Journal of mathematics and computer Science 15 (2015) 179 - 194

p— w, s

N,ﬂ\ﬂ Contents list available at JMCS b f
Jes Journal of Mathematics and ComputerScnence JMCS

Journal Homepage: www.tjmcs.com

Numerical Solution of Linear Emden Fowler Boundary
Value Problem in Fuzzy Environment

A. F. Jameel?, Sarmad A. Altaie?

School of Mathematical Sciences, 11800 USM, University Sains Malaysia, Penang, Malaysia
homotopy33@gmail.com
2Computer Engineering Department, University of Technology, Baghdad, Iraq

altaiesarmad@yahoo.com
Article history:
Received January 2015
Accepted April 2015
Available online April 2015

Abstract
In this paper a numerical method for solving Tow Point Fuzzy Boundary Value Problems '(TPFBVP)
involving linear Emden Folwer equation is considered. The finite difference method (FDM) for solving
TPFBVP is introduced and the proof of convergence of approximate solutions is brought in detail. Finally
a numerical example is solved for illustrating the capability of method.
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1. Introduction

Nowadays, fuzzy differential equations (FDESs) [1, 2] are a popular topic studied by many researchers
since it is utilized widely for the purpose of modeling problems in science and engineering. Most of the
practical problems require the solution of a fuzzy differential equation (FDE) which satisfies fuzzy initial
or boundary conditions, therefore a fuzzy initial or boundary problem should be solved. However, many
fuzzy initial or boundary value problems could not be solved exactly; sometimes it is even impossible to
find their analytical solutions. Thus, considering their approximate solutions is becoming more important.
The two-point boundary value problem (TPBVP) occurs in a wide variety of problems in engineering [3,
4] and science, including the modeling of chemical reactions [5, 6], heat transfer [7,8], and diffusion
[9,10], and the solution of optimal control problems [11,12]. Fuzzy two point boundary value problems
(FTPBVP) appears when the modeling of these problems cannot be sure is perfect and its nature is under
uncertainty. Fuzzy ordinary differential equations are suitable mathematical models to model dynamical
systems in which there exist uncertainties or vagueness. These models are used in various applications
including population models [13], quantum optics gravity [14], and medicine [15, 16]. Fuzzy two point
boundary value problems have been solved using FDM in [17] for linear problems with fuzzy boundary
conditions, also a initial value method in [18] are applied to get the numerical solution for linear TPFBVP
.The Finite Difference Method (FDM) is one of the simplest and of the oldest methods to linear TPFBVP
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solve differential equations. It consists in approximating the differential operator by replacing the
derivatives in the equation using differential quotients. The domains is partitioned in space and in time
and approximations of the solution are computed at the space or time .To the best of our knowledge, this
is the first attempt for solving linear fuzzy Emden Folwer. The structure of this paper is as follows. In
section 2, some basic definitions and notations are given which will be used in other sections. In section
3, the defuzzification of TPFBVP is given in details. In section 4, structure of FDM is formulated for
solving TPFBVP. In section 5, the definitions and thermos of consistency, stability and convergence
related with FDM in section 4 are presented in details. In section 6, we introduced linear Emden Folwer in
fuzzy environment with the proof the uniqueness of the difference approximation. In section 7 a
numerical example is solved for illustrating of the method and finally, in section 8, we give the
conclusion of this study.

2. Preliminaries

The definitions reviewed in this section are required in our work.
Definition 1 [19, 20]: Let E be the set of all upper semi-continuous normal convexfuzzy numbers with r-
level bounded intervals such that:

[u]r ={t eRip =1}

An arbitrary fuzzy number is represented by an ordered pair of functions
[a(0)], = [u(t),ﬁ(t)] for all r € [0,1] which satisfies:
— T

1. u(t)is normal, i.e 3t, € Rwith u(ty) = 1.
u(t)is convex fuzzy set, i.e.u(At + (1 — A)s) = min{u(t), u(s)}, vt,s € R, 1 € [0,1].
[i(t)], € E, i is upper semi continuous onRR.
{te R: pu(t) >0} is compact.
u(t)is a bounded left continuous non-decreasing function over[0,1].
u(t) is a bounded left continuous non-increasing function over[0,1].
7. u(t) <u(t),forallre]0,1].
The r-level sets of a fuzzy number are much more effective as representation forms of fuzzy set than the
above. Fuzzy sets can be defined by the families of their r-level sets based on the resolution identity
theorem [21].

o Uk owid

Definition 2.1 [22]: A mapping f:T — E (or P(E)) for some interval T € E iscalledafuzzy process or
fuzzy function with crisp variable, and we denote r-level set by:

[f®l = [f CINIG r)] ,tET,r€[0,1]
where Ebe the set of all upper semi-continuous normal convexfuzzy numbers.

Definition 2.2 [23, 24]: Each function f:X — Y induces another function f:F(X) — F(Y) defined for
each fuzzy interval U in X by:

fOOW) = 0 ,if v & range (f)

This is called the Zadeh extension principle.

- {Supxef—l(y)U(x),if y € range (f)

180



A. F. Jameel, Sarmad A. Altaie / J. Math. Computer Sci. 15 (2015) 179 - 194

Definition 2.3 [25]: A fuzzy matrix of order mxs is defined [A] = [dijr.udij] as, where g, is the
membership function of the element dijin[fi], va;; € E , fori=1,2,..m j=1,2,...s .Thus for allr € [0,1]

[4] = [44] ,and[ay] = [ay, @] .

3. Defuzzification of FTPBVP
Consider the following second order FTPBVP

{”’(x) = f(2,7(0), 7' (), x € [x0, %]

)
Jxo) = a,y(x,) =B

According to Section 2, It’s not difficult for defuzzification of Eq. (1), where y(x) is a fuzzy function of
the crisp variable x and f is the fuzzy function of the crisp variable x and the fuzzy variabley. Here
7" (x) is the second order fuzzy derivative [26] of 7(x), ' (x), with &, 8 are the fuzzy numbers that refer
to the fuzzy boundary conditions ¥ (x,), y(x,) of Eq.(1). We denote the fuzzy function y(x) by [J], =
[y, ¥],, for x € [xq, x,,] and r € [0,1] it means that the r-level set of §(x) can be defined as:

{ﬂ@ b@ﬂy@ﬂ]
7' (Ol = |y 61,5 () 2
\wm =[y"@n.y @n)
[0l = [y (o 1), 5o 1) = [,
(3)
Gl = [yCeniT), ¥omin)| = [8.B]

Now if we let Y(x) = y(x), y'(x), and for defuzzification we have

N

Gosm) = [y, Y|
where
Yoor) = [yCom),y (or),y " ()
Y = [y, 5 61,5 (1)
Also we can write
FeeD, =[£G Tr). F (6 Tir)] (4)
and by using the extension fuzzy principle we have
%@@ﬂ=?hgﬂ,

fxGr) =6~ g,@]r ()
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Since 7" (x) = f(x,Y(x)), we can define the following membership function

{[(x.g(xir);r) = min{f (x, i) |a(r) € Y&; 1)} ©)
f(x G r);r) = max(f (e, A0 |ar) € Y& 1)}
where

fYsryr)=F (x, Y1), Yl r)) -

P Gearyin) = 6 (x yean, Yen)

After this defuzzification can rewrite Eq. (1) for the lower and the upper bound of respectively for Eqg. (1)
and for all r € [0,1], we have

3_/”(x; r)=7~F (x, y(x; ), Y(x; r)),x € [xg, Xn]

(8)
y(xo;) = [a] . yCeniT) = [EL

7' () = 6 (2, Y@, G x € [, %]

_ o _ (9)
V(xg;7) = [al, y(xn; 1) = [ﬁ]r

More details about the existence and uniqueness are in [17].

4. Finite Difference Scheme for Second Order Linear FTPBVP

It consists in approximating the differential operator by replacing the derivatives in the equation using
differential quotients. The domain is partitioned in space and in time and approximations of the solution
are computed at the space or time points. The error between the numerical solution and the exact solution
is determined by the error that is committed by going from a differential operator to a difference operator.
This error is called the called the truncation error [9]. The term truncation error reflects the fact that a
finite part of a Taylor series is used in the approximation. We formulate this scheme in order to solve
second order TPBVP in fuzzy environment .We consider fuzzy boundary value Eq. (1) can be written as:

~ ~ 10
Y(ro) = @, y(n) = o (10
Where p(x), g(x) and w(x) are real continuous functions on J = [x,, x,,] with &, 8 € E, then according
to Section 2 and for all re€[0,1] , we have the same defuzzification of Eqg. (1) of

}7(x), W(X), 37’(95)’ 37”(35) ' 37(950)1 y(xn)-

{f/"(x) =p()y'(x) + () (x) + W), x € [xg, %]

4.1 Approximation of the First Order Derivative

In this section we derive a finite difference formula for the fuzzy derivative [y’ (x)],with its accuracy
analysis. Suppose the function [y (x)], € CZ(E) continuous for all x €J. Using Taylor series for any h>0
we have the forward difference formula:
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2 3 4
Fo+hr) =06 +hy @) + =7 () + =3 (1) + =3B (1)

where {* € [x + h, x],and backward difference formula:
~ ~ ~1 h? ~11 h3 ~Ir7 h* ~ -
o —kr) =501 —hy' (ar) + 7" (61 - — 3" (ar) + . 7PE) (12)
where {~ € [x — h, x].By subtracting (3.4) from (3.5) we have fuzzy central difference formula :
}7'(36; T') — Y(x"'hir)z_hY(x—hiT‘) + O(hz) (13)
where 0(h?) = —%337”’((; r),and { € [x — h,x + h]. Hence, forevery h € [0, hy] , we have the
following bound on the approximation truncation error:

yx+hr)—yx—h;r)
2h

< Ch?

where

c= s fmin(Sy @5y Golie p050] )

J€[x—h,x+h]

= s fmar(Sy @By Golue o 50) )

J€[x—h,x+h]

O

Here u represent the membership function of the FTPBVP (10) for all » € [0,1] and h is the step size
given byh = *n 7 xO/N, where N is the number of iterative.

4.2 Approximation of the Second Order Derivative

In this section we derive a finite difference formula for y"' (x; r)with its accuracy analysis. Suppose the
function [7(x)], € C*(E) continuous for all x € J. Using the Taylor series for any h>0 and by adding
formula (3.4) from (3.5) we have central fuzzy difference formula:

_’)7”(x; ,r,) — y(x'l'h:r)_Zy;li;r)+37(x_h;r) + O(hz) (14)

where 0(h?) = —}11—:37(4)((; ), { € [x — h,x + h]. Hence, for every h € [0, h,y] , we have the
following bound on the approximation truncation error:

Jx +h;r) =250 1) + §(x — h; 1)

2 < Ch?

where

= L. {min (}11_; Yy M).%ym @ u)|y € [X((),y(g)]r)}

|

= {max (% YO u),%y@«) @ u)|# € [X((),y(g)m}

Here u represent the membership function of the FTPBVP (10) for all » € [0,1] and h is the step size
given by h = x,, — xo/N, where N is the number of iterations. In our work we set
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Jx + k1) = [Jigly, ¥x — 1) = [¥i1])y, and y(x;r) = [;], for i=1, 2 ...n for arbitrary positive
integer n we subdivide the interval J = [x,, x,] as xo < x; < - < Xp_1 < X,. Let T = {x;}4 denote a
uniform partition of the interval J such that x; = x, + ih , i=0,1,...n+1, with h = x,, — x,/n + 1, and for
all r € [0,1] we can rewrite the fuzzy central difference formula as:

[yil]r — [Yi+1]r2_h[3/i—1]r .
~ 7 Wipdr=2[ir+ Vil ( )
[:Vi ]r - h2

The Uniqueness of the Difference Approximation of Eq. (10) is given in [15]

5. Consistency, Stability and Convergence

To study the accuracy and the computability of the difference approximation in fuzzy environment, such
that {J;,1}/=,, we introduce the concepts of consistency, stability and convergence of finite difference
methods. The basic result proved in this section is that, for a consistent method, stability implies
convergence.

Definition 5.1 (Consistency): Let
[Ti,ﬂ]r =Lv(xp;r) = Li(x;r),i=1,2,...,n
where ¥ is smooth and continuous fuzzy function on £, vxe J , Lh is the difference operator and L is the
linear operator of Eqg. (10).Then the difference problem (15) is consistent with the differential problem
(10) if:
[ﬁ,n(ﬁ)]r —-0ash-0

Where [Ti,n(ﬁ)]r refer to local truncation (or local discretization) errors.

Definition 5.2: The difference problem (15) is locally p™ order accurate if sufficiently smooth data, there
exists a positive constant[C] = [C,C] , independent of h, such that:

sup {min|[Z-()],. [Ti@)], |} < [c] 47

1<isn

sup {max |[Zi()],, Fir @],

1<isn

}<[c].n

The following lemma demonstrates that the difference problem (15) is consistent with (10) and is locally
second order accurate.

Lemmab5.1: If ¥ € C*(J) then

- —h?
[T )] = E(ﬁ(‘*) (ti;7) — 2p(x) V"' (6;; r))

vr € [0,1],i=1,2,..,n

7y, 0 liein (x;_1, X;41)
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Proof:

According to definition (5.2) one can write

[jflf'n(ﬁ)]r = [V(xi+1;r)—27(:21-:7“)+v(xi—1:r) _ 17”(xi; T‘)] + P(xi) [V(xi+1;r)2—:(xi_1;r) _ 17’(xl-; 7”)]
(16)

It is easy to show using Taylor’s the theorem that:

Byl . ) —(xs . 2

TV () = (057 an
0; € (Xi-1,%i41)

V(x341,7) =2V (1) +V(xi—157) ~1r h? _

V(Xit1;T v::zr V(Xi-1;T g (xi;r)=EV(4)(Ti;T) (18)

7 € (Xi-1,Xi41)
The desired result now follows on substituting (17) and (18) in (16).

Definition 5.3 (Stability): The linear difference operator Lis stable if, for sufficiently small h, there
exists a constant K, independent of h, such that

< K {sup {min (((| [vo],

e e (RN

|[Zi]r

(el ]) 1ol |[vn+1]r|))}} + sup {min ([Lay],,[47),)}

1<jsn

). 1ol |[vn+1]r|)>}} + sup fmax([Luy], [La7)], )}

1<js<n
vre[01],i=0,1,..,n+ 1.

We now prove that, for h sufficiently small, the difference operator L,, of (16) is stable.

Theorem 5.1: If the functions p and q satisfy ( ), then the difference operator L, of Eq. (4.1) is stable for,
h < min (2/,.,P4/,) with K = {1,1/4}

Proof: If

|[vi],

)}
)}

< sup fmin (][], |.]7],

,|[Vj]r

Tl < sup {min (|[v,],

vrel01],i=0,1,..,n+1.

then from (4.1) we obtain

difvi] < (el + legl) |[Zj]r| + h? 1551}571 {min (|[£h£j]r '|[Zhvj]r )}
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di[vily < (le;| + lei)

Lil,|)}

[Vj]r| + hzf;l}Sn {max( Lnvj].
then

di[Vily = —ei[Vis1ly — cilVi1]y + R2[LpTigaly

Thus
it h<min(2/,.,P/,.) ,then
d; = lc;| + le;| + h%q;

and it follows that

)
)}

[vi] |< h? sup {mln(

1<jsn

h*q

T < sup fmax (| (L

1<sjs<n

or

L EL])
L E, )}

<— sup {min(|[Lry

1<]<

[‘_’i]

501 % = sup {max |l

q 1<]<Tl

Thus if max xy < i < x4 [Viy1] 0Ccurs for1 < j < n, then

2, [min (] | 1530} < 2 sup fmin ([ | [ )
2 e k| 100} < 5 s e (| [, )
and clearly
oizlﬁl{mm(lm 1 )}
K{sup mm( (| Vol I, |[Vn+1]r|))}}+ st}gn{mln( )}

1ssi27£)+1{max (|[ ] | Vil )}<K{Sup{max<( ) (Ivolrl, |[Vn+1]r|)>}}+
[

sup{max(|_h r’[ r)}

1<jsn
Thus if max xo < i < xp4q |[Vilr| = sup{l[Volr |, [[Vn41],|} such that

|[&]r| = sup {min (( V,

1), Aol 1Fnsal D))
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el = sup {max ((|[wo], |, [[vnsa], ), A1 1Tl D)}

then the above equation follows immediately. An immediate consequence of stability is the uniqueness
(and hence existence since the problem is linear) of the difference approximation{[¥;],-}i=,, for, if they
were two solutions, their difference{[V;],}]=,, say, would satisfy:

|[Zh171']r| =0,j=12..,n

[ﬁo]r = [ﬁn+1]r =0
Stability then implies that [¥;], = 0 fori = 0,1,2,...,n + 1.
Definition 5.4(Convergence): Let ¥ (x;r) be the exact solution of the boundary value Eq. (10), and
{[7:1}i=, be the difference approximation defined by Eq. (15). The difference approximation converges
to ¥ (x; r)if
max |¥ (x;;7) — 5(x;;7)| > 0

1<jsn
or
[E] = 1551];51 {min (|X(xj;r) - X(xj;r)| , |7(xj;r) - X(xj;r)D} -0
[E]r = 1s<1;£)n {max (|X(xj;r) — X(xj;r) , |7(xj;r) — X(xj;r)D} -0
vre[01], o

as h — 0. The difference ¥(x;;7) — (x;;7) is the global truncation (or discretization) error  [E] =
[E, E] atthepoint x;,j =1,2,..,n
— r

Definition 5.9: The difference approximation{[§;],-}I,is a p™ approximation to the solution ¥ (x; r) if for
h sufficiently small; there exists a constant [C] _independent of h such that

max |7 (x:7) = 7 (7)) < [€], b7
The basic result connecting consistency, stability and convergence is given in the following theorem.
Theorem 5.2: SupposeY (x;r) € C*(J), andh <§ , Then the difference solution {[J;],}i=,0f (2.1) is
convergent to the ¥ (x; ) solution of Eq. (15) Moreover,

max |V (x;;7) — 5(x;;7)| < [é]rh2

where 1=y=n
4 4
c= 5w {min (%X@) (¢ M),ill—zy@x) (€ #)|u € [X((),y(g)]r)}
C= S {max (%2(4)((; u).%w) ¢ u)|u € [X((),y(g)m}
Proof

Under the given conditions, the difference problem (15) is consistent with the boundary value problem
(10) and the operator [Lj,],is stable.
Since
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Ly (P(x7) = 5(x57)) = W(5m) = (x5 7) = [Lade ¥ (2557) = (L] 5 (3557) = = [Fin D],
and
Y (xo; 1) = 9(x0;7) = Y (g3 7) = F(xp4157) = 0

the stability of [L,], implies that

1
P(xir) =3 r)| < = max |72 (3],

such that
[¥Coir) = y(iim)| < 3 sup {min (|2 (2)] - Fin 1)}
[7m) =7 < sup {max ([Zix ()] iG]}

The desired result follows from the Lemma in [ ] .1t follows from this theorem that {[¥;],}/=,is a
second—order approximation to the solution ¥ (x; r) of Eq. (10).

6. FTPBVP Linear Emden Fowler Equation

Consider the following linear Emden Fowler FTPBVP

{}7"(96) =Py (%) + q()y(x) + W(x), x € [xg, xn] (17)

y(xO) = &'y(xn) = E
Where q(x) are real continuous functions on J = [x,, x,, Jwith &, B € E. Here p(x) =
continuous fuzzy function, 7j is fuzzy number such that 7 € E.

SYE!

and w(x)are

6.1 The Uniqueness of the Difference Approximation

According to Eq. (17) p(x) € Esuch that p(x;r) = [B(x; r),ﬁ(x;r)], If their exist positive constant
[p* 5*] ,q", and [p*,;_a ] , g, such that
0<|p ] |p(xr)<[p] 0= [p] <PGnI<[p].,0<q <l <q’

(18)

Substituting and simplify formula (3.8) in Eq. (6.1) we have
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(h? [Li)_’i]r D= (1 + % [Bi]r) [Xi—l]r + (2 +h%qy) [Xi]r - (1 - %Pi) [Xi+1]r = h*[w;]
y(xo;m) = [a] ,yQen;7) = [EL
R3] = (1+500],) i, + @+ 2[5, = (1= 591) Fisa], = B0,

Y(xo;7) = [@ly, Y (ensT) = [B]
\ i=12,..,n

(19)

Now from the above equations we can construct the following linear system in matrix form AY=B as
follows:

B A R A
], 7], le],
Y], = | Y], = : 4], = _ _ |
[Xn_l]r [yn—l]r ) ’ [Qn—l]r
], | DT o, d
[ di [elr
2],
[, - _
[l
e da
_ [ﬂo]r _ _[ng]r_ [ [Wolr 7 [lc2aly]
[wa], 0 [wil, 0
[B] = n? I [B], = h? E
wail,| | 0 Foale| | O
| wal | sl | [l 1 [[8],]

where [4, Z]Tare mxs  fuzzy matrices such that for all » € [0,1] we have
), =~ (1 2[n]) e == (14215, ). o = 2+ o, e

[gi]r =— (1 —%[Ei]r) el =— (1 —g[ﬁi]r) for i =1,2,..,n. We prove that there is a unique

{Jis1)ieo by showing that the tri-diagonal matrix [A]T is strictly diagonally dominant and hence
nonsingular.

Theorem 6.1: Suppose that the functions p(x; r) and q(x) satisfy (18) and the step size,
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hy < inf {min {(z ] [B*]r/q*> (? ) [ﬁ*]r/q*)}
AT

then the matrix [A]T is strictly diagonally domlnant and hence nonsingular.

Proof .
|
e v, 5.],
hy < inf mln{(z/[g*]r' /q* ,(2/[51. /q*)
, then
ol = (+3led,).  [iel,| = (1-3[e] )
and

le],|+|le],|=2<dii=12,.,n
then |[e:],| < da, |[ea], | < n -

Similarly if

, then
and

then |[e1],| < dy, llcnlsl < dp .
Since h; = h, = h, we conclude that

G111 +1él1=2<d;i=12,..,n
then |[&],] <dy l[nlr]l <dy .

which completes the proof. Thus Eg. (17) has unique solution.
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6.2 Numerical Examples
Consider the following liner Emden- Fowler FTPBVP
70 = 15'(x) = S 5(x) ,x € [1,2] (20)
y()=6,y(2)=¢

Where G is a triangular fuzzy number [18] having r-level set [0.8+0.2r, 1.2-0.2r] and " = [r + 1,3 — 1]
forall r €[0,1].

Using Maplel6 package to obtain the exact solution of this problem such that:

Z(x;r)z((( Lr+l+%\/r2+4r—4) %r+l—%\/r2+4r—4
1_

2?2 t
%r-l—l—i—% r2+4r—4( %r—i—l—% r2+4r—4 J]
+t 2 -1
%r—i—l-ﬁ-% r2+4r—4
(44 7r) -52
1 1 b}
—r+l——=yVyrc-t+4r—4
2 2
+52 )

7(X;T)= [[( 2—%r+%x/8—8r+r2)2—%}’—%\/8—8}’4-}’2
- 1—2
Z—Lr+i\/8—8r+r2(Z—Lr—i\/8—8r+r2 J]
—1

+¢ 2 2 ) 2 2

( 6+ )]/( 522—%}’-‘1-%\/8—8}’—}—}”2

_ r —
2—%r—%\/8—8r+r2)

+52

vr € [0,1].

As in the previous section it’s easy to apply finite difference formula (15) on Eq. (20). For simplicity we
only need one point of 1<xi<2 to shows the exact and the numerical results for the approximate difference
solution for the lower and upper bounds of Eq. (20) with step size h=1/300 and x=1.7 are given in the
following table below:

Table 1: Difference approximate solution y(1.7; r) and y(1.7; r) of Eq. (20) at h=1/100

r 2(1.7; ) y(1.7;7)

0 0.882872593700 1.325395523000
0.25 0.938586144800 1.270487846000
05 0.994138712700 1.215446825000
0.75 1.049615481000 1.160280731000

1 1.104999989000 1.104999989000
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From Table (1) one can see that the numerical results are satisfies the convex triangular fuzzy number,
and for plotting these solutions with exact one we need to plot for each point x such that 0< r <1. For
simplest illustration we plot the numerical and exact solution when x=1.7 as shows in the following
figure:

rrlevel ] S
Ezactsolution @
05| n 4 ]
oo __
-+ +

04+ .

0.2 — + + _

ooph-,

Y(1.7;7),5(1.7;7)
Figure 1: Exact and FD solution y(1.7; ) of Eq. (20) when h=1/300

For simplest illustration of finite difference method in fuzzy environment of Eq. (20) we solved this
problem at » = 0.5 with step size h = 1/300 for 1 <x; <2, i=0, 2...n as shows in next figures and
table.:

Lower solution #=1/300,¢ =05 Upper solution #=1/300, ¥=05
101 4 1224
1.20 4
098
1.18 4
096
¥ ¥
1.16 4
094 4
1.14 4
052 H 1124
oon & — ; . . . : . ; L0 — — T T T T T
1 1.2 1.4 16 12 2 1 1.2 1.4 16 12 2
X X
| exqet ™ finite difference | | exact — _finile difference |

Figure 2: Difference approximate solution X(x; 0.5)and y(x; 0.5)
Eqg. (20) when h=1/300

The next table shows the absolute errors [E},], = [Ehfh]rfor Eqg. (20) for all x € [0,1] as such that
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Table 2: Absolute error of Eq. (20) at h=1/300 and r=0.5.

[51/300]0.5 [51/300]0,5

1 0 0
1.2 2.30918 x 10 — 7 1.39529 x10—7
14 3.27059 x10 -7 196330 x10—-7
1.6 1.81888 x 10 — 7 3.84815x10—8
18 9.09440 x 10 — 7 3.57208x10—8
2 0 0

7. Conclusions

In this paper, Finite Difference Method (FDM) has been successfully introduced and applied to solve
‘Tow Point Fuzzy Boundary Value Problems involving linear Emden Folwer equation. Numerical
examples including linear and nonlinear fuzzy initial value problems show the efficiency of implemented
numerical method. The convergence and uniqueness of the difference approximation have been presented
and proved.
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