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Abstract

The purpose of this paper is to obtain the approximate solution of fourth-order parabolic partial
differential equations by the reduced differential transform method (RDTM).This method provides the
solution in the form of a convergent series with easily calculable terms. Comparing RDTM with some
other methods in the literature shows present approach is very simple, effective, powerful and can be
easily applied to other linear or nonlinear PDEs in science and engineering.
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1. Introduction

There are many problems arising in science and engineering are modeled using linear or nonlinear
partial differential equations (PDEs). Boundary and initial value problems in PDEs occur in fluid
mechanics, mathematical physics, astrophysics, biology, materials science, electromagnetism, image
processing, computer graphics, etc. PDEs are categorized into different types, including elliptic,
parabolic, and hyperbolic PDEs. In this article we concentrate our discussion on fourth-order
parabolic PDEs. These PDEs describe various physical phenomenon including deformation of beams,
viscoelastic and inelastic flows, transverse vibrations of a homogeneous beam, plate deflection
theory, engineering and applied sciences [1-12]. In recent years, various methods have been
proposed for solving the fourth-order parabolic PDEs, such that adomian decomposition method
(ADM) [13,14], variational iteration method (VIM) [15,16], B-spline methods [17-19], homotopy
perturbation method (HPM) [20] and homotopy analysis method (HAM) [21].

In this paper, we applied the RDTM, which is the modified version of differential transform method
(DTM), to fourth-order parabolic PDEs. RDTM doesn't require any discretization or linearization and
it reduces significantly the computational work. Also, it provides an analytical approximation, in many
cases an exact solution, in a rapidly convergent sequence with elegantly computed terms.
computational work.
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2. Reduced differential transform method (RDTM)

In this section, some basic definitions and properties for RDTM, which could be found in [22-26],
have been reviewed.

Definition 2.1. Consider a function of n+1 variables u(X,t)=u(x,,X,,...x ,t) whereXxeR",
X=(x,,X,,...,X,). The reduced differential transform of u(X,t)with respectto t is defined by

_o 11 0° .
Uk(X):E{WU(X't)l_O ,keN (1)

In Eq.(1) U, (X) is the transformed function and u(X,t) is the original function.

Definition 2.2. The reduced differential inverse transform of U, (X) is defined as follows:

u(x,t)= iuk()?).tk (2)
k=0
From Eq.(1) and Eq.(2) , we get
_ th| o
u(x,t)= ;E{yu(x,t)l_o (3)

Notice that the RDTM is close to the one dimensional DTM because the RDTM is considered as the
standard DTM of u(x,t) with respect to the variable t. However, the corresponding recursive
algebraic equation is the function of the variable x =(x,, X, ,...,X,) .

The following theorems that can be deduced from Eqgs.(1)-(3) are given below:

Theorem 1. If f(X,t) = ag(x,t) £ Bh(x,t), thenF, (X) = aG, (X) = SH, (X),where & and /3 are constant.

’

Theorem 2. If f(x,t)=x,""x," ---x,™t" ,then F (X)=x,""x,"---x " (k—n) where 5(k)={0 k20"
Lk #

Theorem 3. If f(x,t) =g(x,t)-h(x,t), then F (x)= Zk:Gr (X)-H,_,(x)

r=0

Theorem 4. If f(x,t)=x," -x,”---x,™ -t" -g(X,t), then F (X)=x,"" -x,"---x " -G__(X)

n

Theorem 5. If f(X,t) = %g()?,t) , then F (x) =(k +1)(k+2)---(k +n)G, ,(X)

n n

. 0 - .. 0 -
Theorem 6. If f(x,t)=——g(x,t), then F (x)=—G,(x),i=1,2,...,n
ox." ox."

1 I

n k k n
Theorem 7. If f(x,t) = sin(zl_zla,x, + ﬁt) ,then F (x) = (%j . sin(f + Zi:laixij

Theorem 8. If f(x,t) = cos(z;a,x, +,Bt), then F (X) = (%J . cos(k—+ , a,x,j
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3. Applications of RDTM to fourth-order parabolic PDEs

In this section, in order to show the applicability and efficiency of the RDTM for solving the fourth-
order parabolic PDEs, some illustrative examples are given.

Example 3.1 Firstly, consider the following one dimensional non-homogeneous fourth-order
parabolic PDE [13].

2 4 6
%+(1+x)%:(x4+x3—;x7 cost, 0<x<1,t>0 (4)
X !

subject to the initial condition
6 ou
u(x,0)=—x’, —(x,0)=0 (5)
7! ot
whose exact solution is
6 -
u(x,t):;x cost (6)

By applying the RDTM on Eq.(4), the following recursive equation is obtained:

1 ol
k+2( ) m{(l'i‘ )FU (X)+F(X)} (7)

6
where F, (x)is the transformation of the function f(x,t) :[x“ +x* ——x7]cost. From theorem 8,
the reduced differential transform F, (x) is, 7!

s 3 6 ;)31 kx
Fk(x):(x +x —ﬁx jﬂcos[7j ®)

From Eq.(1), the initial conditions given in Eq. (5) can be transformed at t =0 as
6
UO(X)Z;X , Uy(x)=0 (9)

Substituting Eqgs.(8)-(9) into Eq.(7) and by straightforward iterative steps, the following U, (x) (for
k=0,1,2,...,n) values are obtained.

U 7 = = .
(X) X U (x)=0, U( )=— !'—X ’ U3(X) 0, U4(X) ! X
7 5 7 . (10)
5(X) , 6(X) ! IX U (x) 0, U ( )__I _| ,

Then, using the inverse transformation Eq.(2), the 8th order approximate solution as,

a(x, t)—ZU ()t =—x’ Sl 8 e 8 e B s,
' 7! 2! 7! 4] 7! 6! 7! 8!

=£x7(1—1t2+1t4—it6+1t8+---j
7! 2l 41 6 8l
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which is the first eight terms of the poisson series of the exact solution Eq.(6).

Example 3.2 Now, Consider the following singular fourth-order parabolic PDE in two space variables

(14]
2 1 4 4 1 4 4 1
a_l;l+2 _2+X_ a_l:+2 _2+y— al:::o, —<X,y<1,t>0
ot x° 6! )ox y- 6! )oy 2

subject to the initial condition
ou X
u(x,y,00=0, —(x,y,0)=2+—+"=—
ot 6!
whose exact solution is

X6 ye '
u(x,y,t)—(2+a+a sint

Using above theorems, the transformed form of Eq. (11) is find as

— 4 4 4 4
Uk+2(X'y)=—l 2 iz-i-x— aUk—(i('y)+2 iz_'_y_ aUk(:(ry)
(k+1)(k+2) | (x* 6!) Ox vioel) oyt

From Eq.(1), the initial conditions given in Eq. (12) can be transformed at t =0 as

XG y6
UO(XIy)_OI Ul(xly)_2+a+a

(11)

(12)

(13)

(14)

(15)

Substituting Eq.(15) into Eq.(14) and by straightforward iterative steps, the following U, (x) (for

k=0,1,2,...,n) values are obtained.

X6 yG 1 X6 yG
UO(X)—O, Ul(X)—2+a+a, UZ(X)—O, U3(X)——§ 2+a+a , U4(X)—O
1 Xty 1 Xty
US(X)—E(Z'FE'FEJ, UG(X)—O, U7(X)——7—!(2+a+a , U8(X)—O,"'

Then, using the inverse transformation Eq.(2), we get the 8th order approximate solution as,

6 6 6 6 6 6

_ § 1 1

a(x,t) =D U, (x)t" :[2+x_+y_jt__£2+x_+y_jt3+_[2+x_+y_jt5
6! 6! 3! 6! 6! 5! 6! 6!

k=0

6 6
=[2+X—+y—j(t—1t3+1t5 —1t7j
6! 6! 3! 5! 7!

which is the first eight terms of the poisson series of the exact solution Eq.(13).

Example 3.3 Consider the following PDE in three space variables [14]

127
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2 4 4 4
8—‘2’{ yrz —1}8‘:+ ZTX 4 af+( X*y —1)8';':0, 0<x,y,z<7/3,t>0 (17)
ot 2cos x 104 2cosy oy 2cosz 0z

subject to the initial condition
0
u(x,y,z,0)= —8—;I(x,y,z,0) =(x+y+2z)—(cosx+cosy+cosz) (18)

whose exact solution is

u(x,y,z,t):(x+y+z—cosx—cosy—cosz)e‘t (19)

Using the RDTM, , the transformed form of Eq. (17) can be viewed as the following recursive formula

-1 + o*'U + o'u

Ui (x,y,2)= (y 2 —1} k(x;y,z)+ 27X 1 k(x;y,z)

(k+1)(k+2) [\ 2cosx ox 2cosy oy (20)

4
XYy 6Uk(x;y,z)
2cosz 0z
From Eq.(1), the initial conditions given in Eq.(18) can be transformed at t =0 as

Uy(x,y,2)==U,(x,y,2) =(x+y +2)—(cosx+cosy +cosz) (21)

Substituting Eq.(21) into Eq.(20) and by straightforward iterative steps, we get the following U, (x)
(for k=0,1,2,...,n) values.

Uo(x)=(x+y+z—cosx—cosy—cosz), U,(x) =—(x+y+z—cosx—cosy—cosz),

1 1
Uz(x)=E(X+y+z—cosx—cosy—cosz), U, (x) =—g(x+y+z—cosx—cosy—cosz),

1 1 (22)
U4(x):£(x+y+z—cosx—cosy—cosz), Us(x):—E(x+y+z—cosx—cosy—cosz),

1
U,(x)=——(x+y+2z—cosx—cosy—cosz), -
720

Then, using the inverse transformation Eq.(2), we get the nth order approximate solution as,

2! 3! 4! 5! 6!
which is the first eight terms of the poisson series of the exact solution Eq.(19).

~ Z 1 1 1 1 1
u(x,t)zZUk(x)tk =(x+y+z—cosx—cosy—cosz)(l—tJr—t2 Sy —" +)
k=0

Example 3.4 As the last example, consider the following three dimensional non-homogeneous
fourth-order PDE [14]

Ou 1 0uv 10w 1 du x y z 1 1 1 1
—t———t———F— === === +-—+—+—cost, E<x,y,z<1,t>0 (23)

o Mlzax' sxoyt alyar |y z x Xy 2

subject to the initial condition
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0
u(Xryler) _+y+_ —U(X,V;Z,O)ZO (24)
y z x ot

whose exact solution is

u(x,y,t)= [£+X +£jcost (25)
y z X

Applying RDTM to Eq.(23), the following recursive formula is obtained:

(x,y,2)= -1 1 o'U, (x, y,z) 1 0'U,(x,y,2)
Vinaboy2 k+)k+2) |4z o 4x oy 06)
1 0°U,(x,y,2)
+ '~ —F(x,y,2)
4ly oz Wy
. . . x y z 1 1 1
where F (x)is the transformation of the functlonf(x,y,z,t):{ —————— +—5+—5+—}cost
y z x x y z

From theorem 8, the redeuced differential transform F, (x) is,

F.(x,y,z)= _5_1_5+i+i+i 1cos kz
W\ XY, v oz x XS y5 25 k! 2 (27)

From Eq.(1), the initial conditions given in Eq.(24) can be transformed at t =0 as

U,(x,y,2) ==+ +Z, U,(x,y,2)=0 (28)
V4 X

y
Substituting Eq.(27) and Eq.(28) into Eq.(26) and by straightforward iterative steps, the following
U, (x) (for k=0,1,2,...,n) values are obtained.

1
U,)=2+2+Z, U x)=0, U,(x)=——| Z+L+2 |, U,(x) =0,
y z X 20y z «x

u4(x)=—1(5 2.2 Jus(x)=o, UG(X):1[£+Z+ZJ, U,(x)=0,
y z X 6l\y z «x

41

(29)

Then, using the inverse transformation Eq.(2), we get the nth order approximate solution as,

1 1 1
)= 30, (e =+ 5——[5+X+5jt2+—l(f+x+ijt“——(5+X+5jt6+---
y z z 4] y

y z x 6l\y z «x

1 1 1
A AN (1——t2+—t4——t6+---j
y z X 2! 41 6!

which is the first eight terms of the poisson series of the exact solution Eq.(25).

. Conclusion
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In this paper, we introduced the modified version of the DTM, namely the reduced differential
transform method (RDTM) for solving fourth-order parabolic PDEs. The main advantage of the RDTM
is to provide the user an analytical approximation to the solution, in many cases, an exact solution, in
a rapidly convergent sequence with elegantly computed terms. The solution procedure of the RDTM
is simpler and effective than other analytic methods such as the Adomian Decomposition Method
(ADM), the Variational lteration Method (VIM), the Homotopy Perturbation Method (HPM) and
Spline methods. The results show that the RDTM is a powerful and effectiveness method for solving
linear and nonlinear PDEs.
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