Journal of mathematics and computer science 12 (2014), 39-50

ST, Contents list available at JMCS g
ﬁﬁ"‘t’ Journal of Mathematics and Computer Science M

Journal Homepage: www.tjmcs.com

Improved bounds for the spectral norms of
r-circulant matrices with k-Fibonacci and k-Lucasnumbers

Lele Liu

College of Science, University of Shanghai for Science and Technology,Shanghai 200093, China

ahhylau@163.com
Article history:
Received June 2014
Accepted July 2014
Available online July 2014
Abstract

We are concerned with the spectral norms of 7-circulant matrices with the k-Fibonacci and k-Lucas
numbers. By using Abel transformation and some identities, weobtain some new lower bounds for the
spectral norms of 7-circulant matrices. Havingcompared some known results, the obtained bounds are
more precise.
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1. Introduction

For any integer numberk > 1, the k-Fibonacci andk-Lucas sequences { F}.,, fand{ Ly, }are defined by the
following recursive relations

Fyngr = kFypn + Fin—1(1.1)
with conditions Fj o = 0,F, = 1, and
L1 = kLygpn + Ly
with Ly, o = 2,Ly. = k.

In particular, if & = 1the classical Fibonacci and Lucas sequences, denote by abbreviation { F}, }and
{L,}, are obtained. There are a large number of properties on the £-Fibonacci and k-Lucas sequences are
discussed [1-3]. Here some of theproperties that we will need later are summarized below [2].

o Fpi1Fpiv1 — Fy = (1)

o Ly, = (B + F, + 4(-1)]
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o Ly iLpiv1 = (44 k> FyiFy i1 + 2k(—1)"

There are many works concerning estimates for spectral norms of special matrices, which have
connections with numerical analysis. For example, Zhou [4]investigated the explicit formulae of spectral
norms for g-circulant matrices. Solak [5] established some bounds for the circulant matrix
[F(umd(j_i,n))];szland [L(mod(j_,;‘n))};szlon the spectral and Euclidean norms. Bani-Domi and Kittaneh[6]

established two general norm equalities for circulant and skew circulant operator matrices.We refer the
readers to references [7, 8].

Recently, ShenandCen[9]giventheboundsofthespectralnormsof T -circulantmatrices
Cy(Fo, F1,--- ,Fp—1)andC.,.(Lg, L1,--- , L,—1). In [10] they generalized the topic and found the upper
and lower bounds for the norms of 7-circulantmatrices with thek-Fibonacci and k-Lucas numbers. In the
present paper, we proceed to study the topic in [10]. More precisely, we consider the bounds for the
spectralnormsofmatrices A = C(Fro, F1,-+ . Fen—1) and B =Cp(Lpo, Ly1,-  Lin1)
andobtainsomeimprovedlowerboundsrecurringtoAbeltransformationand some identities. The main results
in this paper also generalize and improve theresults in [5,9].

2. Preliminaries
In this section, we present some known lemmas and results that will be used in thefollowing study.

Definition 2.1.For ¢y, ¢1, -+ ,e,—1 € C, the r-circulant matrix C', denoted byC' = C\.(co,c1,- . ¢n-1),
is of the form

(&) C1 cz  r Cp—]
rCn—1 €0 L Cp-2
TCp—2 TCh—1 Co " Cp—3

rc1 rco rcy o [&)]

It is obvious that the matrixC,.turns into a classical circulant matrix forr = 1.

For any matrix A = [a;;|of ordern, it is well-known that the Frobenius (orEuclidean) norm of matrix
Ais

lAllr = [ZZF]

i=1 j=I

and the spectral norm of Ais given by

|All2 =, [ max \;(AHA),
1<i<n

where A istheconjugate transposeof Aand A; (A A)istheeigenvalue of A7 A .The following inequality
holds:

< [l Afl2 < [ All#.

1
14l

The following lemmas are the main results in [10].
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Lemma 2.1.[10]LetA = C\(Fi0, Fi1, - -+ 5 Fi.n—1)be anr-circulant matrix.

Fyn-1Fin |7‘ - |;|”(Fk n+ ‘T|Fk.n—1)
3 bl g A . g 3 3 .
VT Tk 4l L Klr[ = [r]2

Fk,'n,lek,n
k

(1)If || > 1, then

(2) If |r] <1, then

Fk::nfl + Fk,n —1

< 4]l < )

Lemma 2.2.[10]LetB = C, (Lo, Lk.1,- - - , Lin—1)be anr-circulant matrix.

(1) flr| = 1, then

4
\/(‘tC + E)Fk,n—le,n +2(1+ (=) 1) < ||Bl2 < 61(k, 7).

(2) Iflr] < 1, then

4
|r|\/ (k+ 2 ) FhnetFiea + 201+ (=1 < |1Bll2 < dah).

whered; (&, r)andds (k)are given by

_ 2 klr| = |r["[(k + 27} Fion + (2 — Klr]) Fieyn1]

o1k, ,
) T= il - 7P

(k+2)Fhn+ (2= k) Fpp1 + k— 2

da(k) = k

3. Main results

In this section, we assume thatd; (%, r)andd.(k)are defined in (2.6) and (2.7),respectively. We start this
section by giving the following lemma.

Lemma 3.1.Suppose that {F}.,} is k-Fibonacci sequence with Fj.o = 0,F;; = 1, then the following
identities hold:

n 1 .
(1)2 Fk?g = EFk,an\n-f-l’
i=0 J

F2
k1 i
n %, n is odd,
2) Z FriFliv1 = 2
=0 “hntl 7y s even
. X

Proof.(1) According to the recurrence relation (1.1), we have
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kz R = Z Froi(Friv1 — Frio)= Z FriFlriv1 — Z Fri_1Fk;
=0 i—0 i—0

=0
n n—1

= ZFk,iFk,?i-i—l - Z FriFrit1 = FrnFrngt
i=0 i=——1

(2) From the recurrence relation (1.1)
kFyiFyin = (kFyiFyi + FL) — Fiy

= Fpi(Fri+ kFyip1) — F;;?,i

= FyiFripo — 7,
It follows from (1.3) that

FriFrive — Fiip = (-1
Substituting (3.2) into (3.1), we obtain

kFyiFiiv = Fi — Fig+ (=17

Evaluate summation from 0to n, we have

B> FriFrirn =Y Frip1— > Fei+ > (1)
i=0 i=0 i=0

i=0
n .
- FF?,T!--F] + Z(_l)wﬂ .
1=0

It follows from

ﬂz:_l( )i = 0, nisodd,
P —1, niseven

that conclusion (2) holds. This concludes the proof of the lemma.[]
The following lemma can be found in [11].

Lemma 3.2.(Abel transformation) Suppose that {a;} and {b;} are two sequences, S; = a;+
as+ -+ ai(i =1,2,-- ) then

n—1

> aibi = Spby — > (biy1 — bi)Si.
i1

=1

The following theorem provides a precise estimate for the spectral norms of r -circulantmatrix
Cr(Fros Fiet, o+ s Fione1)-
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Theorem 3.1.Suppose that A = C'.(Fj0, F1,+ -+ , Fn—1)is anr-circulant matrix. Let

1
o(k,r) = yE) [nk|r|2Fk,n,1Fk,n +(1— |r|2)Fg’n]
Then the following conclusions hold:
@lr| =1

(i)Ifn2is odd, then

S(k,r) -1 7| — |r[" (Frn + 7| Frn—1)
? < A < k] ] ;
M n + nk? [Allz < 1*"1<v'|”""|*|"'"‘2

(ii) Ifnis even, then

|lm
8(k,7) < Al < | = 7" (Flen + |7 Fkn—1)

n 1—k|r| —|r|?

@lr| <1

(i) If nis odd, then

o(k,r) 2 =1 Fen + Fen1— 1
: < A2 € — ’ ;
\/ n + nk? 14112 k

(ii) Ifnis even, then

o(k,r)

Fpn+Frep—1
o < Al € —5 = .

k

Proof.According to Lemma 2.1, we need only to prove the left parts “<”. Thematrix Ais of the form

Fio Fiq Fro o Frpo
rFyn-1  Fro Fri - Fgnoo
A= |"Fin-2 7Frn1 Fro - Frnoz
T rlo  rhrg -+ Ipp
Therefore
n—1 n—1 n—1 n—1
2 N\ 2 2 ) 2 2 R
1A]7 = Z(” — )P+ Ir| Z’ﬁ = nZFk,i +(r" =1 Z@ F
i=0 i=1 =0 i=1
Using Abel transformation, we have
n—1 n—1 n—2 i
D FLy=(=0)) =) ) Fiy
i=1 i=1 i=1 j=1

Combining (3.4) and (3.5) gives

43



L. Liu /J. Math. Computer Sci. 12 (2014), 39-50

n—1 n—2 1

1A% = [(n = 1)r* + ZF;” =1 > Fiy
i=1 j=1
By Lemma 3.1(1), one can obtain that
Ay = U e S
’ 1
1 ‘ n—1 B
=% [n|T|2Fk:,'rr]Fk,7u. + (1= r*) Z Fk,iFk,i+1]-
i=0

Ifnis odd, by direct calculation, together with Lemma 3.1(2), we can obtain that

; 1
2 e
a3 = ¢

, o Fin—1
n‘r|2Fk,'rbf1Fk,n + (1 - |T|z) T;C ]

1 .
= 5 (MKl Fin 1 Fen + (1= [P (FE, = 1)]

r? -1
k:2

=4(k,r) +

It follows from (2.1) that

S(k,r 21
Al > 2 P

n nk?

Similarly, ifnis even, then

. 1
2 —_ —
A4} =

2 Fin
n|r|* Fyn-1Fyp + (1= |r]?) - &

1 : ,
=5 (nk|r*Fln-1Fen + (1= ) FE,] = 6(k, 7).

According to (2.1), we have

d(k,r)
n

[All2 =

Therefore the conclusions hold. [

Remark 3.1.Here we make a comparison to the lower bounds between Theorem3.1 and Lemma 2.1. We
shall illustrate that our results in Theorem 3.1 are strongerthan Lemma 2.1. For|r| = 1, it can be verified
easily that
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ok 21 Fr. 1 F
\/ ( :T) + ‘Tl > kn—1 k,n1 nis Odd,
n nk? V k

Yk, r Fr 1 FL
\/()(kﬁr) = \/k'n L k"”, n is even,
n k '

and if || < 1, we deduce that

S(k,r r|2 — Frp1Frn
\/5("« r) - \/O(k,7) n lr|* =1 > Ir| | Fren—1Fk, ,
n mn nk? k

which show that the lower bounds in Theorem 3.1 are more precise than (2.2) and(2.3).

If we letk = lin Theorem 3.1, then we easily derive the following corollarywhich improve the results
in [9].

Corollary 3.1. LetA = C,.(Fy, Fy,--- , F,,—1)be an r-circulant matrix, and £ bethe i -thFibonacci
number. Let

§(1,7) = n|r|*F1Fy + (1 — |r[*)F2.

D)|r| = 1, then

8(1, 21 — |r|™(F, + |r|F,_
\/ ( T)+ |T| g HAHQ -{ ‘T‘| ‘T| ( T |T‘ T 1)? n Odd,
n

L—r|=|r]?
. _ ||m .
) 6(1!7) < HA”Q < ‘T‘| |T| (FH+ |r|Fﬂ-*l)

n L—|r|—1r]?

n everl.

@)|r| > 1, then

5(1,r -1
\/ (L,r) +r| < || All2 € Fue1 — 1, nodd,
n

5(1,r)

mn

<Al € Fogpr — 1, n even.

Letr = lin Theorem 3.1, then we have the following result.

Corollary 3.2.Let A = C'(Fy 0, Fr1,- - , Fn—1)be acirculant matrix. Then

\/—Fk’”‘le’“=” <JIAlls g Pont P;’;f”‘l -1

The following corollary improve the lower bounds in [5].

Corollary 3.3.Let A = C(Fy, Fi, - - - , F,,—1 )be a circulant matrix. Then
Fn—an < “AHQ < Fn—H — 1.

Now we consider the spectral norms of r-circulantmatrices B = Cr(Lk,g, Liga,--- ,Lk,n_l).
The following lemma are needed.
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Lemma 3.3.Suppose that { L, ; }is ak-Lucas sequence withL, o = 2, Ly 1 = kthen

(1)2 L = Lk nLk 41 + 2.
4 .
n (k + E)Fk,'fLFk.TL+17 n1s Odda
@) Li;= |
i=0 (k; + E)Fk’an"nH +4, nis even.
4N o )
n B (k + E)Fk’m'l’ n is odd,
(3) Z Lgily v = i A
i=0 (A + E)F,i,,,lJrl + k — = P is even.

Proof.(1) According to the recurrence relation (1.2), we have

kY Lii=> Lri(Liivn — Liic1) = ) Leilgin — ) i1l
i=0 i=0 i=0

i=0

- Z Lk LLk i+1 = Z Lk aLk g+l — Lk,:'u.Lk,-rHr] + 2k.
i=—1

(2) It follows from (1.5) and (1).

(3) In the light of (1.5), we have
D Liilpiyi=(A+k)Y  FeiFrin +2k ) (-
i=0 i=0 i=0

If nis odd, it follows from Lemma 3.1(2), together with .\~ (—1)’ = (Othat

D Liilgin = (k + ;)Fk,nﬂ-
i=0 ’

Similarly, ifnis even, then

44 k2
Z Lk: th Ji+1l — A (Fk,n+1 - 1) + 2k

4 4
(k+ )Fkn+1+k——

This completes the proof.[]

Theorem 3.2.Suppose thatB = C'.(Ly. 0, Ly.1, - - - , Li.n—1 )ber-circulant matrix. Let
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1-— \r|2

pulk,r) = ( 4) [({'n — D+ 1) Fen 1 Fen + Fin_l}.

Then the following conclusions hold:
@lr| > 1
(i) Ifnis odd, then

\//L(k:f’) +2(1—rP?) 4

= 21+ [rf2) < I1Bll2 < 61(k, 7).

(ii) Ifnais even, then

P O PPIC = LR ),

n
@|r] <1

(i) If nis odd, then

\/#(k’THQ(l_TPM 2(1+[r[?) < ||Bll2 < 8a(k).

n

(ii) Ifnis even, then

W(Af:, )+ (L—|r[?)(2n — 1 - 4/k?)

< |[Blle < do(k).
s 1Bz < 8200

Proof.lt is clear that

n—1

||B||F:nZL + (Jr* = 1) Zz L

By applying Abel transformation, together with Lemma 3.3(1), we have

n—1 n—1 n—2 i

: 2, 2 2
il ==Y LRi= > ) Liy
i=1 i=1 i=1 j=1

n—2

(n—1) Z L Z LiiLy i1 — 2Fk).
1:l

Substituting (3.7) into (3.6), we obtain

n—1 2 n—2
. 1—|r
1BIZ = [0 — DI+ 103 B2+ 20 1y 4 2000 — ).
i=0 ’ i=1

Ifnis odd, by direct calculation, together with Lemma 3.3, we derive that
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4 1-
1BI3=(k+= ) [((=D)lrP+1) Fiop 1 Pt — -

C R, ] +20msnir 4110,

Similarly, ifnis even, then

4 1—|r? 4
IBlF = (k + E)[(” —D)|r[* + 1] Fyn-1Fpn + p | (k + E)(F,in_,l —1)+2n(1 —|r]?)

l—l\2

= (k‘ + %) [((?’L — 1)|T|2 + 1)Fk:,nlek,n Fkn 1] (1 - |T|2)(2n —1- %)

By (2.1) and Lemma 2.2 we get the conclusions hold.[]

Remark 3.2.Now we illustrate that our results in Theorem 3.2 are more betterthan Lemma 2.2. For
|7| = 1, it can be verified easily that

. _ 2
J“(k”)*?(l ") Lo+ ) > \/(k+ k)F;m 1Fyn +4, nodd,

mn

\/p,(k,r) +(1—[r?)(2n — 1 —4/k2) \/(A 4+ = )Fk 1 F, n even
Je ) TR '

n

and iflr| < 1, we deduce that
(K, 2(1 —|r|? 4
\/u(k, r) +n( r[*) +2(1 +|r2) = |r|\/(k + E)jr?k,n,lm.ﬁ +4, nodd,

k. 1—1|r2)(2n—1—4/k2 4
\/,u( 1)+ [r[*)(2n /k) > |?°|\/(k + E)Fk’”_le’n’ n even.

n

which show that the lower bounds in Theorem 3.2 are more precise than (2.4) and(2.5).

If we let & = lin Theorem 3.2, then we derive the following corollary whichgives more better lower
bounds than [9].

Corollary 3.4.Suppose that B = C,.(Lg, Ly, -+ , L,—1)is an r-circulant matrix,and L;is the i-th
Fibonacci number. Let

p(L,r) = 5[((n = Ve + 1) Faa B + (1= |r[) Fy ).

@)|r| = 1, then

1 2(1 — |r]2
\/M( VA=) | o4 ) < IBle <81(1,7), 7 odd,
mn

1.r 1 — 1712Y(2n — 1 — 4/k2 .
\/#( )+ ( r?)(2n / }g |Bll2 < d1(1,7), n even.

n

(2)|r] < 1, then
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1,7) +2(1 —|r|?
\/,u( ) n( I"*) +2(1+|r?) <||Blle € 2F,, + Fe1 — 1, n odd,

\/#(LT) T (= [FB)2n—1—-4/k2)

mn

< ||Bll2 € 2F, + F+1 — 1, n even.

If we letr = 1in Theorem 3.2, then we have the following result.

Corollary 3.5. LetB = C'(Lg o, Lk.1,- -+ , Lk.n—1)be acirculant matrix. Then

\/ (k4 ) Pl 1Fin +4 < | Bll2 < 82(k), n 0dd,

\/ (k4 ) Flno1Fin < 1Bll2 < 82(k),  n even.

The following corollary improve the result in [5].

Corollary 3.6. LetB = C4(Lg, Ly, - -+ , L1 )be a circulant matrix. Then

\/BFk.nf]Fk,n +4 < HBHQ <2F, + EL+1 -1, n Odd1
v 5Fk,n71Fk.n < HBHZ <26, + Fn,+1 - 1: N evell.
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