, 1 2 1, , , ,i j na x x x   1,2, , , 0,1,2 ,i n j  are 

known ones. 

 

3. New Homotopy Perturbation Method Applied to Reaction-Diffusion 

Brusselator System 

To solve Eq. (1) with initial condition (2), according to the NHPM, the following Homotopies is 

constructed 
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                            (12)  

Where  0,1p   is an embedding parameter, 0u  and 0v  are an initial approximation of the solution 

of the system. 

Applying the inverse operator,  
0

1 .
t

t
L dt    to both sides of the equations (12), result in 
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    

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 

 

     (13) 

Suppose that the solutions of system (13) are as assumed in (7); substituting Eqs. (7) Into Eqs. (13), 

collecting terms with the same powers of match, and equating each coefficient of p  match to zero 

turn to:  
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     

     

     

   

0 0
00

0 0
0

2 2
2 0 0

1 0 0 0 0 2 20

1

2 2
2 0 0

1 0 0 0 0 2 20

2

2

, , , , , ,
:

, , , , , ,

, , , , 1 ,

:

, , , , ,

,

:

t

t

t

t

U x y t f x y u x y t dt
p

V x y t g x y v x y t dt

U U
U x y t u x y t B U V A U

x y
p

V V
V x y t v x y t AU U V

x y

U x y

p





  


  


    
          

    


   
           









     

   

     

2 2
2 1 1

0 1 0 1 0 1 2 20

2 2
2 1 1

2 1 0 1 0 1 0 2 20

2 2
2 2 2 2

3 0 2 0 1 1 0 2 0 1 0 2 2 20

3

3

, 2 1 ,

, , 2 ,

, , 2 2 1 ,

:

t

t

t

U U
t U V U U V A U

x y

V V
V x y t AU U V U U V

x y

U U
U x y t U V U U V U U V U V A U

x y
p

V x







    
        

    


   
          

   
         

   







   
2 2

2 2 2 2
2 0 2 0 1 1 0 2 0 1 0 2 20

, , 2 2 ,
t V V

y t AU U V U U V U U V U V
x y








   
            


                
(14)

 

Assume 

 

   

   
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0
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








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

  





  

Now if we solve these equations in such a way that    1 1, , , , 0,U x y t V x y t   then Eqs. (13) 

yield to 

   , , , , 0, j 2,3, .j jU x y t V x y t    

     
 

Therefore, the exact solution may be obtained as following form:  

     

     

0
0

0

0
0

0

, , , , , ,
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t
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n

t
n

n

n
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


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


  



   


 

 

   

where    , , 0,1,2, ,j ja x b x j   are unknown coefficients that must be computed.  
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4. Numerical Results  

In this parts two examples are presented to illustrate the validity of method.  

Example 1: Consider the nonlinear system with the following initial condition:   

     

2 2
2

2 2

2 2
2

2 2

1
2 ( ),

4

1
( ),

4

u u u
u v u

t x y

v v v
u u v

t x y

  
   

  

      

   

                                                                                      (15) 

( , ,0) , ( , ,0) .x y x yu x y e v x y e     

In this example, we have 
1

1, 0, .
4

A B      

Using the model discussed as (14) and solving these equations for    1 1, , , , ,U x y t V x y t   lead to the 

following results 

      

   

        

        

         

   

1 0

2
2 2

1 0 0 0

2 2 2

2 1 1 0

3

0 0 1 1 1

1 0

1
, , ,

2

1
, , , ,

4 2

1
, 2 , , ,

2

1 1 1
2 , , , , , ,

4 2 2 3

1
, , ,

2

x y

x y

xx yy

x y x y

x y

xx yy

x y

U x y t a x y e t

t
a x y e b x y a x y a x y

a x y a x y b x y e a x y e

t
a x y b x y e a x y a x y a x y

V x y t b x y e

 

 

  

 



 
   
 

 
     
 


    


 
     

 

  

          

        

         

2
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3
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1
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t
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 
             (16)                                           

 

            

By vanishing of    1 1, , , , ,U x y t V x y t , the coefficients    , , , , 1,2,3, ,n na x y b x y n    are 

determined as follows:  

     
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1 1 1
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Therefore, the exact solution of Eq. (15) are obtained as follows:   

         
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t t t e e

v x y t V x y t e b x y t b x y t b x y t

t t t e e

 

   



 


     


          


      



        
  

 

Example 2: Consider the following system with initial values 

2 2
2

2 2

2 2
2

2 2

3 1
1 ( ),

2 500

1 1
( ),

2 500

u u u
u v u

t x y

v v v
u u v

t x y

  
    

  

      

   

                                                                                   (17) 

           
2 2( , ,0) , ( , ,0) .u x y x v x y y   

According to Eq. (14) for 
1 1

, 1,
2 500

A B    , we derive   

   

            

            

     

4 2 2

1 0

2
4 2 2

1 0 0 0 0 0

4 2 2 2

2 1 1 0 0 0

3
2 2

1 1 1

3 251
, , ,

2 250

3 1
, , 2 , , , ,

2 500 2

3 1
, , , , 2 , ,

4 2

1 1 1
, , ,

500 2 2 3

xx yy

xx yy

U x y t a x y x y x t

t
a x y b x y x a x y x y a x y a x y a x y

a x y a x y b x y x a x y y a x y b x y x

t
a x y x y a x y a x y

 
     
 

 
       
 


     


 
    

 

   

            

            

     

4 2 2

1 0

2
4 2 2

1 0 0 0 0 0

4 2 2 2

2 1 1 0 0 0

3
2 2

1 1 1

,

1 1
, , ,

2 250

1 1
, , , 2 , , ,

2 500 2

1 1
, , , , 2 , ,

4 2

1 1 1
, , , .

500 2 2 3

xx yy

xx yy

V x y t b x y x y x t

t
b x y a x y b x y x a x y x y b x y b x y

b x y a x y b x y x a x y y a x y b x y x

t
a x y x y b x y b x y

 
     
 

 
       
 


     


 
    

 
 

So  
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 

 

 

 

 

4 2 2

0

4 6 2 2 2 8 2 4 2 6 4

1

2 2 4 6 2 2 2 4 4

2

4 2 2

0

2 4 6 2 2 6 4 4

1

3 251
, ,

2 250

378 2 1 254 9 9
, 2 ,

250 250 2 125 4 2

9 253 3 5
, 3 6 4 ,

8 250 250 4

,

1 1
, ,

2 250

3 2 1 254 7
, 2

4 250 2 125 2

a x y x y x

a x y x x x y x x y x y x y

a x y y x x x y x y x y

b x y x y x

b x y x x x x y x y x

  

        

      

   

      

 

2 8 2

2 4 2 2 2 6 2 4 4

2

126
,

250

253 5 3 9
, 5 3 4 ,

250 4 250 8

y x y

b x y y x x x y x y x y

 

       

 

This implies that 

   

   

2 4 2 2

0

2
4 6 2 2 2 8 2 4 2 6 4

3
2 2 4 6 2 2 2 4 4

2 4 2 2

0

3 251
, , , , x

2 250

378 2 1 254 9 9
2

250 250 2 125 4 2 2

9 253 3 5
3 6 4 ,

8 250 250 4 3

1 1
, , , ,

2 250

u x y t U x y t x y x t

t
x x x y x x y x y x y

t
y x x x y x y x y

v x y t V x y t y x y x t

 
     

 

 
         
 

 
        
 

 
      

 

 
2

2 4 6 2 2 6 4 4 2 8 2

3
2 4 2 2 2 6 2 4 4

3 2 1 254 7 126
2

4 250 2 125 2 250 2

253 5 3 9
5 3 4 .

250 4 250 8 3

t
x x x x y x y x y x y

t
y x x x y x y x y

 
       

 

 
         
 

 

And this is the limit of infinity of many terms, yields to the exact solution of (17). 

5. Conclusions  

The main goal of this work has been to derive an approximation for the solutions of reaction-diffusion 

Brusselator system by applying New Homotopy perturbation method. The number of calculations in 

the NHPM can be reduced by selecting an appropriate initial approximation in comparison to HPM. 

The results show that new method is a powerful straightforward method. The computation associated 

with the example in this article were performed using maple 15. 
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