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Abstract

The rough set theory was introduced by Pawlak in 1982. It was proposed for presentation
equivalence relations. But the concept of fuzzy set was introduced by Zadeh in 1965. In this
paper,the concepts of the rough sets, T-rough sets,T-rough fuzzy sets, T-rough fuzzy
subgroups, T-rough fuzzy ideals, and set-valued homomorphism of groups will be given. A
necessery and sufficient condition for a fuzzy subgroup(ideal) and fuzzy prime ideal of a
group under a set-valued homomorphism to be a T-rough fuzzy subgroup(ideal) and T-rough
fuzzy prime ideal is stated. The purpose of this paper is to introduce and discuss the concept
of T-rough fuzzy groups of groups that those have been proved in several papers. Also, we
proved that intersection two fuzzy subgroups(ideals) of a set under a set-valued
homomaorphism is a T-rough fuzzy subgroup of other set.

Keywords: Approximation space, T-rough set, T-rough fuzzy set, Fuzzy subgroups, Fuzzy
ideals, set-valued homomorphism.

1. Introduction

The notion of rough sets was introduced by Z.Pawlak in the year 1982 [24-25]. Rough set theory, a new
mathematical approach to deal with inexact, uncertain or vague. Knowledge, has recently received wide
attention on the research areas in both of the real-life applications and the theory itself. It has found
practical applications in many areas such as knowledge discovery,machine learning, data analysis,
approximate classification, conflict analysis, and so on [21-28]. Rough set theory is a mathematical
framework for dealing with uncertainty and to some extent overlapping fuzzy set theory. The rough set
theory approach is based on indiscernibility relations and approximations. The theory of rough set is an
extension of set theory.

The concept of a fuzzy sets was introduced by Zadeh [32], and it is now a rigorous area of research with
manifold applications ranging from engineering and computer science to medical diagnosis and social
behavior studies. In particular, some researchers [12,15] applied the notion of fuzzy sets to ideals of a
ring. The algebraic approach of rough sets was studied by some authors, for example, Q.M.Xiao and
Z.L..Zhang [30] studied rough prime ideals and rough fuzzy prime ideals in semigroups. Based on the
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constructive method, extensive research has also been carried out to compare the theory of rough sets
with other theories of uncertainty such as fuzzy sets and conditional events.

Since Rosenfeld [29], applied the notion of fuzzy sets to algebra and introduced the notion of fuzzy
subgroups, since then many researchers are engaged in extending the concepts of abstract algebra to the
broader framework of the fuzzy setting. In 1982, Liu [17] defined and studied fuzzy subrings and fuzzy
ideals of a ring. Reader in [4,9,10,11,14], will get some definitions and basic results about fuzzy algebras
that their properties were carefully studied to a certain extent. Rough fuzzy sets and fuzzy rough sets are
also studied by Nakamura [19], Nanda [20], Biswas [2,3], and by Banerjee and Pal [1]. Several research
directions have been suggested on fuzzy rough sets and rough fuzzy sets.

In this paper, we introduce the concepts of the rough sets, T-rough sets, T-rough fuzz sets, Trough fuzzy
subgroups(ideals), T-rough fuzzy prime ideal and set-valued homomorphism in a group and give some
properties of such ideals and then extended some theorem in which have been proved in [12,14].

2. Preliminaries

The following definitions and preliminaries are required in the sequel of our work and hence presented in
brief. Some of them were in [21]. Suppose that U is a non-empty set. A partition or classification of U
is a family € of non-empty subsets of U such that each element of U is contained in exactly one
element of . Recall that an equivalence relation 6 on a set U is a reflexive, symmetric, and transitive
binary relation on U . Eech partition € induces an equivalence relation & on U by setting.

X0y < x and y areinthe same class of 6.

Conversely, each equivalence relation & on U induces a partition 8 of U whose classes have the form
[x1y ={y eU |xoy |.

Definition 2.1.[25]. A pair (U ,6) where U = ¢ and 6 is an equivalence relation on U is called an
approximation space.
Definition 2.2.[25]. For an approximation space (U, &) by a rough approximation in (U ,6) we mean a

mapping Apr:PU)->PU)xPU) defined by  for every X ePU),
Apr (X )= (Apr (X ), Apr (X)), where

M(X):{XEUHX]Q c x} , A_pr(X):{XEU [[x]pNx ¢¢}.
Apr (X ) is called a lower rough approximation of X in (U ) whereas Apr (X ) is called a upper
rough approximation of X in (U,8).
Definition 2.3. Given an approximation space (U, ) apair (A,B) in PU)xP(U) iscalled a
rough setin (U,8) if (A,B)=(Apr(X ),Apr(X)) forsome X ePU).
Definition 2.4.[15]. Let (U ,6) be an approximation space. A subset fuzzy is a mapping « from U to
[0,1]. If X €U . We define

Apr(m)(x)= A w@ , Apr(w)x)= V  u@)
ae[x]e ae[x]e
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They are called , respectively, the lower and the upper approximation of the fuzzy subset .
Apr(u) = (Aﬂ(,u),A_pr(y)) is called a rough fuzzy set respect to ¢ if Apr(u) # A_pr(y).
Definition 2.5.[15]. Let x be a fuzzy subsetof G, t €[0,1]. Then the sets

Ha ={XeG|/,l(X)Zt} ; yts ={XeG|,u(X)>t}
are called, respectively, t-levelest and t-strong levelest of the fuzzy set .
Definition 2.6.[ 29 ]. A fuzzy subset & of agroup G is called a fuzzy subgroup if , forall x,y in G,
@) pxy) = 1(X) A pu(y);
@) w(x7) = p(x).
Definition 2.7.[29 ]. A fuzzy subset xz of a group G is called a fuzzy ideal if, forall x,y in G,

H(xy) = p(X) v u(y)
Definition 2.8.[15 ]. A fuzzy subset xz of a group G is called a fuzzy prime ideal if, forall x,y in G,

H(xy) = p(x) or u(xy) = pu(y)
Definition 2.9.[ 15,18 ]. Let # and A be two fuzzy subsets of G, then product o A is defined by

(o)D)= V (u(x)AA(y)) forsome x,yeG.
Z=xy

3. Set-valued homomorphism which induced by groups

Definition 3.1. [5]. Let X and Y be two non-empty setsand B =Y . Let T :X —P*(Y ) be a set-

valued mapping where P*(Y ) denotes the set of all non-empty subsets of Y . The lower inverse and
upper inverse of B under T are defined by
T'B)={xeX|[T(x)cB};T*B)={xeX |[T(x)NB =4}

Definition 3.2. [ 1 ]. Let X and Y be two non-empty setsand B <Y . Let T :X —P*(Y ) be a set-
valued mapping where P *(Y ) denotes the set of all non-empty subsets of Y . (T “(B),T *(B)) is
called T-rough setof G .

Example 3.3. Let (U ,6?) be an approximation space and T :U —P*(U )be a set-valued mapping
where T (x)=[x], thenforany B cU ,T *(B)=Apr(B) and T **(B) =Apr(B).

Definition 3.4. [ 29]. Let G and G be two groups and T :G —P*(G') be a set-valued mapping. T is
called a set-valued homomorphism if for all X,y € G,

D) TXY)=TE)T(Y);
@ T)t= {a‘1|a eT(x)} =T (x'l).

Remark 3.5. Example 3.3 is a set-valued homomorphism. So a group homomorphism is a special case of
a set-valued homomorphism. Let & be a complete congruence relation, i.e., [x ],[y ], =[xy ], for all

X,y € G.Define T :G —>P™*(G) by T (x) =[x ], forall xeG, then T is a set-valued homomorphism.
Further, by Example 3.3, the rough sets are T-rough sets.
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Definition 3.6.[12,13]. Let Gand G’ be two groups and T :G—>P"(G')be a set-valued
homomorphism. Let 2 be a fuzzy subset of G'. For every X € G, we define

T (W)= A p@); THwx)= V u@)
ael (x) ael (x)

T "() and T () are called, respectively, the T- rough lower and the T- rough upper fuzzy subsets

of G 1f T*(w) and T *(u) are fuzzy prime ideals, (T *(u),T (1)) is said to be T- rough fuzzy
prime ideal of G |

Proposition 3.7. Let Gand G’ be two groups and T :G —P*(G’") be a set-valued homomorphism.
Let £ and A be two fuzzy subsets of G’, then following hold:

© THuUD=THUT Q)

@ TTWNA=T " @wNT ¥ (2);

(3) wc A implies T¥(u) =T *(4) and T () = T™H(2);

@ THunN)cTHwNT);

5) T (uUA) T T()UT ().

Proof. The proof is with using of definition.
Theorem 3.8. Let G and G’ be two groups and T :G —P*(G") be a set-valued homomorphism. If 1

is a fuzzy subgroup of G', then T ~*(u) is a fuzzy subgroup of G .
Proof. Let u isafuzzy subgroup of G'. Then we have forall X,y €G,

THwew =V u(@)> \ #(@b)
zeT(xy) aeT(x),beT(y)
> v (u(@) n (b))

CaeT(X),beT(y)

=( V. w@)A( V wub)
aeT(x) beT(y)

T L)) AT L()(y)-
Hence T~ 2(2)00) 2T (1) () AT ~L(1)(y). And
TH(F)= Ly, m(@0)2 Y a(@)

=T () ()

Therefore T'l(,u)(x‘l)zT'l(,u)(x).
Theorem 3.9. Let G and G’ be two groups and T :G —P*(G") be a set-valued homomorphism. If 1

is a fuzzy subgroup of G’, then T () is a fuzzy subgroup of G .
Proof. Let u isa fuzzy subgroup of G'. Then we have forall X,y €G,
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T (W)= V. u(2)= V u(ab)
zeT(xy) aeT(x),beT(y)
> V (u(a) A (b))

aeT(x),beT(y)

=( vV w@)r( vV wu(b)
aeT(x) beT(y)

=TH() () ATH()(Y).
Hence T (u)(xy) 2T F (1)) AT (1)(y). And

T+(,u)(x'l)= _le\/x_l),u(a'l)z Vv ,u(a)

Therefore T* (,u)(x'l) >T"(u)(x).

Corollary 3.10. Let Gand G’ be two groups and T :G —P*(G") be a set-valued homomorphism. If
1 is a fuzzy subgroup of G', then (T *(x),T () is a T- rough fuzzy subgroup of G .
Theorem 3.11. Let Gand G’ be two groups and T :G —P*(G") be a set-valued homomorphism. If

4 is afuzzy ideal of G', then (T *(u),T (1)) is a T- rough fuzzy ideal of G .
Proof. Let y is a fuzzy ideal of G'. Then we have forall X,y € G,

-1 B
T “(u)xy) —ZET\sz)ﬂ(Z)ZaET x )\g o (y)ﬂ(ab)
(u(@)vub))

aeT (X)beT( )

=(a€TV(X)ﬂ( ))V(beT( )#(b))

=T L) OVT L) (y).
Hence T L(u)(xy)=T ()0 )vT “2(u)(y) . Also

Tt = >
W=, )% b ()"
(u(@)v )

aeT(x)b el (y)

=(aeT/\(X)ﬂ( NV ( ( ),U(b))

=T () O)VT T () ).

Therefore T (u)(xy)>T " (u)(x)VT " ()(y)

Proposition 3.12. Let Gand G’ be two groups and T :G —P*(G’) be a set-valued homomorphism.
Let 2 and A be two fuzzy subsets of G', then following hold:
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(1) T Yuod) =T HwNT L),
(2) TF(uo2) T T ()NT T(A).
Proof.(1) Forany X,Y,zeG, we have

T o=V (ued@= VvV ( V {min(u(y),A(2)})
aeT(x) aeT(x)aeyz

< Vo (Vv {min(u(a),2(a))})
aeT(x) aeyz

-V min{u@ @)=V (NA@
aeT(x) aeT(x)

=T-1(un2)(x).

Therefore T (o) =T H(uNA) =T Hw)NT ().
(2). The proof is similar to the proof (1).
Lemma 3.13. Let u be a fuzzy subset of a group G . Then x is a fuzzy subgroup of G if and only if

forall t €[0,1], if H ,,uf’ # ¢, then 11 and yts are fuzzy subgroups of G .

Proof. Assume g is a fuzzy subgroup of G . We show that Xy ut,x‘l € Ky forall X,y e Hy - Since

1 is afuzzy subgroup of G, we have z(Xy)>pu(X)Au(y)=t, u(x™)=p(X)=>t. Since X,y e
then z(x)>t, u(y)>t. Itimpliesthat xy e ut,x‘l €t Hence H is a fuzzy subgroup of G .

Similarly, we can show,utS is a fuzzy subgroup of G, too.

Conversely, let H is a fuzzy subgroup of G for all t E[O,l], and Hy #¢@. Assume
u(xX)Apu(y)=t, u(x)=t for all x,yeG. Itimplies X,y € b - Since z4_is a fuzzy subgroup of
G, then xy e, X' e . Therefore n(xy)=t = u(xX)Au(y) ,u(x‘l) >t = u(x).Hence u is

a fuzzy subgroup of G.
Lemma 3.14. Let u be a fuzzy subset of a group G . Then x is a fuzzy ideal of G if and only if for all

t €[0,1],if n ,,uts # ¢, then 11 and ,uts are fuzzy ideals of G .

Proof. The proof is similar to the proof lemma 3.13.
Lemma 3.15. Let u be a fuzzy subset of a group G . Then u is a fuzzy prime ideal of G if and only if

forall t €[0,1],if 1 ,,uts # ¢, then 14 and ,uts are fuzzy prime ideals of G .
Proof. Assume g is afuzzy prime ideal of G . Assume M # @ . By lemma 3.14, Hy is an ideal of G ..

Let X,y e G, such that XY € t Since u is a fuzzy prime ideal of G, then u(xy)= u(x) or
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1(xy) = u(y). It implies x SHOT Y EH . Therefore H is a prime ideal of G . Similarly, we can

show ﬂts is a prime ideal of G ,too.

Conversely, assume for all t E[O,l], if ﬂt # ¢, then 'ut is a prime ideal of L. Let X,y €L,By

lemma 3.14, u is a fuzzy ideal of G. Itimplies z(xy)> u(x) and z(Xy) > u(y). Let t = u(xy).
Thus XY € fh. Since H is a prime ideal of G, x €44 OF Y € . It means that z2(X) >t = u(xy) or

u(y) >t = u(xy). Hence u(xy)= p(X) or p(xy) = u(y). Therefore 4 isafuzzy prime ideal of G .
Lemma3.16 . Let Gand G’ be two groupsand T :G —P*(G’) be a set-valued homomorphism. If x

is a fuzzy ideal of G’, then forany t €[0,1],
@ @@, =T (1)
@ T w), =T (w);
@ () =T (),
(4 T =T ().

Proof. (1).
xe@ (W) ST (W) 2te A u@)2t
aeT (x)
S VaeT (x),u(@) >t
T (X)gyt =2%1 +(,ut).
).

xe(MHw), T WX 2te v u@)=t
aeT(x)

< JaeT(x),u(da)>t
STONp, %4 X ET_]'(,ut).
(3) and (4) are similar to (1) and (2).
Theorem 3.17. Let Gand G’ be two groups and T :G —P*(G') be a set-valued homomorphism. If

1 is a fuzzy prime ideal of G, then T "(x) and T (u) are fuzzy prime ideals of G .
Proof. Let u be a fuzzy prime ideal of G'. By lemma 3.15, for all t E[O,l], if ’ut # ¢, then ﬂt isa

prime ideal of G . By lemma 3.16 and 3.15, for all t €[0,1], if (T +(/,1))t =, (T +(/,z))t is a prime ideal

of G. By lemma 3.15, T "(u)is a fuzzy prime ideal of G . Hence u is a lower T-rough fuzzy prime

ideal of G . Similarly, z is a upper T-rough fuzzy prime ideal of G. Therefore T *(x) and T ~(u)
are fuzzy prime ideals of G .
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Proposition 3.18. LetG and G'be two groupsand T :G — P (G') be a set-valued homomorphism. Let
u and A be two fuzzy subgroups( ideal) of G, then () A is a upper T- rough fuzzy subgroup(ideal) of
G.

Proof. Let X,y €G, then

TYunNAxy)= v uNA2)> v (1N A)(ab)
zeT(xy) aeT(x),beT(y)
v (min{ (ab),A(ab)})

:aeT(X) beT(y)
> min {min { (a), (b)}, min { A(a), 1(b)}})
aeT(X) beT(y)

{

> (min{min y(a),/l(a)},min{y(b),l(b)}})
aeT(X) beT(y)

(min{(zN2)@),(«NA)b)})
aeT(X) beT(y)

=( v wnN@)A( v («NA)(b))
aeT(x) (v)

=T HuNA) AT HuNA)(Y).
Therefore T (1N A)(xy) =T (N AX) AT (N AY).

Also

T_l(yﬂl)(x_l)z v (yﬂﬂ.)(a_l)

alel ( x-l)

2 ¥ o (HNA@) =T (N 2)(x).

Hence (A is a upper T- rough fuzzy subgroup of G

Proposition 3.19. Let G and G'be two groups and T :G —P*(G") be a set-valued homomorphism. Let
u an A be two fuzzy subgroups( ideal) of G', then 11 A is a lower T- rough fuzzy subgroup (ideal) of
G.

Proof. The proof is similar to the proof proposition 3.18.

4. Conclusion

Fuzzy set theory and rough set theory take into account two different aspects of uncertainty that can be
encountered in real-world problems in many fields. Fuzzy sets deal with possibilities uncertainty,
connected from ambiguity of information. The combination of fuzzy set and rough set lead to various
models. This paper is intended to built up a connection between rough sets, fuzzy sets and groups theory.
The notion of T- rough fuzzy subgroups in a group is a generalization of the notion of fuzzy subgroups
in a group. Also, using the concept of relation between rough fuzzy subgroups and level rough sets. In
this paper, we substituted a universe set by a group, and introduced the set-valued homomorphism and T-
rough fuzzy subgroup, and T-rough fuzzy ideals and T-rough fuzzy prime ideals in a group based on
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definitions in [12,13,16,30,31]. We generalized some ideas presented by Davvaz [5,6]. Further, we
studied and investigated some their interesting properties of a set-valued homomorphism induced by a
group homomorphism.We hope that this extended research many provide a powerful tool in approximate
reasoning. Also, we believe, this paper offered here will turn out to be more useful in the theory and
applications of rough sets and fuzzy sets.
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