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Abstract
In this paper we introduces the new generalized difference sequences spaces

{o,z,f,p}o(&u,g), {o,z,f,p}l(&u,e) ,[m,f,p} ( E). S, (4,,E) and

o0

S% ( = ) (where E is any Banach space) which arise from the notion of generalized de la Vallée-

Poussin means and the concept of modulus function. We also give some inclusion relations between these
spaces.
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1. Introduction

Let o be that set of all sequences real or complex numbers and [, ¢ and c, be respectively the Banach

spaces of bounded, convergent and null sequences X = ( x; ) with the usual norm| x |= sup‘ X, ‘ , where
k

ke N =1.2., the set of positive integers. Let A = (ﬂn ) be a non-decreasing sequence of positive

numbers tending to infinity suchthat 1,,; < 41,+ 1,1, =1

The generalized de la Valle ‘e-Poussin means of a sequence X is defined by
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t,(x)=-=-> x, ., wherel,=[n—-2,+ 1, n]forn=12,...

A sequence x = (xy) is said to be (V, 1)-summable to anumber | [ 8]if t, (x )—)I as n—oo. If

An=n, then (V, 1)—summability and strong (V, 1)—summability are reduced to (C ,1) — summability
and [C ,1] —summability

Kizmaz [ 7 ] defined the difference sequence spaces
X(A)={x=(x): Ax € X}

for X =1, ,cand cy where Ax = (x;, — xx41)- Then Etand Colak [ 3 ] generalized the above
sequence spaces as:

X4 ={x= (x) : A"x €X},

for X = I, ,cand cowherer € N, A = (x;) ,Ax = (x—xgs1 ), ATx = (A"x), — A"x444) and so

A" X = Y50 () Xewo-

Later on the difference sequence spaces have been studied by Malkowsky and Parashar [12], Et and
Basarir [ 2] and others.

The concept of paranorm is closely related to linear metric spaces. It is a generalization of that of
absolute value. Let X be a linear space. A functionp : X — R is called a paranorm, if

(P.1) p(0)=0
(P.2) p(x)=0forallxeX
(P.3)p(—x)=p(x) forallxe X

P4)p(x+y)=p(x)+p(y)forallx,y e X (triangle inequality )

(P.5)If (A,)isasenquence of scalerswithA, — A (n = o) and (x, ) is a sequence of vectors with

p (xn — x) - 0 (n —» ), then withp (An X, — Ax) - 0 (n - ), (continuity of multiplication of
Vectors).

A paranorm p for which p (x) = 0 implies x = 0 is called total. It is well known that the metric of any
linear metric space is given by some total paranorm ([16 ] ,Theorem 10.4.2 Page 183).

Following Ruckle [14 | and Maddox [11], a modulus function f is a function from [0 , %) to [0, )
such that

79



Tanweer Jalal / J. Math. Computer Sci. 15 (2015), 78-87

(i) f(x)=0ifandonlyifx =0, (ii) f(x+y)< f(x)+f(y)forall x,y>0,
(iii’) f isincreasing, (iv) f iscontinuous from right at x = 0.

The following inequality will be used throughout this paper. Let p= (pk ) be a sequence of positive real
numbers withO < p, <sup, p,=H andlet D = max(l,ZH‘l). For a,,b, e C the set of complex

numbers and for all ke N , we have ( see [ 10 ])

P p
‘ak +bk‘k£D{‘ak k+|bk|pk}

(1)

2. Some New Sequence Spaces Defined By Modulus Function

In this section we prove some results involving the sequence spaces [ V,A1,f, p} (Aru ,E ) ,

{o,z,f,p}l(&u,g) and [vdz,f,p} (a E).

o0

Definition 2.1 : Let E be a Banach space. We define a)( E )to be the vector space of all E-valued
sequences thatis @(E )={x =(x, ):x, €E }. Let f be amodulus function and p=( p, ) be any
sequence of strictly positive real numbers. We define the following sequence sets

_ V.t IO_ = ):{X co (E). lim %Z [f (‘ Ay X 1 H )]pk = 0, for some I, uniformly in m},
L A1 n kel,

V.2t () ,E)z{xewm): im== 3 [ (4% | )]pk:o,umformlymm},

L -0 " n kel,

X | )P <oo}

VA, f,pl(a ,E)Z{Xea)(E)Z SmUp/likZ' £ (]

|fX€[\/} ,i,f,p} (A’U,E)thenwewriteasxk—n[\?,/i,f, p} (AL,E)andI will be

1 1

called A, —difference limitof x with respect to the modulus f .
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Throughout the paper Z will denote any of the notation 0, 1, co. In case f(x):x, p, =1forall keN

weshallwrite[\?,ﬂ} (AL,E),and [O,ﬂ,f} (AL,E) instead of

4 Z

{ \7 AT, p} (Aru ,E) respectively.
z

Theorem 2.2. Let the sequence (pk) be Dbounded. Then the sequence spaces

[ \? A fLp } (AL,E ) are linear.

Proof : We shall prove it for [\7 A, TP } (Aru JE ) The others can be proved in the same manner.

0

Let X,y e [ \7 AP } (A’U,E ) and S, ueC. Then there exists positive numbers

0

M and N, such that | Bl My and| u|< N, Since f issub additive and A, is linear we
have

| (8 X Y )]
< L S (e (11 s o1 (ul| el )T
kel,

so(m, ) =S [ (a0 =0, P2 [0 (14 v
kel, n kel ,

A>|,_\
=M

—
—

D]pk —0 as

n — oo, uniformly in m . This proves that [ \7 AL T p} (Aru ,E) is a linear space.
0

Theorem 2.3. Let f be a modulus function, then

{O,A,f,pl(Aru,E)c{\?,i,f,p}

(A;,E)c[o,z,f,p} (a. E)

1 0

Proof: The first inclusion is obvious. We establish the second inclusion.

Let X [V,/l,f,p} (Aru ,E). By definition of f we have forall meN ,
1
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I - —z[( K 141 ]) ]

—z[(

u k+m

<o S s, ) e ST

There exists a positive integer K; suchthat ||l|| < K;. Hence we have

)2 Sl

Pk E[

N X —1 )]+ 21K, O] 2

2 [l

n-
n

Since X € [\?,ﬂ,f,p} (’U,E)wehaveXG [O,ﬂ,f,p} (L,E) and this completes the
0

o0

proof.

Theorem 2.4. [ \7 AT, p} (A’u  E ) is a paranormed (need not be total paranormed ) space with
0

)]pkj%" where M = max(l,sup pkj.
k

r
AuXker

0.2 [ 2 31

Proof: From Theorem 2. 3, foreach X e [ V,A,Tf, p} ( .= ) gA(X) exists . Clearly
0

9,(x)=g ,(=x). Furthermore g,(x)=0 implies A"x, = 0 =x=0. Since f (x)=
we get gA(x): 0 for x=0.Since pk/M <land M >1, using the Minkowski’s inequality and

)"

Hu
<sp =5 [ (sxen o (12 )17
m,n n kel,

definition of f , for each n, we have

r
u k+m +A yk+m

9. (x+y) —SUp( Z[ ([ A"

Hu
caol £ 3 sl Bl )
X
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Hence g , (x ) is sub additive. Finally, to check the continuity of multiplication, let us take any complex

number . By definition of f we have

N P IS (V| 13| S PR Y

where Kﬂ is a positive integer such that | p |.< K ; .Now, let B —0 forany fixed X with

g,(x) = 0.Bydefinition of f for | 8| <1, we have

(HﬂALka H)]pk<g,forn>no(g). (2)

Also, forall nwith 1< n<n,, and forallm, taking £ small enough, since f is continuous we

have

/11 St (| saxen] )] <. (3)

n kel,

(2)and (3)together imply that ¢, (,B x)—>0as f— 0.

(Aru‘l,E)c[V,ﬁ,f } (A, E) is

z

Theorem 2. 5. If r > 1, then the inclusion[ V, A, f }
Z

strict . In general { \7,1, f} (Aiu,E )c[\? AL f } (A'U,E ) foralli=1,2,..,r-1 and
Z

z
the inclusion is strict.

Proof : We give the proof for Z =0 only.For Z = 0 and Z =1, the proof is similar.

LetXE|:\7,ﬂ,, f,} ( ruE) Then we have

By definition of f , we have

IA

S [ A )]

n kel,
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))<s

Thus [\? AL f } (A'u‘l,E ) c { \7 AT } (Aru E ) Proceeding in this way one can show

o0 o0

S [ D] = (80 x s

n kel, n kel,

that [\7 ALt } (A, E) [\7 AT } (A, E ) for i=1,2,3,..r 1.

o0 o0

Let E=C ,and A, =n foreach n eN .Then the sequence X = (k ' ) belongs to

{\7 AT } (A, E) butdoesnotbelongto[\? AT } (At E )for f (x)=x.

(f x = (k"),then ATx, = (-1)"r! and AT x, (-1)" r!(k+%) forall k eN).

The proof of the following result is a routine work.

(Au"l,E)c[O,z,f p} (A E)

0

Theorem 2.6. [ \?,l,f P }

1

Theorem 2. 7. Let f, f,, f, be modulus functions. Then we have

(i) [O,i,fl,p} (AL,E)C{\?,A,fofl,p} (a7, E)

Z Z

(ii ) [O,i,fl,p} (AL,E)D[\?,A,fZ,p} (A'U,E)c[\?,ﬂ,f1+f2,p} (a7 ,E).
A Z Z
Proof: We shall only prove (i ) .Let &£>0 and choose & with 0 <6 <1 such that

f(t)<e for 0<t<§s.Write y, = fl(H Ay X s m ) and consider

> )™ =2 [ () + 2L (v 1™

kel , 1 2

Where the first summation is over y, <6 and the second summation is over y, > &.Since f is

continuous , we have

S (v <2, " (4)
1
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and for y, > &, we use the fact that vy, <y7; < 1+y7k. By definition of f we have for

Y > 9, f(yk)<2f(1)%. Hence

g[f(ykm)]"“émax (102 W) )2 Sy, (5)

1
/’{’n /’i’n kel,

From(4)and(5),weobtain[\?,ﬂ,f,p} (A'U,E) c[\? A, Top } (Aru,E )

0 0

The proof of (ii) follows from the following inequality :

L(F 4 £ ) (A %im [ )] < DL (] A5 i [ )] D] £2 (20 x00m | )]

The following result is a consequence of Theorem 2.7. (i).

Theorem 2. 8. Let f be a modulus function. Then

[0,1,pl(A;,E)c[o,z,f,p} (a.E )

z

3. S;(A“U,E) -Statistical Convergence

In this section we establish a relation between the sets SAA (AFU,E) and {\7 AL T, p} (Aru,E ) The

1
idea of statistical convergence was introduced by Fast [5] and latter studied by various authors like
Fridy [6 |, Kolk[8], Mursaleen [13], Etand Nurry [4], Savas [15], Arani et al. [1] and many others.

Definition 2.9. A sequence X= (xk ) is said to be A —statistically convergent to a number | if for

every £ >0,

IiEn/li ‘ {keln H A, Xy, =1 Hzg}‘=o, uniformly in m.

n

In this case we write SA(AL,E)— limx=1lor x, >18S, (A'U,E).If A,=n,and I = 0 we

shall write §(A'UE) and S:o (AL,E) instead of S; (A'U,E).
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We establish a relation between the sets SAﬂ (A'U,E) and [ \7 A TP } (Aru,E )

1

Theorem 2. 10. The inclusion Sl (A’U,E) c [\? AL p} (Aru,E ) holds if and only if f is

1

bounded.

Proof: We assume that f is bounded and x € S, ( A, E ) Then there exists a constant M such that

f(x)<M for all x>0. Let s e>0 be given. We choose 7 and & >0 such that

M&+f(n)<e. Since xeS, (A, E ), there are I1eCand ny =n, (7,7 )eN

such that % ‘ {k el,: ‘ AL Xy —| Hzn}‘<5, forall n > n, and for all m.
n

Therefore - > f(” AL Xy, H)”k:
Y

a1 PR

" —I‘zq ‘ALXk+ 1| <7

‘{keln:

| Ay X 20 f] + £ (n)
<M&+f (5 )<eforall n>ngandforal m .

Hence XE|:\?,ﬂ,f,p:| (AF,E).

1

Conversely we assume that f is unbounded. Then there exists a positive sequence (tk )of positive

numbers with f (tk ): k?,for k =1,2,.... If we choose

A x, = t, ,i:kz,i:1,2: ........
0 otherwise.
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Then we have

% ‘ {k eln:H Ay X m HZ&}‘ < j”_l for all n and m, and so XGSAA(AL,E)bUt
x%[ \?,lf,p} (A, E)for E=C.
1
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